
1.0 In thts

modulus less than

t denotes a sum

Deflne

(q)- 
'=

lz; ql-

Each of these

ls a functlon

reglonO<r:

(1-

'= (1 -

1. Prepatatlon

, z, Q and q denote non-zero complex numbers, q being of

all integers n and [' " surm over all non-zero integers n.
n

t-q2)tt-qs)...

zX1 - zqXt - zqz).. . x (1 - 
"-1q,1(t 

- t'rqz)ll- r-1q.3). . .

tnflnl products ls absolutely convergent, slnce lql ' 1, and [z;q]-

ofz ls meromorphlc away from zero (i.e. meromorphic ln every

r'). Note that

z-1; ql- = -r-Llr; el.o = [zq.; qJ- r.o.o

I shall make freq use of lhe Jacobl triple product identity, whtch states

[z ; q]-(q)- = ft-)n"nnn(n 
't,/2 1.0.1

There are numerous proofs of thts ittLrrno,r" ldentlty. It was found by Jacobt

ls evldence that lt was known to Gauss) ln the course of hts[Jac] (though

lnvestlgatlons lnrto

Rademacher [Rad,

lpttc functlons. Algebratc proofs have been glven by

OOl, Andrews [And] et al. ernd comblnatorlal proofs

by Sylvester [Syll, myself il-ewl et al.



Wrltlng q3 fo,

vlz.

1.0.2 was found by

(q)- = f(-)'n't"n'rl/2

ler [Eul, S4Ol, though it cannot be

1.0.2

sald that he gave a

proof was given by

1.0.3

q. ang q for z tn n.0.1 gives the Pc:ntagonal Number Theorem,

rlgorous proof. A

Frankhn [Fra], I

ted and most elegant cornbrinatorlal

, Thm1.6I, tH+w, 919.111.

Another identity I shall use ls the qulntuple product ldentltg, whlch was stated

by Gordon [GorI in the form:

(1 - s.-lt-1111 - 
"2n-1t2Xt 

_ 
"2rr-1,-2y

= ls(e"2+il/21r3n -, ,-3n-1;, lsl . 1, t r o.

l, this ldentity may be recast in the form

(r-ruo; <r3l- - zL-z-3q, q.31"")(q3)-

In fact, Gordon was

equivalent identity I

ticipated by Watson who, 311 years earlier, found an

pp 44-451. Apparently tC+Sl, 1.0.3 may be traced to

an elliptic slgma ula of Welerstrass. Following [A+SD, lemma 5], I shall

slmple consequence of 1.1.5 below.

With the help of 1.

.2r-z ; eJ_ (o)
f-z; qf _ 

'''-

show how 1.O.3 is

1.1 A few deftnitt

{q-equiualent would

q are as ln Sf.O. lf

Say tlhat complex numbers z

more prectse) tf z' = z{, l'or

arrd z' are equloalent

some lnteger n. Here, z, z',

from zero and a * 0,ls a functlon meromorphtc away



let ord(f,; a)

ls finite and not zerf. tf r

order ,of $ at a, l.e. that lntteger k such that

Lim (z - u)-kftz)u+a

denote ]he

is any posltive

A. ,= {" : rlql

bounded by

C"'={t'

real num,ber, let

< lzl < 
'r],

suppose the functlor]r { (meromorphic away from zero) saflsfies

$(:.ql = Czn$(z)

for every z * o, whefe c r 0 and (rnteger) n are constant. Then

if a and b are eqlulv{lent, ord($; a) = ord(f,; b). So

N,,='ford(f ;x) = ford(f ;v)6 ,i-t 
y. A'

the first sum being {ver any complete set of lnequlivalent points

second sum, r ls anj poslttve real.

l.e. the half-openr anfrulus

Irl = ,l

andC,,.
rr ql

Lemma tA+SDl

Suppose f,

from zero,,

Nf = -t''

complesc-valued functlon on C, meromorphlc awag

soffs/yilng 1.1.0. If { Is not ldentlcallg zero,

1.1.o

It ls plaln that,

and, ln the

"I
o,ld

1.1.1

exactty n more Inequlvalent(So, { ls etth[r identicollg zero or has

poles than in|quioalent zeros)



(the clrcles betng ln an anflclockwise manner)

Proof Choose r (as we

(by the hypothesls 1.!.o)

As an example

Thls states:

may) so that f, has netther

N* = lord(f ;v)- y" A.

= -l- .[a(r"g fr,))Znr E

= *.,|[a(r"g5t'r)

= - n fa(toqr)
Znt &

poles nor zeros on C. Then

*1t(rogrtz))

-1
2trl

a(rog 6|r,qr)!c

= -n. tEl

of the |se of 1.1.1, I'll give a proof of Wlnqttist,s identity [WinJ

li t-q')2(1-aq
n-1

-txt - a-lq-Xl- zq'-1xl- ,-1q'')

(1- azq'-xX1 - a-12-1q.'X1 - 
"-lr,q^-1X1 - az-Iq.)

3t _ agt+€rrk-"t _ z3J*1)

1 - a3t*2) 6-3r-L _ ,3j*")le"r((l+tr/2+t(sr+Lr/z lJ.z

, we can use 1.0.1 to rewrite 1.1.2 as

f"u-L ; qJ..(q)] = {t"3 , q3l-([,03q; qB]_ - a[a-sq; ert_)
-tlu" 

; q3ll- (rr"n; q3l- - ,lz-:3q, e"l*))tq"ll 1.r.g

As Htrschom [Htrl ob

lz; ql-[a; qJ_[za; qJ

Let $r(zl and {*(z) de

Then 1.O.0 shows tlhat

te the LHS and RHS of t.t.il and let f, = 6, - 6"..



t"

L(tq) = -z-i'iLb), fo(rol = -r-"f*(")

and so f, sattsfles

so lt ls enough tcr

t.l.O wlth C = -1, n = -!. f, platnly has no non_zero potes,

shpw that f, has four tnequivalent zeros. Now

(1) = 0 =' {o{1) and {r-(a) = Qr = {*(a)

and, if o is one of thp pdmitive third roots of 1.

f.to) - -u-lrto],; qJ-(q)-[a; 9]"oloa; qJ_[o2a; qJ_(q)",

= -a-1r,r(1 - ar)[a3, q3]_(q3)_(q)_

- -u-lo(! - or)[a3, q3]-(g3]_[q; q.3]*(qs),".

= 6"(t).

four inequl t zeros (unless a happens to be equtvalent to a thlrd

ln whlch ca It ls easy to check that 1.I.3 holds).

Again suppose f, ts away from zero. but now suppose f, satisfles

stronger verston of I

g/zq) = q-t5l.l. n.1.4

that f
lemma

b are equlva t polnts and f, satisfies 1.1.4, it ls easy to see

So f, has

root of 1,

If a and

has the

ls really

same residues

a well-known

t a and at b: rcs($;a) = res({i;b). The followtng

It about elltptic functions in disgutse.



Lemma

Suppose f, ts

Then

uhere the

polnts x.

Proof Choose r

because of I.1.4.

f.f.s has the followin

Corollary

Suppose that a

numbers, the

has no poles on Cr. Thern

rl
lres(f ix) = )res(f ;x)x.+

= .1 ifl{")a.Zrt (,
-o,

ic auay from zero and sofls.ftes 1.1.4.

fr($:x) = o,

ooer ot complete set of tnequloolent (non_zero)

#!t',0'

r.1.5

r.1.6

Then

n

TL
r= 7 tb*;r;

ql-tazb):I; qJ-... fanb"-7; ejl_
l-tb2b)'1; qf - ..:.. tb,b: ; sJ_

taybil

elegant and useful

.., dn and br, .. -, bn are non-zero complex

being painoise ineqtiualent, thot safisly

azaz.--e,- = brb"..-bn.

=O,

where n means the tertn tb_b:I ; ql fs to be teft out-

r.r-7



Proof Take

f, is meromorphic

that f, eaticftoc 1.1

) ,= t"tt, q]* t"z" r qf - *'nz i gJ.o

zlblz; ctJ_[b2z; q]_. . . [b'z ; q]_
(q)3.

ay from zero and the hypothesis 1.1.6, with 1-0.0,

. Tho b-l'e malra u1r a comploto cot of lnaqulwalont

ensures

poloc of

f and the term d yed in 1.1.7 ts -res(f ,b,-t). '.l.l.Z now follows from 1.f.5. El

1.1.7 appears (ln a sllghtly dtfferent form) as an erxerclse tn the book by

:ls a generaltsailon of [A+SD,
Whlttaker and Wat

lemma 41.

lW+W, gzo.s3, ex.3I. It

The

t.1.7

After

quintuple

and take n =

some regroupi

identity f"O.3 is a consequ€tnce

and (ar, uz, u3; br, br, b"\ = (22,

of 1.1.7. Write q3 for q ln

"-2q-L, q; 1, -z-1e-1, -"q).

g, out drops 1.O.3.

t.2 Now for appllcatlons of 1.1.1.

Fork=1or3.

fr 4_kn(rr + L)./2
Tr(2,(,q),=) (-)'qq 

-n IJ 1_"d"

ar:
T[(e , e) ,= f',-," 

('o*l'"- t'".



Lemma

T r(zC,C, q)

cr rh(.(. s

c"T"(4,\" ,

Proof Wrtte 1.3.O

Then

#r(zq) - #"1

by 1.O.1,

=Q.

tS-:t* T.(-z,-1,q)
[-7; qI- r

* t -zl; qJl-t-e-1 : qi-hE
Iz(; ql*t-z; qJ-t-7; qJ-

* TJ"('' ,(-' , s) =
t'; qf -tl2; ql-(e&

r.2.o

t.2.1
tz(; q]-tC; ql-tz(-7 ; ql*

) + Tsbc't ,\'3, q)

,ffir"b,t,q) te ,; qLf:(2 ; qL-(qE
t.2.2

tzC; qi-tz; si-tdt; ql-

61(zl=6"Q1 *6rhzl.

' .(6,rtrt - 6"t"1)

= Yt-1.-fn'*1' + ,ft-1.-fo't'*1'
lr 1-r(q..*l U 1-r(q..

- [r14]s" /I o't'*t'1' + "Y o"'**'1'\
[-1; qJ- \2, t * ,e'*t !- 1 * "{*t I

= f(-).-rqn-1on(n-1)/z - t(-1& 
l;{^-D,rz

[-1 ; q]_

= [(-1 ; q]-(q)- - t(-1 ; (tls" 
[-1 ; ql-(q)-,

[-1; qI""



Furthermore, 1.O.O sh s that $"(zq) = - f,"(z) and

l.l.OwithC=-1 n = 1. It follows from l-1-1

is free of (non-zero) Poles.enough to show that

Now f, has poles at

s;o f,,- 6, - $ - 6" ""ti"ft."
lhat, to estabhsh 1.2.O, it is

= (-1, z = -L and at equlva errt polnts. We have

rr-1
rcs($"i -1) = =-j-g . res({i"; -1) = - ru

[-1;q.]- v [-l;qJ-
res(f,r; -1) = O.

and

res(f,r, (-1) =

and so { ts tndeed

Now 1.2.O glves

(Ir(z(, (, q.)

1, res?$", (-1) =

from poles and

+ ! (z(-1, (-1, q)

O, res($"; -1) = -(-1,

f.z.O ls prorved. El

-1 .--

- bze;,q.1-[-C-1; q]-(q)3 +

" ["(, ql- [-z ; q1-[-1 ; q1-

= 
[z; q],-[ (2 ; q]-(q)u"2

be; q,t- [(; ql-[z(-l; qJ-

and (ar, 
^2,d,-;b1,bz,b") =

t-zC't ;ql-t-( ; ql-(q)3

ffi-

(-z,z-L, 1; (-1, (, -1). This tsby 1-1.6, with n =

t.2.1

1.2.2 is [ASD, 5.ll

I've glven of 1.2.O.

The proof glven there ls an enhanced version of the proof

E

I pause here to sh

f.2.0 gives

how O.il.8 may be derlved frrom 1-2-O. Settlng ( = 1 in



T rb ,7, q)
l n(n + 7)/2=){-r*1 7-24-

1.2.3

r.2.4

r.2.5

and, slnce P(q)- = 1.2.3 ylelds O'3-8.

Deflne

(1 - zXq)-
(m, n)z-qt = tffi

e) ,= - z'l'r,r22,z,4\ - Tl(z-1

q) u= z E#:,"(2,!,q) 
-

= #: rrGz,-1,q. ) -

1"2; ql] (c)2-

k; ql3tz3; ql-

properlies of H(z)

zq) = H(z),

7l +Hh-1) = o.

the deftnltton of N' thatNow it ls obvlous f

0*lzl = A*(z

d1u(z) = g^{z

h/zl = Ab,ql

H(z) = H(z;

Note the followlng

Now the poles of

0*{:), g*(z

are all slmple and

, Q),

"3T"{r2 
,23 ,41

tlz-1 ' c)

rftz-3, a).

, d*(z), f*(23), h{z), A(z3), H(z), H(22) and H(-z) 1.2-6

all lle ln

fL ,= {, , ,6 = e', tr ,= zI.

Break f[ up tnto t" ffr, l[", fl" u'd fl., wherre



il,'=t''
'Ihen the resldues

q.t,0'r. 2, n e Z, r minlrnal wlth thls property]'

functlons r.2.6 ataeflu,t"asln the followlng table

:"1 I[, I[, f[" I II.

-a/6 r.2.7

a/i3

-a/'3

H$21 l-qun -4a/3 a/6 a/'6

Lemma

H(

H(

?anb) - 0u( )='7,
-t). o,

't) = -2,

1.2.8

1.2.9

1.2.10

1.2.11

1.2-12

1.2.13

t.2.14

r.2.t5

1.2-t6

r.2.17

3)=H(uz)+H(z)-2,

-1,

=O,

0 ub) * (l rq(

SOnk)'|pa "3)= H(221 - Hb),

0*b) - g*k ).'3,

0*k) * 0u(

30*C") - t
hb) ' h(zq)

h(z) + h(z't

2hh) - h(22) =
tz; q13tz2 : q|-hE

t -z ; q12-t -t2 ; ql'-t'7 ; ql oo

H(-z)-3hb) - hbs) =



Proof Of these ten tltles. 1.2.8, 1.2.9, 1.2.11, 1.2.12, 1.2.14 and 1.2.15 are

a matter of elemen manlpulatlons. (L.2.11 and l-2.12 are, respectlvely, 5.11

). If we denote by f(z) the dlfference between the left andand 5.L2 tn [A+SD

rtght hand sldes of

together wtth 1.2.4

Now examlnatlon of

.2.1O (or 1.2.13 or 1.2.17), 1.2.E (or 1.2.11 or 1.2.14)

ows that

$ zql = $lzl.

the table 1.2.7 shows that each of these three functlons f,

or 1.2.15) wtth 1..2.5

and

The

has no (non-zero) es. Furthennore, t.2.9 (or tr.2.12

shows that, ln each

so f,(1) = O.

ftnal identlty, I

1.2.1O, 1.2.13 and

d*(z)

These are both true:

exerclses for the

(k) * f,(z-r) = o

1.2.10, 1.2.13 and 1.2.17 fo,llow from 1.1.1.

.16 may be proved ln much llhe same way.

"2-17 suggest that

= hl-22) + hGzl - 1 and g*k)t = hl-22) - h!zl.

as I do not need these facts I leave thetr proofs as easy

m and (odd)

Sn(r, m) '=
nn(kn 

+11/2 + rn

k, set

rl/
) (-)'
/)

For lntegers

r tilflr-q



By reverslng the

Furthermore,

by 1.O.1. In fact, the

t = 2, l.e.

tal,n

summation, we ftnd that

Su(m - 1- r, m) = - Sn(r, m). 1.3.0

r.3.1

3,m=8and

r.3.2

1.3.3

O.3.8, N" = N

$u(r, m) - (r+m,m) \3 'n n(kn+ Ll/2+rn= Lt-t q,
n

nn(kn 
+ tl/2

1.

[=

Deflne nuqrbers Nn(m, n) by

fNut*, n)zmql' ,=

and let Nu(r, m, n) = lNntr + tm, n). So, as I noted at O.2-4 and
t

m,-l t.rl
- 1 )lr-"'(1-os)p)(-)'m 

"aio #

= pl(-1.q.,* * r,r{15$;!-" (+ p, when r = o)

= P(sk(o, m) - su(m - t, -) * 1)

e(zsoto, m) + 1), when r = o, and

e(sr.tt,m) - Sn(r-1,m)), when 13 r < rn,

only case I need of 1.3.1 ls thrat wtth

S3(2, B) = Ss(10, 8) - q.-lP - 1.

Itl)

co ,= exp(2ntlm). Then 1.3.3i gives

rn-1

= l- f'r-"'fp, (u, n)o"'qt
mLr^ 4 Ks-(, u.n

(1- z)P -)'

and N, = Nar, = M.

lNutr, m, n)

1-ze"

,{.(k- + l)/2

rsn._cre
1 PI,o-"'mFo

r3.4



slnce lt is easy to that

-"t(1 -
rn-f 1

(, .o"*)-1 = xt(l - *-)-1, for O < r < m.
s

From now on, I'll wrltte Sru, for S, and S* for S".

O * *1g * x2A2 + . . . ls a Power the varlable q.1.4

For

Suppose X =

positiye lnteger

serles ln

<m)by

I call these X(*)

deflne power series X(-) (Ct < ,

t= x.e" * x"**qt*t * x"*z*or+2m

(m-)componcnts of X.

I shall need to kn

Euler tEull

Sortlng

of 1.O.1

strltable expresslons

that

for m = 2, 3 and 4" Nowfo, P(*)

the RHS of 1.o.2

and 1.0.3 t

p ,= fp(r)q' = (q);1.

lnto even and odd Pow€rs of q, we flnd wtth the helP

1.4.O

Since

t.

(q) = (q16)o,[q2;q1-(t-c6; q15]- - t-q2; q16l-q)

(q)-(-q)- = (qzlZtcr; q8l"o,

(q)-{ = ( -q}-(q2)l2tq', q"ll

= (q16)-(q.2)-"(r-our q.161- * f-q2; q16l-q).

we have from

p=

1.4.1



of"'
(q16)

=-
<otlZ

-qu, qttl- and ,'r"' = ##_ l-q2 ,n'ul-o r-4-2

Ln llke manner, we ha

(4)", = 1o2

rwlth o ,= exp(2nl/31,

and so

)-(tqt" , t'l - tq6 , t')*q - te3 t &'l-q") 1.4.3

e have

from which,

p(3) ='o

ol' =

by way

t{712 tri
(q-)J

1o27)z ld,
(q')I

(q27r2 (ri,

(q)-(oq)"o(o2q)- = 1q3)]tc3, q"1".

p = (coq)-(co2q)-(q3);"tq" t qr'r""t

f.4.3. we find that

- (tot,,q"rlZ - tq.5 rq27)-l13,ottl-o")

- (tn", &,l}o" * [-qt7, *''l*lqu t r"'7*)o

= fto" ,q"'7?* * [q.3 ,{'!-tqrt" ,q"'l-W t.4.4
(q')J

1.4.2 and 1.4.4 found by Kolberg

hls,

tKoll. The derlvatlons I've glven here

are essentlallY the sa as

Now to ftnd stmllar xpresstons for the P(4) . 1'o':l gives

p(3) 
='2

and

[-q.6, q.tu]-(q' - = (t-q2a; q.4l- * [-q.a ; cta]-c6)to*)-



[-q2 , q.tu]*(q. - = (t-q2o; q.el_ * ['q.t' ; qel
@

q")(q*)-.

Substttuttng these e s tnto 1.4.1 glves

P = (q32)3lq"l;n(

* (r-e'", q*l-
-qt' ,q."'l- * [-q.a , q"t\-q")t'

[-q."o, qu*]-q * [-q.a , qut]*qu * [-q'", q*]-q")(ou*)-

and we have

D(4)'o
ol*'

o':'

o!'

where

t-

(t

, qt*l*K * [-q.4, q&]-L q8,

, quol-K * t-q"; q#l-L e*)q ,

(,-o , q.uol-K { * t-&a, oel-t)e2,

, q.*l-K * [-q.'o, qut]-L)e3!,(r-o

,= (q6*)-(

= (qe)-(q ')3 (ntu),-(q4);5tq16 , q*l! (by r.1.6)

L,= 2(q6a\-l "' l?t rnl-3 [-q.4, ntu] - .

I note here three tities, each a consequence of 1.O.1-

(g)- = (q

Thls may be proved

The second of t ldentltles ls

o1-rr1o21-3u ; q27]_ - qr*'[qa -tu 
, qt )-)lo"r) _

= [qt*t, q3]*{q3)- = a,r(q)-

l3tq"l;"(f-qtt, q""13 * t-qla r o"'t3n")

1.4.5

1.4.6

r.4.7

and

\r7)l
X.-|tf'i':L11;'\ r'i ??,,e \

1.O.1 u'a f .6f /

2

t fr-,,n^ k(3k+D/2 [n56-rot ' q*t
'i+-; - [-o2a-etrq.t*]-

by writinll n = 8m + r in 1.O.2 and uslng

(tnrz-s' , q,rJ* -



where, wrlting

with c,. as tr{, 1.4-9.

N (r) '=m

In thls sectlfn, I ftnd

partlcular exPresslons

rWe have

S*(3u

which,

+2g-o1o-4r 
, qa"l- * q2u*7l-o-z-au; q48l-

+ nsu+1sr-4-14-au, q*81".){qn8)-

= [nt*t, q3]-tq3)- = cr.r(Q)-

u = 3m+

fl,r= 
{

= ft-t'
r rnod 8

wlths=0, 1or-1,

-1rn4m(1-sr-"-1"n+1)rr, lf s = O or -1
t.4-9

0,ifs=1.

titles isThe last of 
fese 

three

(t-&"-n- ttotr." -

1.4.10

1.5

ln

1.8))

8m+r,on 
lriting 

n =

1 - q.at q64*

(r, m, n)qt and M*(r) '= )iutt ' 
m 

' 
n)qt'

sable expresslons for the N"(r:)

whlch thelr 4-components are

g 1 .. ,(3n+tl'/2 
+ (ilu + 1)n

= ) t-) ------ S^-lJ 1- q'

o*"1rr,",

!r-l
aQ+Bru+L)/2 \,

l)
3(8r + 8u - 28)rn^ 64'3rnkn+tl / 2

cl 1

and the M"(r),

apparent.



(r*rlth

+ r; (-q3(

lFor m +tn mod 16,

\"(* , n) = rn, n; q) ::=

and

A*(m, n) =AN

r+2t'+1)/2(qtA"t, -O3(8r 
+ 8u - 

'"1 , q*)

- qg(za - 8r- 8u)1s(q.5o- 8r- 16u, -q."('" - 8r- 8u), qt*))

- 28t ,q.64) - q3(2s - "''r",n'(28 
- 8u) 

, -q."("" - 8') 
, q64)

1.5.0

t

[- qn* r qttt - tg"'jgu*tjgt*)-3

f ro'
t_l) whenLJ
trl

U(rn;

-0mod8)

)'q
3-url

= )(-
lJ

l=* 6'

and set

U(m) =

g*(m) = g*(m

Then, with the helP

S*(3u+1,8) = (

1.5.1+(

ff'.-., , qeJ-[-,q4t; q64]-tn4(m+n) ; q64l-

[-q.4', qe]""tq"^, :unt!g-E
1q4(ttt-n) , q&l_t-g4-, e u*r-[ott''t*t) rq5*]-

tqutl;lTs(-q4* , 1, q64) a,nd

,- g*(-e4*, q64), for * = M or N'

1.4.E and 1.2-O, 1.5.O becornes

'*t(q)""q-3sk,.+11/2 
* 2Lv(7 - 2iu ) - fN(7 - 2u )

3

1uo-3u(u+tltzl{-lrr3r'.r+Ll/2,l\N(Z - Zu ,7 - 2r)
r=Or-u

In like manner,



7 -Zul
3

q.utu+Lt/21{-)'c('*tr/2 A.'ie - 2u ,7 - 2t\- r?or-u
+(-

iSuppose m ts odd (or

\(m)

and X.(m)

so that 1.2.13 and 1.

S*(u,8) = '0

t-5-2

at least F O mod 8) and set

\(*; q) ,= H(q8'; q.64) *

X*(m; <l) ,= H(q8t, q64) -

F(-qa-; q@)

H(-q4- , q64l

Repeated apPlicatlons

whlle repeated aPPli

and, from 1.5.5 and

I have so far deflne A*(m, n)

In the same waY, I .2 and 1.2.11 glve

3gr*(m) - g.(3m) = X*(m),

3g*(m) - 0*(3m) = \(m) - 2'

of 1.5.3 now give

ions of 1.2.1 glve

g*(rn) - d*(81m) = -15nn

.5.6, we have

3

*(m) =,Itt\ (33-tm)

3

*(m) == Igt** (33-rm) + 5m.
l-O

+ 1!im - 80.

1.5.3

1.5.4

1.5.5

1.5.6

r.5.7

1.5.E

and Aa(m, n) onlY for m F i n

casem=n,deflnlnlJextend these definlti s to the

mod 16. I now



A-(*,m) '=

\(-, rr) :=

Wtth these definttlon

as

Sr(u,8) = - 7/L6

+(-

and

From

ernd

3
o-u(u+1)'u2f{-)'on"*t'/2 A*{7 - zu ,T - zrl

r=O

3u/8 - 5/76 + {-)'*1(q)_n-3ur(u'r1)./2*ztLt(Z -2u)
3uo-3u(u+'["'Z1r' 

n"n"t'z2An{ 0 - 2u, 7 - 2r )r-O

r.5.9

1.5.ro
+(-

= e(zs*

1.3.O and 11.3.1 we have

N8(3) = e(s*ts

,8) + 1) = p(-zs*(7,8) + 1),,

sN(z,8)) = -n(s*tc,8) + sN(10,8) - 1)

SN(3,8)) = 2PSN(4,8),

* q-1,

P(sN(

glves

P/8 +

P/8 -

312u(3) - 2pI(-)'r3r*+[,t - eA*{3 ,z - 2rr,
rE6

tu(z) - q12u{3)

S*(3u + 1,8)

1.3.4,

N8(o)

N"(4) =

so L.5.10

N"(0) =

N.(1) =

N8(r) = n(s*(r B) - sN(0,8)) = e(s*tr,8) + sN(z,8)),

N8(z) = e(s*( ,8) - sN(t,s)) = n(s*tro,8) - sN(1,8) _ 1) _ e-1,

3
16 - s.(m, = ,* Ij'xr{33-r-) and

l=O

16 - 1- f*(m) = -#f:'x,*tss-,*).

I.5.7 and 1.5.8 show that 1.8.2 and 1.5-l may be wrltten

+p 1-1ro3(r+'1""(aSz ,7 - zr) * ,t-rA*(3 ,T - 2i),



N8(z) = pl8 l qttu(z) * q3u{1) - q-l

- 
F,8:-'*dt*ttt2rn-18A*{1 '7 -:2r) * AN(z ,7 -2r)),

N8(3) = p/g - q18u{5) - q3u{t) * q-1

- 
|f,-r'* 

sar+Drz(q,-sA*{s .7 - 2:.rl * .r-roAN( r .z - zr)).

N8(4) = P/8 * zqr8u(s, - ,oi-;ro3r(r+1)/2-sA*ts ,7 -2r1. l.s.tlnio

Likewtse, 1.3.4 and l.li.9 gtve

M8(0) = p/B * pft-).nn,*D/2A*(7,7 -2rl
"?o

M8(1) = p/B - 
"f,-r'n'1"*t')/2({1Rnn{s 

.z -2rl + AM(z ,z -ztl)

MB(z) = P/B * ,fi-r"nn:'r*L)/2(n-s\(3 ,7 - 2tr) * q-rA"n{s ,7 - 2r))

MB(g) = p/B - t*-r'nt(r*L)/2(q-6R*{1 ,7 -2'l rq-sA"n(3 ,z -2rl)

M8(4) = p/B * ,o!,-r" qr.'+Lr/2-uo*{, ,z -zrr. l.s.tz

Note that, from n.S.l! and 1.8..12,

t"Is(O) + ZNe(l) + 2Na(2) + 2Na(3) r, Ne(4) = p

and

ME(O) + 2Ma(1) + ZMael + 2Me(B) r. M"(4) = p

rphich is as tt should 6e.



1.6 In thts

We have

I flnd expressions along the llnes of l.5.ll for the Nn(r).

S* (u,9)
n

-)
1

1
\'

f=-

^n(3n+1)/2 + un
rn tl''r.%

l-icl

Ot(3t+t\/2t 
*., 

I,_r-
O( 

9r+3u - 12)rnO27m(m +l) / 2

(wlth l' t"r [ * r=0)

= rl(q

V(m) =

Y(m) =

f,(m) =

V(m;

Y(m;

f,(m;

Wtth these definltion

S*(u,9) = (

-L2 2Vt
'Q l

| -. ,9r4zznt

q1-'T1(q-9, q""-" , q.271

- q2*'T1(d', q"'-" , q27)

[-q-h, q27L[-q"*-*, {' i-(qt' )-

1.6.O

Set

B(m, n) = nD;q):=

for n not a multlple 3, and

tq-h, q27f -f- q.3-,,q27 )-[ -t, &7 ) *

!= [-1 t q,27):h2t)-t""Trt-q3'o, -1 , q27r,

,= H(-q3- , q271,

=A(q3* t &',|

and the help of 1.2-4, 1.6.0 becomes

'uu 
, qt'J- - q1-'[q21-tu , q"'f *

- q2*'[q3-"', qttt]-)h"'r*V(4 - u)

- h@ - u) + q1-'B{4 - u, -1) * q2*'Bt4 - u, 1). 1.6.1



t d(0) = 0 and then 1.2.15 shows that l(27k) = k (for

t.2.16 now show that

9A#- u) = 3Y(4-u) + Yftz- 3u) .+ 4 - u. r.6.2

Now, when n ls a tiple of 3, set

Now 1.2.16 shows

lnteger k). f .2.18

Then, wlth

S*(u,9)

So we have

Ne(o)

Ne(4)

and, for k =

have not been able

proof of theorem E.

tn the expresslons fo

been able to flnd tra

the help

= u-4
9

B(m, n) ,= -$ vtrn) - f vrs.l.

1.4.9 and 1.6.2, 1.6.1 becomes

I
+ cr,r(q)-V(4 - u) * I o't"n+rl/Z * "B(4 - u, n)) 1.6.9

no-1

1

zv(q + zPI nn(3n+L)'t2B(4, n),
n--1

I
q-zv{t) - pf ,n(Sn+t)/2 

* 3"'B(1, r,).
no-1

3,

work them out. In ang case, I do not need them for the

dlfftculty lles tn the appearance of funcilons T rru(. , , , .)

Sr(u,9) analogous to 1.5.0 and 1.6.O and I have not

sformation rules along the llnes of 1.2.0 and 1.2.4 for such

/9

P/9

2ar

P/9N"(k) = or.V(4-k) - crn-rv(S -k)

Iqn(3"*u/2 
+ (a'11"'(e'nta 

- k, n) - B(s -k, n))
-1

I do not glve stmllar expresslons for the Mn(r) beca,use, at the fime of writing, I

functlons. Maybe

round thls problem.

are slmllar transformation rules or maybe there are ways



1.7 In the flnal tion of this chapter, I flnd exprresslons

Mrr(r) for the reasons given at the

for the Nrr(r). I do

end of the previousnot do the same for

sectlon.

For n not zero

C(m, n)

mod set

rr;q) !== C(m

W(m; != [-1; q48]3(q27t;trrt-q2* n -1, q.48),

Z(rn; q) :E tq4-; q48t3 (e413

lq2' , q4813tq6-, q48l-

r qt1.

[-q12' ; qa8]-tqz*-'t"', q.o"l- (qt")3
[q.t"t; q4a]"olqz* , qn"J- [-1 ; qaa]..

and set

We have

W(m) =

Z(ml =

h'(m) '= l(-

S*(u, 12) = T* .n4u-22, q.4a) - qr*2Tr(q12 ,'4|.'-LO, q.")

'u*'rrrfn , -t'*", q48) - o::u+rs1r(q3t, -q*'*14, q4a)

= (t-ozz-a*

+

;cl - - q.t*2[-o1o-4u; q.48]- * q.2u*7b4'2-au, qn"I-

- o3u+151-o-14-4u; q4l3l-)(q48)-w{u - 2u)

- h'Ql - 2u) + 1-lnon(3n+L)/2 + "c(11- 2u, rr)

Suppose m ls odd (or at least

1.7.O

3A'(m) -

3d'(3m)

3{'(9m)

not a multlple of 4). 'fhen 1.2.18 gives

A'(3m) = Z(m),

- A'(9m) = Z(3m),

- h'(27m1 = Z(9m) 1.7.1



and 1.2.15 glves

1.7.1 and l-7.2 show

and 1.7.3 gives

where

Now 1.7.0, 1.2.4 and 1.4.1O show that

h'(27m1 =f,,(3m)+m.

that

244'(ml = 8Z(m) + 3Z(3m) + Z(9m) + m

(11- 2u) =, 11/24 - u/L2 - C(11- 2u,0)

, o) ,= - fi(t t*) + 3Z(3m) + z(*n)).

!-7.2

r.7.3

r.7-4

t.7.5

r.7.6

and 1.7.5 wtth 1.3.4 lves

N12(0) = P/72 2w(11)'+ zef(-)' on(3n+Ll/2C(11, n)

and

S*(u, L2l = u/

N12(k)

- LL /24 + cr,r(q)-W(ll- u)

3
*ft-)te'(3n+t)/2 * tt c(lr - 2u, n)
n=O

crnW(ll- k) - co-rW(l2 - k)

3n+r)72 *' tt'-1)'(q'c(11- 2k,n) - c(13 - 2k, n))

=p
3

Pr(
n-O

/12

-)t,

&

€

forl<ks6.


