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2.O tn this chapter" I dlscuss what

general reference ls [RanJ, though I

2. Modulat Forms.

I need from th,e theory of modular forms'

do things tn a s,lightly dtfferent way'

If R.ls a commutatlve rlng urlth ldentlty, sLr(R) ts thre group of all 2 x 2 matrlces

with entries from R and detclrmlnant one. If s ls also a commutative ring wlth

ldenilty, a homomorphlsm f , R -+ s (that preservesi the ldentlty) induces ln

2.1

and

two.

Define

rs F(N)

X'(N) ,= {A . SlrtZ) : A - aI mod N}

ln tRanl), ruhich is a normal subgroup of SLrlZ),

fo(N) '= tA . SL'{Z): c - o mod N},

f1(N),= tA e fo(N) : a - d -,! 1 mod N),

the obvlous way a homomorphtsm sL2(0 : sLr(R) -+ sl.r(s)- In the fashlonable

targon, sL, is a functor bet'ween the category of connmutative rlngs

and the category of groups. Moreover, lt ls plaln thiat sL, Preserves

SL,'(RxS) = SL2(R) x SL'r(S)'

From now on, A will denote a matrlx (: :) . SL2(2, and, throughout this

the remaintng sections rof thts chapter, N will denote an lnteger greater than

with ldentltg

products:

2.O.O

(which and



whlch are subgroups (not normal) of SL"(Z).

I shall need to know the value of

F(N) '=

(Here, [ : ] denotes the index of a

rmage of fr(N) rn SL"(Z*). Then

ISL2(Z) : fr(N)I.

subgroup ln a group.) Denote bv fr(N) the

P(N) =

Now the order ot irtN) ls easy to

ISL2(ZN) ' f1(N)1.

flnd. It ls

rf-(N) = 2N
I

2.1.O

2.1.1

(since N > 2) and tt remalns for us to calculate aS[.2(ZN). For n e h'1, let

a(n) ,= ssl-2(zrr). 

1

Lemma

u(mn) = q(m)u(n), t1 m and n are coprime, 2.1.2

o(p* * ') = p?o(po ), ,i7 k > o, 2-l-3

a(n) = nsII (t - llp2) (the product betng ot)er the prlmes
eln

diulding n)

Proof 2.l.2 follows

and n are coprime.

2.r.4

from ll.O.O and the fact that il e I x 2 when mffrnmn

2.1.3: Let K be the kemel of the map SLr(Zrn*r) -
the proJectlon Zor*t --r Zok. Then

r(t * ,* spk \*=i\ tpk 1*.,eo/ :0<r,s,tcpandu=10t, lf

Sl-2(zpk) lnduced from

r=0, = p-r, other*fs".]



Clearly, ttK = p3, whlch gives us 2'1'3'

2.!.4: After 2-1.-2 and 2'1'3, it remains to show thal;

o(p)=p3-p.

'Ihe matrtces ln SL2(Zpl can lbe dlvlded lnto three selt:s:

V1 '= t(i g ) , er * o, -1), vz'= t(; I ]l ' st = -11

andv"'=i(l 8)'pt-ol.
l,t's easy to see that

tVr=(P- t)2(p - 2) and oV 2 = (p - 1)t(2p - 11 = rV",

15O

cr(p) = (p - t):z(p - 2l + 2iq-' 1X2p - 1) = p3 - p'

lt now follows from 2-1.O, 2.1'll and 2'1'4 that

u(N)= t*'Ili - 1/p2)-

AE'= *+f . ur (respectivelv, Q") (A- = a/c'l'

2.r-5

2.2 Set

IF{,= {t e (C : lrnt > 0},

Q* ir the set of cusps.

e*,= r() u {-}.

If A e SLz(Zl and I e IH or Q*, lt ls easy to see that



and sLz(z) acts on IH and (,transitively) on Q* ln thrls way. A subgroup f of

SL2(A induces equivalence 
'elatlons 

on IH and Q*, polnts I and [' betng

l'equiaalent lf \'= AE, for some A e f' I denote thei equlvalence class of I by

t€Jr. The cust2s of f are the members of the set f\6)* (the f-orbtts of Q*)'

Note that, lf x and y are coprlme tntegers and A e SiLr(Z), then ax + by and

cx + dy are also coprlme. Src we can ldentify Q* wll1th the set

t$') . 22 , x and Y are coPrlm€ arnd v = o)

(@ corresponds to ([) I ."a the actlon of SLr(z) oni Q* becomes matrlx

multlplicatlon.

My alm ln thts section ls tor identlfy a complete set of dtstlnct cusps of fl(N)

For integers a, b and n, I wrlte a - b for a - b ntrod n'

Lemma

If x, y and n are integers rolfh gcd(x, y, n) = 7, there are

coprlme lntegers y' ornd y' uith y' -n x and 9' -n 9'

Proof Let pr, ., pk be the primes that divide both y and one of x + m

(-- < r < -). [n parttcular, suppose p, dlvldes both y and x * trt. The Chlnese

remainder theorern tells us llhat there's a number r such that r - t, * 1 mod p,

foreachl<l <k"Takex' = x+m,y/ = y. E

2.2.O



)Lemma

ro' (|), (t) . Q* orrd n . 2,

[(il]',", = [(ir] 16)e (il =- '(ird')

Proof :+ ls obvious. p61 .5, I'll only treat

case being very simllar. Supprose first tnut (| ) =

coprlme, there are lntegers r and s such that

sx'-tg'=L.

Stnce *' -r, 1 and g' -r, 0, lt follows that s -.

2.2.1

the r:ase (; ) -. (|i) *'" other

([). si""" x' and y' are

1 arrd i. that the matrlx

u = (;"::'i)

'(;) 
=

there's

f(n) is

Ires rn f(n) and u(b) = (|i). N"*, for any (|), 
"no,.,"e 

T e SL.{zI such that

g" are coprlm,e u"a (f) -,,

(;:) Now c = r-1Br rs

Esl

For n e 2, let ft denote the congruence class of m 'e Z modulo n. Define

Q(') ,= tH . 22 , 7 and g are coprim" {it Z.)}

(Note that R and $ are coprlme ln Zn exactly when gcd(x, 9, n) = 1.) SL2(Z)

acts on e(tt), as on e*, by matrlx multiplication and there's a map Q* 5 qtt'l

(reduce components modulo n) whlch, by 2.2.O, is rruriective. d commutes wlth

the actlon of SL,(Z) and so, for any subgroup f c lSLr(Z), induces a map

I\a : f\e* - f\e(t). 2.2,,1 shows that f\cr is injractlve, when f(n) c l, and so

we have

6). " 
r(},)

a matrlx B e

normal, and

(;:)

ln I(n)

= (;::1' x" and

r(n) with u(f) =

.(;) = (.;;1

So

, since



Suppose f(n) c t c SLr(t)- Then f \c is on lsomorphism bettneen

the set o/ cusPs of t antl f r' q("r EI

(T}rtsresultappearsln[S,p.llll,thoughtheauthorlnacl,vertentlyfatlstomentlon

ther 'mod n" asPect')

I rrow descrtbe the set of cuspr; of fr(N)'

Tlleorem

SuPPoseN>2anddeJlne

g(N) -

c:'' = {[6)]nr-r' rr(N)rq(rvr : scd(e' N) = d

and o<x.to,ot<ycN
or t=td, OsY'*N

x = o, o < y < itl

Then g(N) may be id,entifled (oia the map l.r(N)\c o/ 2'2'2)

ullth the set of cusPs of tr(N)'

lproof suppose ($) . Q(N) ,a.,d gcd (y , N) = d. The subgroup of z* generated

byyhassmallestgeneratorgcd(N'y)=d'Thismeansthatthereareunique

lntegers x'= sx * rg * sN a'nd y'= ey + tN (e = tl' r' s and t lntegers) such

that

2.2.2

,V,.,tfl'

2.2.3
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0<>r'<1d and 0<Y'<ll'f
2

or x'=0, ocy'. jrtr

or x,= |aanaO<y'

lPlainly gcd (y' , N) = d. Now the matrix 6 J

'*N
lies ln fl(N) and carriet G) ,"

r$

ffo

(Ir,) ""a so each member of fr(N )\Q(N) has a repres;entative with the stated

properfles. The unlqueness oll such a rePresentatlve {ollows from the unlqueness

of the lntegers x' and y' cltrad above. E

2.g suppose G ts a group acting on a set s. For $ . s, let G" denote the

subgroup of G of elements tlhat ftx s. Suppose H is a subgroup of G' If s e S,

deftne the roidfh of s relotiu'e to H to be

w(s; H) ,= [G, : H"

Note that, lf s and t are H-,equlvalent, w(s; H) = w(t; H). So we can talk about

the wldth of an orblt of H.

Now suppose G acts transtti,vely on S and let T c Si be a complete set of dlstinct

representatives of H\S. Whille I don't actually need the next result, I have found

It useful, for example ln chercklng that I have found all the cusps of a subgroup

of SL"(Z). In thls lemma, tG : Hl denotes amblguottslV the set of rlght cosets of

H tn G and the number thereof.
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Lemma

Withtheabottehypothesisandnotation'there'isabiiectlon

cr : fGi : Hl +rtto, : Hr,l-

As o consequence' if tG:Hl Is finite' then eoch ro(s;H) is

Jinite and

)i-fq ;H) = t'G:H1'
(e tfrS

p,roof Ptck * e S and, for each s e S' pick x" e G'urith *** = s and so that

*"*]1 lles ln H whenever s arrd s' ate ln the same o*rlt of H' such a cholce ls

prlalnly always posslble' I define a by

a(Hg) '= H.*.*]1s*;1'

r,vhere grtt = s = ht with teT and heH' Then ct is a well-defined bliection' with

hnverse

H,g. * Hgtxt

(where 9. . G*).

c ls, of course' far from natural.

SL2(Z)acts transt*vely on (Q*. If I. ts a subgroup of SL,(Z) and ( e I\Q* is a

cusp of f, the wldth of ( relative to f ts w((; I)' a's deftned above' Now SL'(Z)-

ts the group (U, -U> : LzxZ, whete U '= (b 1)' t'o' lf ( e Q* and ( = T-'

wlth T . SLr(Z), SL2(Z)q = (TUT-1' -TUT-l>' If f contains - I' lt is plain that

w((; f) = the snrallest positlve lnteger k with TUh-1 t f' 2'3'O
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lnowgtvethewldthsofthet/arlouscuspsoffl(N)'tSiecall2'2'3'thatthecusps

of f1(N) lte in various sets Cf), where dlN '

L,emmq

I/ N = 4, each cusp int CT' has uidth N/d- The so,me Is true

uhen N = 4, except that the cusp 1/2 hos roidth I' 2'3'1

Itroof Take N * 4. Suppose ( = (;) t Q* ls (a rePrersentatlve of) a cusp of

I:1(N) lylng tn (identtfted wtttr) a member "f Cfl)' Th'en gcd(V ' N) = d' Choose a

matrlx t = (; l) . Sa"(Z) carrytns @ to (' Supposer

ruh-1 = ('-uY kx2 
)

\-kY' e+kxY /

(s = tl) lies

coprtme) that

TU./df-l .

rn fr(N). Then Nl kY2

N I ky. [t follotvs that

fl(N). The excerPtional

whlctr means (shce x and

the other hand, lt ls clear

N = 4! is easilY verified.

and N I kxy,

N/d lk. On

case when

9 ate'

that

2.4 The Dedektnd eta functlon, 4, is deflned on nH bY

l(t) o=' exp(nft/12ffr(t - exp(llnint))

= qL/za(q,)-,t 
t

where q,= exptzntt). If A = (: !) ' Sl"t?J, we har're [Kno' thm2'2' p'511

I (At) = e(A; t)n(t) = e(A)/il,,a 4(t), 2.4.O

for t e IH, where e(A) ts a certaln 24th' root

glve the value of e(A), deflrre the symbols

of unlllty (lndependent of t)' To



(:)*,= (*)

(;).= (Tft)'rrc>oord

for coprlme lntegers c and d, wtth

symbol tH+W. SS-Sf' Then

;' 0, - (fr ) otheruurse

d odd, where (i) ,'" tt.e Legendre-Jacobi

#l'!#l
,ffi1

*l
6l
.*1

l

#r
s[
::

*i

$
$

ia

i[

[ (*)."*ot nr/12'l(b+d)c + bd(1-'2) - 3")'

e(A) = 1E\A' - 
[ (;) "*o 

tnt/12)(G+d)c + bd(1-"2) * 3d(]L''c) - 3)'

(taktng the value of the square root with 'n/2 < u'g lFE '

c odd,
2-4-r

d odd.

n/2).

For k an integer

2.4.2

2.4.3

Suppose that $ is any complex valued functlon deftned on IH '

and A . SL.(Z), define the functlon ($lnA) on IH bly'

({ l* AXr) '= e(A; t)-k{tet)'

It follows easlly from 2-4.O that, tf B is also tn SL,(Z)'

(6 lk AB) = ((6 lk A) lk B)

2.4.o also shows that, with U '= (b l),

e(Uh; t) = u, a 24th root of rrnltY'

(tn fact, from 2.4.1, o = expt(nth/l2l).

Now suppose f ls a subgronp of SL2(Z), of finlte tnu:lex and that f, is a functlon

meromorphlc on IH that also, satisfles

(f lkA) = x6(A){ 2.4.4



for every A . [l, where each 1,(A) ts a root of unity. (If 12!.4.4 holds, then, as the

notationsuggests,X6isacharacteronf.Ileavetheprootasaneasyexercise

for the reader.) suppose ( ts a cusp of f of width h an'dl take T e sL'(Z) with

To = (. Then

(f ln'rXt + h) = ($ lkTxut'r)

= un(t6lnr)' lkuh)

= ,ru(f lkT{J'hXr)

= "o($ 
lovlfXt)

(wlth u as at 2'4'3)

(by 2-4-2)

(whereV=TUhT-1 .f,

by 2.3.O)

Q.4.2 agatn)

2.4.5
"u(tf 

lur,r) lnt)tt)

ukx*(N({ilnTXt)

If 'we now set ukxt(V) = exP(lZnlr) (0 < r < 1) and de{lne the functlon g by

f,{t),= exp(-2nlrt /hl$l nTXt}'

lnvariarrt under T ''+ x + h. Now suppose

0 (equirralently, f, ts holomorphtc inslde

serles expanslon

glr) = Iu.nl

,rhere grr,= exp(znttlh), and 'l'

($ loTXt) = 4I".{ ' 2'4'6

the cusp C tf 6 ," no'ol'orphlc lnside a horocycle at ( and

is finit,e on the left' If this is so and if m is the smallest

the ordler of f, at ( (with respe'ct to f) is

2.4.5 shows that I is

ln.a region imt > E >

1henghasaFourier

$ ls meromorPhic at

if the serles \n 2'4'6

integer with a- * O'

g is holomorPhtc

a horocgcte at 0'
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,tr

ord(f,, c, r) != r + m'

'ltris number ls lndependent olt the choice of T wtth 'll'o = o (a dlfferent choice

nnerely multiplies 2-4-6 by a root of 1) and furthermorz

or:d(f , E, f) = ord(f,, (, I),

rphen ( and { are f-equivalent. So we can speak of thrz order of f, at a cusp of I'

l[ now deflne a modular formr of ueight k/2 on f to be a functlon that satlsfies

:2.4.4 and ls meromorphic on IH and at the cusps' So 4 ls a modular form of

wetght l/2 on sL2(Z) (SL2(Z|) has tust one cusp at rn and 1 ts visibly

rmeromorphlc there). The followlng result, a stmple corollary of a theorem due to

Ranktn fRan, thm.4.1.41 ts the hnch-pln of my proofs of theorems D, E and H:

Theorem

Suppose F is o subgroup of SL"Q) of index V and that I

contotns -T. I! f, is o modular Jorm oJ welglut r on T thot is

holoiorphlc on kl and not identically zero then,

lord($, a, f) s 1tr'/72-
a r l\ltl+

E 2.4.7

2.5 For poslttve integers n, deflne functlons I(n) ,= n(n; t) on IH by:

n(n ; t) ,= q(nt) = 4(L.t),'

where L,, ,= G l) For A . Io(n), deflne

A(.) ,= L,,Ar,,l = (lr"1o) e SitLr(Z).



Nr)w,forAe fo(n),

n(n; At)

so

Note the obvious

oP*z''(t l t) =

(so that really there are

@r.r(v+1 | t)

n(L,rAtl) = 4tA(')L.r) = e(A('))r{:r+d 4(n; t),

s(N3exp(nicv2(ct+d)) /ct+a or,r(v(ct + a) | r)

t 
1 - de 

xp( n tcd,z4 ) e( A) 
3.*p 

(r, i 
"rz1 "1.r',t) )

(-)"@,",r(., lt), @u,r,*z(r l .)

only four funcflons @u,.r, u.d

= -Or,r(v I t), Or,o(v+1 | r)

='@ (vlr)
(r'v

2.5.O

2-5.1

,|tr
qag:

.m

ffi

.t
,-xl

a:!::.

*
i6!
tr'

,.,

:i.

(tr(n,) l, A) = o(n(',) ; A) q(n)

where

o(1(n)tA) ='(A('))'(A)-1

an,d q(n) ls a modular form of weight l/2 on to(n)

Rademacher [Rad, 81.2, p.l81.1 defines functions

€
o (v I t) ,= I (-)"'

tj,v 4
n=-co

e xp ( ( n * p/ 2f n n) exp(2x {n + p / 2l v)

an,d shows that

Or,r(v I At)

Or,o(v I At)

*/cr*d or -.,,, - o(v(ct+d) | t) 2.5.2

(l':lere, Rademacher has /Gr+dt4 where I have y'ffi-, so hls expresslons look a

Itttle dtfferent.)

= -@r.o(v I t). 2.5.3
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For tntegers n > O and k, clefine functlons s.(k) and tr,(ki) on IH by

s,,(k; r) .= -exp(rcik2tln)@r,r(kt I nt) = o(n/2-kl2/z'.lqk; qtl-(qt )-
I

trr(k; t) ,= exp(rtk2t/nl@r,o(kt I nt) = o(n/2-kY 
/"}n[-qu, q']-{q')-

Therse functions sr.(k) and trr(k) and the fact that, as I shall soon show' they

are modular forms on fr(n) and lr(2n) respectlvely must be well known, but ['ve

found no reference to them ln the pubhshed literature. I got the idea from

[Grer2rJ, ln whtch the author lnrtroduces certaln speclal icases of these functlons

(see So.5).

Note that

srr(-k) = -s.(k)

t.(-k) = trr(k) =

s (k+n)
n

t (k+n)
n

2.5.4

2.5.s

anrl that

exp(z:ik2r/rn)@o,o(kt I nt) = tn(n/2 - k; t) 2.5.6

Fora functlon$of xof the form$(x) = x"(as * dl* + azx +.. -)wlth ao*

and r ratlonal, define: ord f, ,= t:. Now, wrlting tr.r(k) forr the least nonnegatlve

residue of k modulo n, 2-5.4 and 2.5.5 and the definttions of these functions

show that

ord s,,(k) = (ntZ- r.tl))222n = ord tr,(k)

Nr)w, if A e fo(n), we have, wlth the help of 2-5-1,

2.5.7



s (k; At) = -exp(7rlk2A."zt )or,,r(kAt | tr-.,At)

= -exp(nrk2 Ar/n\@ r,r(kAt I A(')L,,t)

= -e(A.)3exp(ntk2At,/n)exp(nl(kAt)2(c/n)(ct'+d))/ct*a

,, or,r(tlr"(ct+d) I L.t)

= -r(A..)3"*p(nr(t2n t/il$ * .1.1*b))/;r*a r9r,r(k(ar+b) I nt)

?;l
*":i

$i*,
tr
g.'

&
{!i

= -e(A.,)3exp(ntk2a,(at+u)/n)GT t-)kbor,nllttat I nt)

['ve used 2.5.3 and the fact that t + bc = ad)

= (-)kbe(A('))3exPl[nl k2 ab / nl{ffi s,'(ak ; t)'

for A . fo(n),

(s^(U lr,A) = o(s.(k) ; A)s,,(ak),

o(s.(k), a) = ( -)kbexp(n tkz ab / n) e(6tn)13'161- 
1

Wortdng ln the same way wlth 2'5'2' we have' for A t lfo(n)' that

("(t<) 
''o) : :,';':,',:;,");::, :::',",,n, anc, n ,s even

whe:re

o(t.,(k) ;A) = (-)kb11-de><p(nlcd/4n)exp(tik2abln)e(A(')13e(N-1 2'5'12

2.5.4,2.5.6,2-5-gand2-5.11showthats.,(k)andtr'(k)aremodularformsof

weight L/2 on fr(n), respectively fr(2n) (that these funcltlons are meromorphlc at

the cusps will be shown tn the next section)'

(wher,a

Thus,

wherra

2.5.8

2.6.9

2.5.rO

2.5.11

iF.

E.
&1
.lTj-:

!5!-..



For an ct-tuple [ = (1o,..-, lo.-r) wlth tntegral entrles' set lenl = a and

cr- 1

s.,(l) = ffs.(i,)'
r=O

Deftne trr(l) and n(t) tn the same way and, for even n' d'eflne

a.-1

t'(l) = fft.(n,/2-t,).
r=O

In sections 3.1-3 I shall be deialtng wlth functions of the form

s (u)t (v)n(b)
ll(r^'t = 0 h .

s (x)t (v) n(c)n n-

w '= lenu + lenv + lenb -lenx - lenlt - lenc'

Thren, for A. fo(n) (n even), we have, by 2.5'9 and 2'5i'11

deflne
€:
rSi

.*.i

s
tl

4a

:!:

*'w)
';:

t,-t

kr
frcl
ffil
#.
ffi
liri

ff
ffi
#
'ffi

n].t

t"
l&ry

iri

in which [, V, x and 9 are linearly dependent on the parameters m and tn which

enllries of b and of c (whtch w:lll be independent o{ m) are posltlve lntegers

dividing n. Set

2.5.13

2.5-14

2.5.15

(Xt-l l*,o) = o(Xtnt;N)X(un), rf A ' ro(2n),

= o(Xtml; NIC(am), tf l\ c ro(2n),

wlrere

o(X(d; N) = o(s-(u); l\)o(t.(v); n)"(ntu); e)

s.,(x); a)-1o(t,(v) ; e)-lo(r(u) r A)-t

and p (am) rs f(am), with t' for

I shall call a functlon like f(m) at 2.5.13 ot /lml a theta

whose uteight ls w/2 (w as defined at 2-5.14). If /C(nn,) and

*o(

tn.

product of index n,

$m) are theta

t

aa:

products of the same welght and same index (n, say), and ff o(;t-l t A) =
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u(Ak.); A) for all A e fo(2n), t shall say that ftic^) and ff{m) are comwtible.

{iuppose fi'{al and ffm) are compatible. Then i,(n) =, /6(n} + //rml transforms

erccording to

(ato l*, o) = o(a(m); R)Jl(*m),

for every A e fo(2n), where ,o(at-), a) = .r(XtO; e)f.

Define the slgn of the theta product fi{a.) to be 1-llentt+lenx and, for numbers

.t - 11mod n, deflne X.(a) = t 1by:

Xrr(a)'= a mod n. 2.5.16

lfhen I say that that theta products ff,6) and f(m) are coherenf lf they are

compatible, when they have tlhe same sign, and other.uruise

"(X:t-l,a) = xr^h)o(!(-), t\).

for every A. fr(2n). [t ts. plaln that a sum of mutually coherent theta products of

index n and wetght w/2 ts a modular form of weight w/z on fr(2n).

il"-6 In thts sectlon, I calcu,late the orders of the forms n(r) , for r I n, s (k) and

t,r(k) at the vartous cusps of fr(2n).

Siuppose that

'I'ake a matrlx

3, = gcd(r, y),

e = x/y

t=(;
r' = r/6

. Q* rulth gcd(y,Zn) = 6, so ( represents a cusp rn C!?')
*) . SlrtZ) that carries o tc, (. Suppose rln and set

', y' = e/6,. Let t*,= (i,* ;) . SL2(Z). Then

r*-"J = v'= (f l),



a;

.i.

,lih,,
:#
n,

;r..
15t;

wh€rre E' = gcd(y, r), and j.

t(r;Tt) =

and (slnce, by 2.3.1, cusps

n(T*Vr) = 4t*){@WT n(Vt)

rn Clf') have wldth Zn/il lt follows that

2-6-O

wh,ere u e

above,with

where ). =

No',p calculations slmllar to those preceding 2-5-8 show llhat

wag, we have

= uJ@77"*pllnru2*(* t * t)/:r)@r-y,,r-,,,(k( xr + z)/n' l(6'2t * n)/n),

In

n

We can

ord(n(r), (, fr(n)) = nE 2/L2rE-

h..i

&"..ffi

#
't

#..
#i;
,€ilqr
€i:s,
rli'

,t,i

.&:;

:i

s,,(k ; Tt) = uJ(Wexp(nrk2x(*t * *)/r)Or,r(t(r,t + *)/n' l(E'zt * *)/n)

It{, the ,F's are (unlmportant). lntegers and 6', o' (and y' below) are as

n for r. It follows fr,cm 2.5-7 and 2-3-1 that

ord(s.(D, (, fr(2n)) =' ord su,2rn(kx/n') x (2nz'l!)

= (E'/2 - ),)2 /6, 2'6'l

trU,(kx) ls the least rronnegatlve resldue of krr mod E''

the same

t (k;Tt)

suppose z' ls odd and then

ord(t,r(k) , (, fr(2n) = ord tr.zrn(kx/n'l

= (3'/2 - X)z /t 1f ryl ls even,

= ord t6-2/n(6'2/2n - kx/'n')

= p2 /3, if y' ls odd,

wlrere tr is as above and p satiisfies kx - $ mod 6' and -6'/2 < p < E'/2'

2.6.2


