CHAPTER 1

A SIHPLE PROOE_OF WATSQH'S PARTITION COf

1.1 INTRODUCTION

In 1919 Rananujan { 15 ] conjectured that if o > 1, if éu is

the reciprocal modulo SQ of 24, 1if XO is the reciprocal moduio
o . . . e -
7 of 24 and if wa is the reciprocal modulo 11 of 24, then

6] N - a
(1.1.1) p{5n + Oa) Z0 mod 5 .

(¢4 _
(1.1.2) p(7'n + 1) 20 mod 7%,

o - o

(1.1.3) p(117n ©)E 0 mod 11

In each case he proved his conjecture for o =1 and o = 2.
In 1938 Watson [ 16 1 proved (1.1.1) for general «. Watson's proof
has been simplified by many writers of which the most recent are

Hirschhorn and Hunt [ 10 7.

Ramanujan proved (1.1.1) for the case o =1 by showing that

55
(1.1.4) b opGni g = 5 -E—Eg-lg ,
nz=0 E(q)
where
B = ] (1-¢%

nz1l
In fact there exist similar formulaec for the generating functions

(1.1.5) Yoo p(stn éu)qn for o> 1

nz=2o0

Watson was able to derive such formulae from the modular equation of

fifth order and prove (1.1.1) by showing that the coefficients in thesec

. e Q . _ e
formulae arec divisible by 5 . However Watson's notation is formidable
and as a result his proof is complex and almost unreadable. By using
elenmentary methods Hirschhorn and Hunt have been able to derive simpler

formulae for (1.1.%). Thay are stated below.
Y



Theorem (1.1.6). For o =1,
i-1 B(g) Y
o @ TTEEL D e,
izl 7 E(q)
(1.1.7) y p(5an+50)qn = |
1>0 ) , 5 61
n> ‘ i1 B(q )61
2 o —‘**"—6—1—;1 ;, G even,
i>1 E(q)

where . n
E(q) = T (l"'q ) I;
n>1

X, 7 Xl’l,xllz,....) = (5,0,0,0,...),

x A, o  odd,
) ~0
1.1.8 —
( ) §a+l XaB’ o even.
Here A= (a, .). . 11} B = D R a {3 ;
l,j)l,]Zl and B (bl,])l,jZl are defined by
1.1.9 = b, . = . C e s
( ) 81,5 T 1,149 Pi,g T Meitl,it]
where M= (m. .), . is defined as follows:
i,3°1,3>1

The first five rows of M are

5 0 0 0 0 0 ]
3
2%5 5 0 0 o 0
(1.1.10) o x5 5° c. o 0
7
4 29%5 4X5 5 0 0
5 8
| 1 4)(53 8x5 5 59 0 .
and for iz 6, ML F 0, and for jzz2,
.11 = 25 +25my oo g ISML g g Smy
(333) 0 my = 28my ) gt 25 o gt M s st M g5

They then proved (1.1.1) by showing that

X ., =0 mod SQ for iz 1.
A,

ecast 3, then

pot

Watson also proved that if o is odd and at

O « oL . (&3
(1.1.12) (5% + § + 577" 20 moa s



Chowla [ 7] noticed that (1.1.2) fails for o = 3. In fact from
Gupta [ 91 we have
p(x3) = p(243) = 13397 82593 44388,
. . C .2 .3 -
which is divisible by 7 but not by 7. Watson [16] proved the

appropriate modification of (1.1.2), viz. that if Bz 1 then

2 ¢ m
(1.1.13) p(72P 1, Ay ) =0 mod 7°

B-1
e
and p(7“bn + XPB) = 0 mod 78{1.
Watson also proved that if B =1, then
28 2R-1. _ 28 LR
1.1.14 (7 4 A - 4, = + - 2.
( ) p(7"n )28 4.7 ) p(7 "n X2B 7 )
- 2 28-1 1.
= p(7 Bn + AZB - 77" ]) = 0 mod 76 ].

In this chapter we establish identities analogous to (1.1.7) for

the generating functions

(1.1.15) Y op(7%n + ) q” for a1,
a
n=0

fromwhich (1.1.13) and (1.1.14) follow easily. Watson's proofs rely

on the modular equation of seventh order. We also need the modular
equation but we derive it using the elementary techniques of O. Kolberg
117, The remainder of our proof of (1.1.13) is analogous to that of
Hirschhorn and Hunt. The main -result of this chapter, stated below,
contains an algorithm for calculating the coefficients in the formulae

for the generating functions in (1.1.15). We carry out these calculagions

for o =1,2.

The main result of this chapter is

THEOREM (1.1.186) If a =z 1,
¢ i-1 7. 4i-1
121 Fa,1 @ —igél??w—-, a odad,
= B{g)"”
0 n
Dop(Tn o+ g = o
n=0 o
. 7,41
} gt Ele )41 o
LM Tt Iy, even,
izl Gl E(q)4l+l



where

E{(q) = I (1 -4g) ,
n=1
x1 = (7, 49, 0, O, ).
and for a =1,
X A, o  odd,
~0
(1L.1.17) X -
~0+1
L x. By W even.
~Q
Here A = (ai,j)i,jzl , B = (bi,j)i,jzl are defincd by
(1.1.18) a = b =

T L .o m_ . L
i, 4i,i+3 ! i, 4341, i+ '

il

where M is defined as follows:

mi,j)i,jzl

The first gseven rows of M are



(1.1.19)

7 0 0 i ) ) ) ) X ) )
9x72  ax7” 7° 0 0 . . . . . .
1147 85%7° 24x7° 3x7’ 78 0 ) ) ) ) )
87x7 Smxuw .m»wxﬂo mqwxum bquw axqwo .\.ww 0 R . .
190 1265x7%  1895x7%  1233x7°  3025x77 620x7° 75x711 sapt3 0 g4 0 :
27 736577 16782577 20424x7° 1282577 4770%77 78300910 117gxs12 1t xg1® 717
1 253577 1902x7%  42067®  31s40x77  193020? 750071t 1946x913 2397x71% 2855716 ouyl

(o)
[ae]
<o




and for i> 4 m, = 0, for i28 m, = 0 and for iz 8, 3= 3,
lll 1,2
(1.1.20) m, . = "m. + 35m + 4%n + + 7
1,3 i-3,3-17 Moz, 517 oy 5t Mg 500 M-6,4-2
b 21m, . .+ 49m, . ot 147m, . -+343m, . 34 3m .
i-5,9-2" “"Mio4, 52 M3, 9-273030 o 431 1,52
The case o =1 in Theorem (1.1.16) namely
7.3 o, 1.7
(1.1.21) . p(7n+5)q" = 7 Eﬁg“%w, + 499 3ii~%—
n>0 E(q) . E{(q)
was known to Ramanujan.
In 1966 atkin [ 1 ] proved (1.1.3) for gencral ¢ . It appears that
Watson's method of modular equations is not sufficient. Atkin's

method of proof relies on the behaviour and the Fourier series of entirc

modular functiors on

To(ll)

i

a,b,c,d € Z, ad-bec=l, ¢ = 0(mod 11) ;

as well as Fine's [ 8] modular equation of eleventh order.

1.2, We need some preliminary results.

Lemma (1.2.1).

2 [ ¢
B = n(a )lg) - @) - o+ gt

0

7 .
where QO, Q_L and QS are power series in q which satisfy

2 2 7.
QOQl -9yt a Qs = 0
: 2 7 2
(1.2.2) 19 - Q — A9 =0
2 7.2

Q0% ~ 98 79 =0
(1.2.3) CQu99 = 1
EEQQE' Here we assume

oo 1 /
B = § (-n7q (Fuler)



and
3 n %(n2+n)
E(q)” = ) (-1 (2n+l) g (Jacobi)
n=0
Write E(q) =E_+E_ +E_+E + 8 + F_ + ) 5 ontai
q 5 1 5 3 4 ES F6 where Ii contain
those terms of BE(qg) in which the power of q is congruent to
i mod 7.
. 2
Since (3r" -~ r) 7 3,4 and 6 mod 7,
E,=E =E =0 and & = + B+ + E_.
3 4 ‘ an E(qg) EO Bl Y E, E5
Now
v r %(Brz—r) r 5(3r7-r)
E, = ) (-1) "q = ) (g
5 2
L(3r -r)=2 r_67
nod 7 mod
T n-1 %[ 147n°-49n+4 ] 2 T n, 49 %(3n°-n)
-1 % . > L=
= ) (-1 "y =-q ) (g )
- 00 w00
2 49
=~ g E(q 7).

3
E(g)™ = (EO + E] + E2 + E5)3

I

2 3 2 2 2 2
LB+ BELE)H(E+3E E 46E.E_E_)+(3E EC4+3ETL +3E°R
)F E_+ 3E.E Y+(E_+3E +6E_E Fb) (3IOEl 3LO 5 3E2F5)

3
(Bt OEE B+ 3B E)+ (B3B8 +6E B

)

|40 V]

3 2 2 2
+ (B E I 2 EC) 4+ (3E.E. + 30 + 3F_E
By * EE BB, + 3EE[) (3B E, + 3EE, ny

2 2 .2 3
+ (3E E_ + 3E_E LB + + OE _E
r Eo 5 3F2F5 + 3F1L2) (E2 6LOL1E5)
2
v L(n"+n)

= 7 -1D"Cn o+ g
n=0 :

. 2
and since - 4(n” + n) Z 2,4 and 5 mod

7 we have
2 2 2

5 E_ 4+ 3E -+ . L. =0
3FOE1 )EOE2 3F2T5

(1.2.4) 38 F2 + 3F2E + 3E.E. =0
2. 3EE, HE, 5
2 2 2

3EE + 3BE. 4+ 3E.E =290
3EOE5 | 3h4F5 oEl 5

If we define o}



e _— 49 _ |
LO E(q 7)o, E. = - q E(q )Ql and E5 =4 B(g )Q5

then QO' Ql and 0 are power series in q7. (1.2.2) follows

5

from (1.2.4) and we have
49 2 5
] = I3 - ¥ - J .
E (q) (@) Loy ~ ey, - a” +gq Qg ]
Multiplying the first equation in (1.2.2) by QS and substituting

2 72 .
QOQS = Ql + g Q5 we obtain

2
QOQ1Q5 = Ql
or QOQlQ5 =1, which is (1.2.3).

In fact, it can be shown that

49n-14 49n-35
o = o -aTha - g7
. 49n- 49n-42 ’
0 n>l (1 - g o 7)(l - g on )
9n-21 49n-28
o = o -gPPho o M0
49n- 49n-35 ’
1 n2l (1 - g an)(l - q n 35)
" 49n-7 49n-42
o= o fl-aHa-g M
5 - 49n-28 ’
5 n21 (1 - q49n 21)(l - q 9n )

using Watson's quintuple product identity.

Lemma (1.2.5). I1f w7 =1, w#1l then

G
49
E(q 7)

3 4 5 6
E(q) B () E(0°q) B (woq) B (0 B (w QE(w q)



Proof.
6 k n n 2 6
. ) n
T ewe= 71 a-¢Ya-u"™Ma-aw "y - Wty
k=0 n>1
= 1-44%7 1 (1 -q'™
n=1 nz1
n=0 mod 7 nZ0 mod 7
I (- q7n)
~ nxl
= T (1-qgm7 = 7n
n>1 I (1 - g
- n>1
n=0 mod 7
Tn, 8
T (1 -q™" 78
. n2l _ E(g)
' 49n_ 49
I (1-qg 7 E{g™ ")
nz1
1.3. The main result of this section is lemma (1.3.1). Our proof

relies on the modular equation of seventh order (1.3.14), which appears

in Watson's paper but which we obtain by an elementary method.

We now introduce the operators H,, 0<i<e6e which act on a
i

series of powers of q and simply pick out those terms in which the

power of g is congruent to i modulo 7, Set H =H_.

0
Lemma (1.3.1). For iz 1,
(1.3.2) CoHET) = § o, rTd
j=1 trd
E(q) B
41 - — ~9_“_ . = _._.,_(__.;___..__
(1.3.3) where Elq) = 5 75 T(q) 5 49 2
a E{g ) a E(g )
and the m, 5 are defined by (1.1.19) and (1.1.20).

We leave the proof of Lemma (1.3.1) till later. As an immediate

consequence we have the following Lemma.



10.

Lemma (l‘._3_>_.;4__)_._ For i1,
-41 ~i-
HET) = 7§ a, .7
=1 +J
and H(Eu(4l+l)) = Z b p )
j21  trd
where the a, ., b, . are defined by (1.1.18)
1,3 1,]
s ~4 i , . -1
Proof. It is easy to check that H (& ) as a polynomial in T
has no terms of dagree i or less. So by Lemma (1.3.1)
-41 \ -1-7 -Jj
HE™) = § ar o = ) m T
1,3 4113
j=1 j=1
Therefore a; .=m_, . , = a, '
i,3 41,143 1,3
and H(€»4l)= 2 ai .ot
j51 143
We can argue similarly to show that
geg~ (4D y b, . AN
jz1 trd

In order to derive the modular equation we first need some preliminary

results, Following Kolberg [ 11] we define
-2 -1 3
;= - = & - )
(1.3.5) et a Q B=gq Q,  and vy 949

From Lemma (1.2.1) we have

. 2 (g - 3
(1.3.06) E(q) = 55 = g 0y = 4 0 -~ 1 +g Qg = - (@ + B+ vy + 1),

From (1.2.2) and (1.2.3) we obtain

2 2
alf” + a” o+ v

= 0
By2 + 82 + 0 =0

(1.3.7)
Yaz + Y2 + B =0

ofy = 1



11.

Let
(1.3.8) v, = a38, Y, = B3Y and Yy = Y3Q
Then, Ly (1.3.7) we easily find Yly2 = —yl -1, Y2Y3 = - Y2 -1,
Yg¥y = -y, - 1, Yi¥,y, = 1,
dﬂ83 = - yl -1, 82Y3 = - y2 1, v QB = - y3 ~ 1
aBS =y - y, +1, BYS R 1, Yus =¥yt vy t 1,
o = - yi LR LT S - yg + y2‘— vy, - 1, v = - yg tyy -y,

The followinq Lemma is 5.20, 5.21 and 5.14 of Kolberg's paper.

Lemma (1.3.9). ' Yp t Y, ty, = -1 -8,

=T + 5
YlY2 + Y2Y3 + Y3Yl T ’
yl}72Y3 = l’

where T is defined in (1.3.3) and the yi are defined in (1.3.5)

and (1.3.8).

Proof. Let w7 =1, w#1

fa(wlq) + B(wlq) + Y(mlq) + 1]

= o
™y
e

H-
Q
f
|
= o

6 . , ,
= - (w Yy + w_lB4-w3lY4~l]

6

6 3i 55 i
=~ I 1+ w7y +wly+n R

1 0 0 v 0 a B

[ B 0 0 vy 0 «

o 1 000 v o

=-det; 0 ¢ B 1 .0 o Y
Y 6 a B 1 0o o

6O ¥y 0O o B 1 0o

C 0 vy 0 o B 1



12.

On the other hand, from Lemma (1.2.5) we have

it E(wiq)
(1.3.10) T E(w'g) = l:Z - Elg) = p?

Using (1.3.7), we find by evaluating the determinant that

T =-(@ +B +v) + 7(@85 + By + YuS) - 14(0,283 + 6?y3 + y2a3) - 8
~ 2 2 2
== =y -y yy = 3 421 - -y, -y, Yy = 3) -8

it
~

2 + 2 + 2) + 14¢ + + ) + 58
17 Y3 T Yy Y T Yy T Y,

2

2
= + + - ) - + -+
(yy v, +v.) 201y T Y,y Fyayy) 4 LAly, 4y, 4 yn) + 58

) 2
= + v 3 7 6
(yl }2 + ]3) + l6(y:L + y2 + 33) + 64
= + + + 8)2
Y1 Y2 Y3 .
So,
1.3.11 + + y. + 8 =+
( ) Yy T ¥, T Yy T

We now calculate the first term in the expansion of each v,

3 -7.3 -7 _ a2, _ 30 - -1 .
y; =oB=-g 0, =-a 4+ roy, =By 09 = -1+ ...y
= v3 = 703 7,
We therefore have to take the - sign in (1.3.11) so,
+ v, + = - T - 8
Yl }2 Y3
’ ’ = - - - ~3=T+8-3="7T+5
V¥ T Y ¥yt vy, Y1 T ¥y T Yy

4
Y YYo= (afRy) =1

and the Lemma is proved.

Lemma (1.3.1€L.

H(E) = -1 H(£4) - 47 - 7,

5
H(E") = 10T + 49,

jas}
—
Naat
i
—



Proof. From (1.3.7) and Lemma (1.3.9) we have

H{(a + B + ) =0

r

H((Q + 8 + v)9)

H( + R+ 1)) = 6afy = 6,

ii

0,

'
I

H{(a + B + y)4) 4(a38 + B3y + y3u)

= 4(y -+ y

1 2 3

= - 47 ~ 32,

H{(a + B + v)7) = lO(u3Y2 + 83a + Y382)
= 10 (~ Yy - l-y,-1-y -1
= 10T + 50,

H((a + B +v)") = 6(u5Y + Bsa + YSB) + 90@282Y2

= - + - - + - 4+ 9¢
6(y3 yl 14 yl y2 1+ y2 y3 1) + 90

= 108,

SO

HE) =H(-la+B8+y) -1) =-1,

H(ED) = H((a + 8 + N2+ 200+ 8 + Y) + 1) =1,

HOE®) = H(- (o + B + N - 3@+ B @ p s V-1 = -6

H(£4) = (- 4T - 32) +4 X6+ 1=- 47 - 7,

H(Z%) =-(107 + 50) - 5(- 4T - 32) -~ 10 X 6 - 1 = 10T + 49,

H(E®) = 108 + 6(l0T + 50) + 15(~ 4T = 32) + 20 X 6 + 1 = 49.

Lerema (1.3.13). H3(g3) =0, H5(£3) = 0, H6(€3) = 0,

Proof. From (1.3.7) we have
H3(a + B +y) o= v,
H3((a + B+ Y)Z) = a2,
Hy(a+ 8+ 1) = 308,

SO

H3(g3) =H_ { - {a + B + y)3 - 3o + B+ Y)2 -3+ B+y) - 1)

2 2
= = 3087 - 30" - 3y = 0,



Similarly,
3
H
5 (&)

3
HO(E7)

We note here that some of the formulae

tc Morris Newman [127.

¥ p_(n)q"

nz0

then from (1.3.3)

H(E)

is equivalent to

H{q

Al . 5 —
H3(L(q) ) =

Vo~

n=0

or

B

nz:0

1cC

P (7n + 3g

p5(7n+3)qn

2 2
= = 3By - 38% - 3¢

0,

= - 3Ya2 - 3Y2 - 38 = 0.

If we define P, by

n

nx1

(1 -qhHTt,

we find that

10T + 49

E(q) ) =

7n+3

4 7 7.5
= 10E(q) " E(q ) + 49q E(g’)

4

which is the second identity at the end of Newman's paper

we also find that

z Py (7n+2) qn =

n=0

y p2(7n+4)q.n =

nz0

z p3(7n+6)qn

n=0

2 p4(7n+1)qn

nz0

and

- E(q7) r

7.2
E{q ),

7.3
- - TE(q )7,

4 7.4
- 4BE(q) " - 7q E(g’)

il

-7 7.4 49 49
10g ~ E(q’)  E(qg 7) + 49 E(g

3 7.4 49 10
10g” E(q") " E(q ") + 49q E(qg

5

)

14

14.

in Lemma {1.3.12) were known

49 5

)

4

3 7.4 49 10 49 5
10 g7 E(q) " E(q )+ 497 E{(q )

Similarly



“15.

Lemma (l.}iiél;_ (The Modular Equation of Seventh Order)
2 e 3 2 . 7 6 5 | - .
T= (787 + 3587 + 498)7 + £+ 787 + 2187 + 49@4 + 147g3+ 343g2+ 343EF

where T and £ are defined in (1.3.3).

Proof. For 0<1iz<es define Ei(q) = E(wlq) where m7 =1,
w# 1, than
. 1 3 —_— ] 6
HED =2 ] wlg =2 7 g
7 7 . i
1=0 1=0

Pl=go+gl+ .+£6=~7,
P2=£g+£i+ +g§=7,
=g+ S £l = - 49,
P4=£g+£§+ +Eg=—28T-49,
P5=£g+ii+ +EZ=70T+343,
P = gg + gi + + gg = 343.

It follows from standard formulae that

Sy = 1& =-7

1
s, = ) £, =21,
2 £1<5 173
4S - 2 g‘g_g = - 49,
3 i<i<k 1737k
S, = ) EEEE =70+ 147,
4 i<3<K<s i79°k~%
= - - 343,
S5 357 34
= 49T + 343,
SG 4397
6 6 i 2
(1.3.10) 1is S7 = 1 El = I E{w'qg) = 17,



Hence the Ci are the roots of

7 6
X + 7% 4 21x5 + 49x4 + (7T+l47)x3

16.

2
+ (35T+343)x° + (49T+343) X - T2

= 0.
But EO = & and the Lemma is proved.
We are now in a position to prove Lemma (1.3.1). From Lemma
(1.3.14) it follows that
A S NES CEE I R L EEO 215~ 475)
+ a0p~ (170, 147¢7 3730 3a3g™ (372, 3a3g” U7 52

Picking out 1}

0 mod 7

(1.3.15) me~

From (1.3.15)

H(g"l) (7-35-

or
(1.3.16)
So (1.3.2) ig

(1.3.2) holas

Lemma (1.3.12).

Already we have

(1.3.15) that

From (1.3.15),

L m

353 i,3

I L

105e terms in which the power of g4 1is 2ongruent to

we obtain:

3
J

o= Y, 35H(€”<i“2))+49H(£"(i“1))1T‘l+[n(g“‘i"7 )

# 7m0y o8 gom (g™ T 4 e (09,

+ 343H(g”(i‘2)) + 343H(E-(i~l))]T—2.

and Lemma (1.3.12) we have

h49) Ly [49+7(10T+49)+ 21 (-a7-7) + 49(~7)+147-3434343]p 4

gy - o9ty 4977%

true for i 1. Similarly it is easily verified that

for i=2, 3, 4, 5, 6, 7 from (1.3.15) together with

Further it is clear from (1.3.15) that wWe can write

HE™D) = § mr o, o)
j21 trd
! . =m, for 1<i<y7y It follows from
1,3 1,3
m! =0 for i> 4 and ' =0 for i 2> 8.
i,l 1,2
we have for 41 > 8
LoUm! L+ 35m!  vaonr | ypoivl, Loty e mr
321 1*3,] l"zlj J—"llj 721 17,7 L l]
D
+ 2Im! 4 4oy .+ 147m? .+ 2423m! .+ 343m! D
r1.—-5,3 m1—4,j m1-—3,] 11—2,] n1~1,3>

)



17.

- 71 5 i + 3 t . + 49 ' . -+ ' .ooFe. o4 343 ' . _‘j.
jz3( n1—-3,'_]—]. Smi»Z,j—l ml—l,j—l ml—l,j—z 4 mlnl,]—2)T

Hence, for i>28, 423
m: .= 7m' + 35m! . .+ 49m! . .+ m! . .+ 7m! . .+ 21m?t )

1,37 1-3,9-1 m1—2,]~l ml—l,j~l m1—7,j-2 m1—6,j~2 m1—5,3~2

+ 49m? + 1 ! .+ 343w .St 343! .
Mg, 5-2 47m1-3,3~2 Mion, 522" 3 M, 52
Therefore @' | - m, | for every i,§ > 1.
1,3 1,3

Before Proving our main Theorem we need one more lenma.

Lemma (1.3.17). A, the reciprocal modulo 7 of 24, satisfies

T a

Al =5 and for g > 1,

6 X 77 + X, 0  odd,
o
>\o¢+l = o
4 X 77 4+ ), o even.
o
1 o
7 X + ’ .
[ 24 (1 7 1) 0 odd, .
Proof. A =
- o 1 o
52‘(23 X 77 4 1Y, o even,

since this is an integer which satisfies 0 < Aa < 7 and

24%@ = 1 mod 7u. It is easily shown that this Au satisfiey

recurrence.



18.

1.4 We are now in a position to prove Theorem (1.1.16) . For con-

venience we write the theorem in the following equivalent form

- i ,-4i 7
L Z x . T g 3/9 E(q'y, ¢ odd,
. a,1
121
0 n
(1.4.1) L op(7%n 4 ) Vg =
. o4
nz0

a1
[ Z x o7t gmet l_]/q3 E(q49), @ even,
i=]

where T  4ng £ are define in (1.3.3).

We have
-1
Z P(n)qn = S

] 2 49
n=0 £(q) qg E(g )

Picking out those terms in which the power of q is congruent to

5 mod 7, we have by {1.3.16)

- - -2
7n+5 BT T,
z p(7n + 5)qg = 23S L
2 _ 49 2 49
n20 g E(g ") a E(g ")
or
- -2
~ 7n 7T " 4 497
L p(7n + 5" = B T
n=0 a E(g7)
4 8 .4 49 4 .
1/7 E(q) 9 & E(g )" 4 -1
Now e v e A e A
q E(q) g Elq)
SO
-1, 1/7 -4
(1.4.2) g

) =T & (q.

S0 we have

- 2 -8
7 £7% 4 4o E

I

X p(7n + S)qn

.7
n>0 q E(g)
Substituting
7. 4 .y 49
- =7 E(q") -1 2 E(g )
T=aq R T
E{(q ")

we obtain Ramanujan's result:
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7.3 7.7
) p(7n + 5lg = 7 E(ﬁ;—}—— + 49q -E—(—C-{—é»— /
n>0 E(g)” - E(q)

which is the case o =1 of Theorem (1.1.16).
We now procesd by inrduction on a . Suppose o] is odd and
o "n , i ,-41 7
X p{7n + Aa)q = T Z %, 4 T £ 179 E(q).
n=0 i=] !

Picking out those terms in which the power of q is congruent to

6 mod 7 we have by Lemma (1.3.4),

L p07%m v 6 4 a - Y« LT EE g vl

n>0 i1 ©
i —ied. 7
= Ll T T A v g el
lZl Cxll le ll]

= b0 D=, 2y /g (4.

It follows from (1.1.17) ang Lemma (1.3.17) that
o+l 7n -1 7 7
2 p(7 n+ A )q = [ Z X T 71 /g E(q).
>0 o+1 i3] a+l, 1
From (1.3.3) and (1.4.2) we have

o+l n i ,~4i
bop(1%n 4 Yo o= [V . T & TT/q E(q)
nso o+l i>1 a+1,1

. -4 3 49
= L)oo ort g3 8

Now suppose o is even and

i ,-4i-1. 3 49,
£

1/¢” BE(q™)

A

L v g = [ Xy 1 7T
n=0 izl !

Picking out those terms in which the power of. q is congruent to

4 mod 7, we have by Lemma (1.3.4),



(s} ) +4 . i ~=43i-1 3
Lopm v gy o)™ oy 4 HE TN /6% (gt
n>0 o izy %o
= [ y X, 4 i z bl : T_l_j]/q3 E(q
izp @ 2] +J

= [ X . b,
. jgl (iglha’l i,3

It follows from (1.1.17) and Lemma (1.3.17) that

Z (7 ln + A +l)q]n = [ z Xa+l i T l!/q E(g
£20 o izl '
From (1.4.2) we have
a+1 n A -41 7
L op(7" 4 hp)d = L] Xoe1,1 T & 1/a B(@D).
n=0 121

This completes the proof of Theorem (1.1.16).
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1.5, We now turn to Watson's results. Let V{n) denote the
exact power of 7 dividing n. hen
Lemma (1.5.1). Vim, j)2> (%75 - 25 - 1)].
14
Proof. Consider the natrix Vv = (\)(mi j))i 21 The first seven rows

of v are:

1 2 L.w o
0 2 4 T e
O 1 3 5 7778 o 9w
® 1 3 4 6 g 715 "II*{ ©
® 0 Z 4 g 7 9 11 13 14 | » o
® 0 z 3 5 5 9 10 12 14 16 17 | ©»
"0 2 4 6 7 9 11 13 14 16 18 35 20 | »  w
®
© o
Define the matrix N = (v, ) by v. oo=[%(75 - 21 - 1)].

i,371,321 i,j

The first seven rows of N are:

T__-E«L_i © 8 9 11 13 15 16 18 20 22 23 . )
( 0 2 4«~7;1~ZL 2 11 12 14 16 18 19 21 23
O 1 3 5 3 “"5"110 12 14 15 17 19 21 29
L1 3 4 6 g 10 1T |13 15 17 18 20 22
L0 2 4 6 7 9 11 1377 16 1s 20 21
200 2 3 5.7 9 10 12 14 1615 19 21
2 -1 1 3 5 & 8 10 12 13 15 17 15"”EETW .
)

Observe that Zor 1 <7 and for 12>7, <2, \)(mi j) =

From (1.1.20) it follows that for i>7,3>2,

> 'YJ" +l,\) , . +2,\)m .
v(mi,j) 2 min ‘v(mi—3,j~l) + 1, v(mi_2,j—l) ) (ml—l,j—l) ( i-7,3-2
}
v(mi~6, D+ 1, vim 5, 2)+ 1, v(m ~4,j~2)+ 2, \(mi~3,j-2
(m ) + 3, v{(m ) + 3}
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while, as ig easily checked

Vv, . = min{v, + 1, v

.t 1, v, , v, s VL , 1,
i,3 1-3,3-1 i-2,4-1 1i-1,3-1 1i-7,3-2 1-6,3-2

V., .+ ]

i-5,5-2" 1o \)i—~4 j-2+ 2, v, i + 2, v, .+ 3, v, +33
5, , >

Lemma (1.5.1) follows by induction,

Lemmna, (1.5.2).
2 VLed.a)

79 - i -1 75 - 1 - 3
) 2[4z -1 , S B AN i
\(ai,j) [ 2 ] \)(bl,j) { 2 ]
Proof. From {(1.5.1) we have

g2 [Mir ) - 8i -1

(73 -1 -2
via; o o= \)(m4i,i+j 4 b= 4 ]
T4 5) - 2041 + 1) - 3, 79 - 1 - 3
= > ——— e ) = e D
Vb ) \(m4i+.l,i+j) f 2 =1 "

Lemma (1.5.3).

and for B =1,

75 - 6
Vix ) B+1) +[< -1,
( 28,3 4
7 - 4
+ 1) + ]
\)(x28+l J) (8 ) [
Proqﬁ.
= z = 2
xl = (7, 49, 0, o, ), so v(xl’l) 1, v(yll2)
= 3 = 7 . + 495
fe have %, b 1,1 %,5 7 Ty 2,3
121
SO
\)(x2 j) >min{l tvla, ), 2+ y(a. ) }
’ ’ ~ 7
79 - 2 79 ~ 3
Fmin{l + [FLE2) o (Tl
75 - 6 75 -
= min{2 4—[-—1Z-- 1, 2+ [—-j;~**}}

= 2+ [**7T~“*] ' as reguired.



23.

Now suppose B 21  ang

We have

SO

iz1 4 4
= (B + 1) + [712;42 ', as reguirea.
Finally suppose B 21  and
7i - 4
3 > + (2
v(x26+l,i) Z (B + 1) + [ Y] ]
We have X S X, Loa,
2B+2,5 Y 28+1,1 7i,3
‘ Z mi + Via, .
=0 Vog1z,5) Zmin Woogy )+ vy 9]
7i - j ~ i -
Znin {(B + 1) + [2 —é-] + LZl—«—i———l
izl
75 - 2
= B+ 1+ [HE]
= (B + 2) + [Z;jf—é-], as required.

Lemma (1.5.3) follows by induction.

Theorem (1.5.4),

For 8 =1,

p(726—ln + K2 } Z 0 mod 7B ,

-1

) B+l
p(728n + AZB) =0 mod 7°



Proof, From Theorem {(1.1.16) we have
7.41-1
2k-1 n i-1E
) p(7 B n + AzB_l)q = ) ®6-1 1 q" (q‘lgl
n>0 izl 7T E(q)
By Lemma (1.5.3)
Vix. ) =1 and for B =2,
1,1
7i - 4
= -] =
Vi ) 26 71 =8
or, X = 0 mod 78 for B=21.
26-1,1 !
It follows that p(728_ln + A28*1) Z 0 mod 7B
Similarly,
7.41
2 i-1 E
L ptr%n s A25)qn = ) *28,1 ¢ - ii4l
n>0 izl ! E(q)
71 - 6
> (¢ O NSl
and v(x26’i) B+1) + 1 1 =B
_ B+1
, .= 7
or X2B,1 0 mod
SO p(726n + A,,) 20 mod 7B+l
28
Theorem (1'5:EL- For B =1,
2 28~ - 2B-1. _ 2R 2B8-1.
p(7 8n A - 4.7 g l) = p(28 1n +A_ - 2.7 B l): p(7" " n+X__ - 7 B ) =0
2R 2R3 2B Bl
mod 7 T,
Proof. From (1.4.1) we have
28-1 i ~4i . 7
T NN P e 3 T8 /g ()
n>0 i1 !

If we pick out those terms in which the power of q is congruent to
k mod 7 we have

28-1 . Tntk . g4t T
Y (7 (7n + k) + A ) q = [izlx28_l,i rH (8T /g B

250 26-1

From Lemma (1.3.17) it follows that

: 281 7n+k - i -4i 7
T op% A+ (k- 677 g =[) T H (6 /e B

nz0 iél
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From Lemma (1.5.3)

A} = = b [® - >
)(xl'l) 1, v(xl'z) 2 and for B8 = 2,
7i - 4
Vixppog,y) T B+ [
So modulo 7B+l we have

2 7

26-1, Tn+k _ - |
L p(7°%n 4 Ag * (k- 6777 g F g 1 1 T E D g B

n=0

From the modailar equation (1.3.14) we have

- 3 -2 I -2 - -3 - 2 - -2 -2
I3 4 £ + 7(E lT . + 5¢ 2T 1 + 7 3T l+ g5 2 + 3&7 + 77T

-1 -2 -2 -2
+ 218 TT T 4 498 “p ¢ 4 49¢

Picking out those terms in which the power of a is congruent to

(k + 1) mod 7 we have

4y oz g2 z%) mod 7.

By (6 Mei1

3
But from (1.3.13) we have Hk+l(g ) =0 for k =2, 4 and 5, S0

"\ .
£ = 7 - = 4 1 5.
Hk+l(” ) 0 mod 7 for k 2, anc
Since X = 0 mod 78 we obtain
2B-1,1
\ | _ - +1
2 P(728n + A2% + (k -~ 6)728 1)q7n+k = 0 mod 7B for k =2, 4 ang
3

n20

which is the required result.
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1.6, We have calculated xa for a =1, 2. They are
2
§l=(7:7701 OI 0, ---)r

2 4
§2 = (2546 x 77, 48934 x 7 , 1418989 x 75, 2488800 x 77, 2394438 x 79,

- 11 12 5
1437047 x 777, 4043313 x 7 , 161744 X 713, 32136 X 717, 31734 x 718,

20
3120 x 777, 204 x 7°%, g x 724, 7%°, 0, 0, 0, ...)

Therefore from Theorem (1.1.16) we have

7.3 7.7
Z p(7n + S)qn = 7 Eig"%" + 49 g Eig*%*
nz0 E(q) E(q)
which is Ramanujan's result and
7.4 7.8
Z p(49n + 47)q" = 2546 x 72 5(—1—)5-— + 48934 x 74 a E(g)
n=o E(q) E(q)
7 12 7.16
5 2 E )
+ 1418989 x 7° ¢° Elg )13 + 2488800 x 7 o° 24 )17_
E(q) E(q)
7. 20 7. 24
5 B
+ 2394438 x 7° o7 —E—(ﬁ%—l—— + 1437047 x 711 f_(&%s__
E(q) E(q)
7,28 ) 7,32
+ 4043313 x 712 ¢° 3(51-)23— + 161744 x 7747 _E_(Ei_)é.:
2
E(q) E(q)
7.36 7,40
+ 32136 x 717 ¢° 59—%7—— £ 31734 x 778 P Eiﬂ_%ﬁ__
E(q) E(q)
7,44 . 7,48
+ 3120 x 7290 GO Efg) 25 w204 x 772 QM EG@) 319
E(q) E(q)
7.52 7.56
g x 224 2 E(q_53 . 725 13 Elg )57_
E(q) E(qg)

This confirms a result of H. Zuckerman [18]. We have omitted the
calculation of x@ for o 2 3, since there are computational
difficulties. For an idea of the size of these numbers see Hirschhorn

and Hunt [10], who have calculated the first four coefficient vectors

correcponding to the generating functions for p(5n + 6@).



