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In ]919 Rarra.nu jan i  15 , l  corr . j  e .c tured thal -  i f  o .  > 1 ,  i f  6n is

tjre reci-procal rnoclrl lo 5(, of 21i, tf ,I.^ is the gec-i,1r::<.rc;r1 mocirrro
0.

( \ - a y
1- of  24 a-ncl  j - j :  U^ is  the rcc ipr :ocal  rncc lu lo 11""  o i j .  24,  thcr . r' ( X

, _ a  _  c r( 1 . 1 . 1 )  1 r ( 5 - ' n  +  O o )  1 0  m o c l  5 - '  ,

,_ct _ . t
( I . 1 . . 2 )  1 > ( 7 " n  *  t r o )  =  C  n r o C  7 *  r

( 1 . 1 - . 3 )  ; ' ( 1 1 ' f , n  |  "  ) =  0  m o < j  l I 0
LI,

In  erach cas€:  he 1>roved i r is  conjectu: :e for  c t '  =  I  and a,  = 2.

I n  l . 93 i j  t r { a t son  t  fO  _ l  p rovec l  ( I " 1 .1 )  f o r  gene ra l .  o .  I { a t son ' s  p roo f

h . r  c :  l - , r r o n  c  i  n , '  I  ' i  € i  p r ' 1  h r :  n , - r r . . z  r , r r i  f . g g 5 ;  O f  W l f  i C i t  t - | e l  m O S C  l : e C C - : ) 1 :  a 1 .  e! _ I  i r r u l  r f '  y .  r _  r .  L

Hir : ;chhorn and Hunt  [  ]_0 - l  .

Ram;rnu j  an pr-ov 'ed (  l .  .  I  .  1)  for  the case h r r  c l r n r ^ r i  r r n  1 - h r J -

( 1 . 1 . . 4 )

wher:e

p ( 5 n + 4 )  q n  =

C x = 1

ri
/ ) \

F  i a  I-  i a  ,

t^l

u ( q )  
-i

n ) 0

I
Il >:

n

I  I  ( 1 - q " )
> I

formrr la,c for thc gcnerat ing fr . rnc:t ionsI n  l : ac t  t hc rc  ex l s t

( 1 . r . . s )

p  ( q )

n

s imi l ; r r

p ( 5  n +
0

n
n  t -

L:[

fo r :  c r>  1

Wats;on r^ras able to der : ive such formulae f ro in t l re  modular  equat ion of

f i f  t - i r  order  at ic l  1 ; rove (  I  .  1  .  1)  by s i rorv ing that  t ' le  cor :1, f  ic . ients in  thcsc

{orr t t l -ae arc i l iv j -sJblc  by 5a .  Hor, revei :  !J ; r t ,son 's  r - io ta i i - i -or" }  is  forn idabl -e

and  as ;  a  : : c r ' u l  t -  h  j : ;  r ) r o ( ) f  i s  c . ; r npJ -ex  anc l  a l r . t < - r i  1 -  t ' . r r i : o - r1 . , , L ' . 1  c .  By  us : r rg

elcr tet r tary met . l - ro<1s FI i r - -schhorrr  ; . rnd I Iuni  havc bc. :crn abie to de:r j -ve s i r lp ler

fornu.Lae f c;r: (1 . ] .:t) . L'1-ri:y a::tt s;i-.att:cl be.lov,' "
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n  i  - l
)  x  . q
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E f i i  - ' l
u ( q  ,-_---rJ-

n  ( e )  ' *

s . 6 i
u ( q  )
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o d d ,
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nX)

wher:e

and for

( r . r . B )

Here:

( 1 . 1 . . e )

r.rhere

( 1 . r . i 0 )

and fo r

t l  (q )

=  ( x .  .  r X ,
L T L  L 1

I

i
i:-.1

CT

0
{

, c (

= l l  (  t -q t )  t
r r ) l

\  -  / R  n  n  n  \
^ r . . . . 1  

-  \ J r v t v r v t . . . l ,
z

C Y  )  I ,

foA'

foB'

o d d ,

X
-tI+I

l \ = ( a . . ) .  a n d
l - r J  I , : l - > I

t s  =  ( b .  . ) .  r \ r  a r e  d c f i n e i l  b y
I t f  r t ) > L

L - -
d .  .  

-  t L r - .  .  . f  p ,  .  
- -  l l t - - .  _

I r l  t r l - r ] - i - l  I r l  b l - + . l  r 1 + l

M =  (m  )  i s  de f i , ned  as  f o l l ov rs :
" " i  i ' i  i > ' l

The f i rs t  f  iv 'e  rows;  of

0

A Y  E -

8 x 5 -

r  i  b , - n

I , l .

J V

j

2x5 5-

{
9  3x5- '

)
4  2 2 x 5 "

I  4 x 5 3

0

0

0

)

J  ! . 2  t

0 0

o 0

0 0

0 0

5 - 0

and for

( f  . 1 . l l )  m .  =  2 5 m .  -  - +  2 5 r n ,  - .  . +  1 5 n r .  ̂  , *  5 r n .  . +
l . r l  . l _ * I r l - I  l - - / . t ) - L  ] * J r l - - L  J _ - 4 r l - I

Thei ,  then pr( )veo (  I  .  I  .  1)  by showing that

* * , i  a ,  0  nod  5 r0  f o r  j  >  1 .

i {at ,sor . r  a lso prc.verd that  i f  J .  is  odd and aL icasi :  3 ,  then

a'/ n--l at
( 1 . . 1  . 1 2 )  ' . - ' ( i i  " r r - r  i r ^  1  5 ' '  

' )  
:  O  m o d  5 ' "

LI,

m .
L  J r J
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cho r ' i l t r  [  7  - l  no t i ced  t ] r a t  ( 1 , r . 2 )  f . r - j - i s  f o r  o i  =  3 .  f n  f ac t_  f r cm

cupt-a [ 9,1 v.'e ]ra..,-e

P  (  i . r )  -  p (243 )  =  r339 ' l  82593  44EEB ,

wli:Lch j-s c1,j-r. j-si1:l.er bir j2 but not by 73 . I,,tatson [16 ] proved t]re

ap l ) rop r - r_a te r  r roC . | f : Lc :a r t_ ion  c f  ( I  . J .2 )  ,  v i z .  . l f i a t  i f  3  >  f  t hen

t 1  . - 2 R - - 1  R( 1 , , 1 . 1 3 )  p ( 7 ' ' ' '  
* n  

+ , \ r , , _ . , )  =  0  m o d  7 P
L t J  - r

anc l  p17:28 , ,  *  ) . ^^ )  =  o  *o , t  7 f l t1 .
z p

Vlal--son also !,rovecl that : i f ?, )- L, thcn

1 - B  ) D - 1  2 a .  . . e _ _ l
( l  . 1 . 1 4 )  r , ( 7 ' - u n  - r -  ) . " o  -  4 . ' 7 "  

- t ' )  
=  p ( 7 ' t ' n  *  A ^ . .  -  2 .  t  

- )
zp  -  2 .b

. =  p (123n  n  t r rB  -  l 2 ' ? ' -1 )  =  o  mod  76+1 .

I n  t h i s  ch ; rp t -e : :  we  e : ; t ab f i sh  j c l e r - r t i t i es  ana logous  t c l  i i  I . t . 7 )  f o r

ther  gener:a l ing furrcLions

! 1  l  r ( \  f  . , - c I  n\ _ r - . _ L . r ) )  I  p ( /  n  +  / . c i ) q  i o r  0  )  1 ,
n>0

f i : o m v r h i c l r  ( f  . I . I 3 )  a n d  ( f  . l - . l 4 )  f o l - l o r v  e a r s i l y .  I { a t s < . r r - r ' s ; > r o o f s  r e 1 . y

on the nodul-ar  e:qtLat- i -ou of  sever-r t - i r  order .  l le  af  so neecl  t f re moclu lar

equrat ion but  we de,r ' ive i t .  us lng tJre c lerncrr l -ary techniques c>f  o.  Kolberq

t r l l  .  The  remeL inde r  o f  ou r  p roo f  o f  ( 1  . 1 .13 )  i s  ana loEour ;  t o  t ha t - -  o f

l l i r schhc> rn  and  I {un t .  The  ma in - resu l t  o f  t l - r i s  chap tc r ,  s ta r teC  b r3 low ,

conLalns an a lgo: : i t i rn t  for  ca lculat j ,ng the coef  f . ic ients in  t l te  fornul .ee

fo r  t he  gene ra t i ng  f unc t j ons  i n  ( I . t . 15 )  .  ! { e  ca r r y  ou t  t L rese  c ; r l cu la t i . ons

f o r  a  =  I , 2 .

The  ma in  re : su l t  o f  t h :Ls  chag '1s r  i 5

' I H t r O R I l t " l  ( 1 . 1 . 1 6 )  T f  0 >  1 ,

I  r , ( 7 0 n  +  )  ) . , ^
n > O  L r

.  i - T  ' l  4 i - 1
)  x  q  *  

r : - ( o ' ) - "  
*

L r  n  j  -  _ J _ ' . _ _ _ _ _  . ,  . , , 1 . 1
i > l  

v t L  
: r  ,  L l  u ' r t ' l

i l  ( < j )  
- ' ' '



I

h'he,re

E( t t )  =  i l  ( : 1 .  -  q t )  t
n ) l

f t  
=  ( ' 7 ,  4 9 , 0 ,  0 , " ' ) ,

and  fo r  0  >  l ,

( r . r . 1 7 ) X _ : i
-0,+-L

H e r e  [  =  ( a .  . ) ,  _ . , > . r  ,  B  =  ( b .  * ) ,  t r : r  a r e  d c f j . r r c d  b yt r l  ] . r l ? _ r  l r l  1 . , ) > L

|  "^,  
n,  0 ocld,

l - '
1
I
I  fo  B ,  \1  even.

( 1  . 1  . 1 8 )

ivhere lv{  = (m. * )  .  : \  r  is  c lef ined.  as fo l lov;s:
L t  )  r ,  J . . L

The f i  rs t  seven ror , , 's  of  11 arc l

u i ,  j  
=  n t 4 i , i * i  '  b i ,  j  

=  * 4 i . . r - r - , i + j  I
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a n d f o r  i >  n  t n i , l = 0 ,  f o r i  >  B  * i  ,  
=  0  a . r rd  fo r  i  >  g ,  j  >  3 ,

L t . .

( 1 ' 1 ' 2 0 )  
" t , ,  

:  

' / * i - , , j - 1 - t  
3 l t * r - r , j - r - n  o n * r - r - , j - i . *  * i - r , j . - 2 *  7 * i - -  

6 , j - 2

! 1 1 * i - s  
, J ^ 2 t  

4 9 * r - n  
, ) - . 2 4  

1 4 7 r u r - a ,  j - r * t n t n t  i * 2 , f - 2 + 3 4 3 o i - r  , ) - 2 .

T h e c a s e  3 = l i n  Theo rcm ( f  . 1  . 16 )  name ly

In  _ r_966  A t l . j n  I f  ]  p ro . red  (1 .1 .3 )  f o r  c l enc ra l  c r

WaLso ' ' s  me thod  o f  modu la : r  equa t i ons  i s  r ro t  su f f i c i en t .

met-hoci  of  pr , :o f  rc : l - ies on the behaviour  and the Four ier

ntodul ; r r :  funct ior ,s  on

(  1 . 1  .  2 r )

was kt rown to

f  ' '  ( 1 1 )
I J

as  we l l -  as  I ' : Lne ts  i

wherc Q0,  t ) f  a :nc l

( r . 2 . 2 )

( 1 . 2 . 3 )

Pr :oof  . Here  v , re  ass t lme

) :  P tTnr '5 ;  q, I r
n].r0

Ranlarr r -1 jan.

n ( q )  =  E ( q

o

)
o o - -= o - 1

)
o  - o - -

2
o o

U )

. . ,  "d )1  +  4eq- tJs ' {
E ( q ) ' ' .  n ( q ) o

A O  a-  - \  |  ̂/ L ! ^  -  q ' r ,  -  q
. v  _ L

are  power  se r i es

I t  appears t i r r i t

l  + 1 .  {  -  |  ^
d L A I l l  5

s e r i e s  o f  e n t i r c

I
t

B ]

l "  b l
t l
l c  d l

:  a , b , c r d  € ' i Z ,  a d - b c = l ,  c  I  0 ( r n o < l

nto iu lar  e<;uat i .on of e l -ever i th  orc ler .

Ir t , r  ,

I . 2 .  V le  n< :ed  so :ne pr :e l im inary  resu l1 -s .

L e m m e r _  ( 1 . 2 . 1 ) _ .

q _
+  e -e5 j  ,

7
1 n  q  w h i c h  s a t i s f y

2
a ; * 7q O - = = 0- - 5

t 1 ,
o - O -  =  0

J _ 3

Y .  
-  v  t

-L

Q . , Q .  Q -  =  1 .
t., t- :)

( - . 1 )  n  
o "  

( 3 n 2 - n )

r d
a

7 2
c{ o-- - 5

)
_ c,tr

E  ( q )  : 1 ( U u l e r )
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;rnd

I{ri l-e It ( q) ::

those ternls c,l:

L  rnod  / -

S i n c e

Novr

2

* o 2 . * E 3 + 8 4 + 8 5

ir-r wirich the porver

( .J acoJ)1, J

where E.  ccnta i i - r
.l

q is  corrgruenl-  t .o

u ( c i )  3  =  I  ( - l ) n ( 2 n + r ) n t ' { ' - ' 2 - t - n )
: D 0

E0 -t- El

1 l  ( q ) o l_

t  ' ^  z 7

E

r )  7 - 3 , 4

=  F l  =  l '' - A
.i t)

a n d  . 6  m o d  7 ,

= $  a n d  r ( q )  = U 0 * 8 1  + E
:)

\ '  ,  . . r ' i ( 3 r 2 - r )
t ,  \ - l /  C I

'z ( 3r1l -y;), = 2
mod '/

f  r  , , f  ! r ( 3 r 2 - r )
L  t - t - t  q

r::5
nod 7

(:o

T)
L

2
a

,  - .  . -  2
,  , ,  / n - I  L r l  I 47n " -49n+4)
\ - r /  q

4 q
E  ( s ' - )  .

( - t )  n ( o n n )  L  ( 3 r ' 2 - n )
O

_o

?
r , ( q ,  =

and  s ince

t r . 2 . 4 )

, E ,  +  6 , t r ^ D . E ^  +
L v L Z

) . >
r i : 3 E ^ E _  +  3 E ^ E :

u 5 2 5

3 E o E ; )  +

+ :nrn j )  +

L ( r r2+n)
f , q

( l l r l  +  o l .  *  oz  +  E5)  
3

( r,]+ on,,n 2E s+ 3E iE, I + t u l+ :e f,o r* er, ru rEs ) + ( :r on l+ :n j t: 2fiEtn 5)

_ \ ;
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rt):0

)
.  ' i { r }

( - r )  n  ( 2 n  - r

+ r r )  7 2.  ,4 and

t :nonj r  znlnr -F 3]rrE;)

@) + 6oouror)

we have
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B .

E 0  =  E ( q n " ) Q o ,  H I  =  -  c I  u ( q a g ) Q r  a n c r  u 5  =  q 5  o ( q 4 9 ) Q s

t hen  Q0 ,  Q l l  ; r nc l  Q5  a re  pov re r  se r : i es  i n  , ,  .  ( r  . r ) . . 2 )  f o l 1ows

f rom ( I . 2 .4 )  and  we  l . r ave

, 4 c ) _ ) r .
E ( q i )  =  E ( q - " )  l Q o  q Q r  -  q ' *  q ' Q s l .

I , lu l t ip ly i r . ig  the f i rs t  eqrraLj -on in  (L.2.2. )  by Q5 ancl  s tLbst i t - r - r t ing

n 2 ^  1 2
YOV5 = 91 + f  Q5 rve obta j  n

aocfo, = o,

Q . Q ' Q ,  =  1 ,  w l . r i c h  i s  ( I . 2 . 3 ) .

o n !1_s_1:11 r. _ ooo"-rr lY o  - -  
l ' -  . -  4 \ ) n - : - , . _  4 r ,-  

n > I  ( r  -  q  ) t . L  -  q  
1 n - 4 2 1  '

I  t  _ 4 9 n - 2 1 ,  , .  4 9 n _ 2 8 .
/ . \  == Tt  \ r  -  u,  /  (_t .  -  q )vr - 

:'. .- 49"-i4*--E----__-  
n ) l  ( l  -  q  / ( r  -  q  

' n - 3 5 ,  I

sri == II o - {,1i-1lt - t',i'1i1
n > l  ( t  -  q 4 9 t - " )  ( r  -  n 4 9 n - z s ,  

'

us i r rg t r la tson's  <1uj -ntuple proc luct  ident . i ty .

L e m m a  - ( 1 . ? . 5 ) - .  I f  1 u 7  =  1 ,  b )  l 1  t h c n

fn fact ,  j . .b  can b,e shourr  t l ia t

E (g) tl (c,rq) u (i,-r2q) li (i,r3q) I (r4q) n (co5q) i, (ll6q) = Iiflf:

l l  ( c 1 = - )



P r a n f

6
i l  n ( ,

l::Ct
Y / l l  ( r  -  q n )  ( t  -  o t q n )  ( 1  -  , r 2 r q n ,

n) l

i l  ( t  -  sn)  
' '  

n  ( r  -  e7t ). \ 1
t E J  n > ] -

n=0 nroil 7 trZO mod 7

.  i l  ( l 7n .
- 6 1

" t l

n> l
t n  I  - .

Y J f r (1  -  o ,7 " )

{1 - r.,r6nnn;

[  ( r
n > f l1

n) l-
n:0 nicd 7

1 . 3 .  T h e  i n . a i n  r : e s u l t  o f  t h j , s  s e c t i o n  i s  l e m r n a  ( 1 . 3 . 1 )  .  O u : :  p r o o f

re l i es  on  the  n .duL r -a r  equ t r t i on  o f  seve ' t h  o rde r  (1 .3 .14 ) ,  v rh . r ch  appea i : s

in lVat- 'sonts.pape:r  but  r^r r ' r icr r  v , ,e  obt-a in by an eremenlary met l iod.

,4 ci-

i l  ( r  -  q=" ' )
n21

I{e now intr.ocluce the oi_rerators H . ,
l-

se r i es  o f  po rve rs  o f  q  anc l  s imp ly  p i ck

n  , a  7 n . B
r .  ( 1 .  -  q  )

rr) l

is  congruent  to i  modulo

.For

j

r t t -  
- ' \

r 1 \ !  )  
- :

___Elq)
,t2 ,,  (q49 )

E  ( q ' )  "
4 q

E  ( s ' - )

0 < i < 6  v i h i c h , a c t o n a

out  ihose terms in i . ih ich the

7 .  s e t  H  =  i i o .

r  (s)
- 7 4

x ( q  ) ---i*- 
4q 4

q  E ( q - - )  
-

powe:: of q

L e m m a  ( 1 . 3 . 1 )

( 1 . 3 . 2 )

( 1 . 3 . 3 ) v"'he re 6 ( q )  =

\ .  - - t

i  m . . T -
i l r  r - ,  J

and ttre
j  ,  j  

ar:e def j .ne:C b1r ( 1 . 1 . 1 9 )  a n d  ( 1 . 1 . 2 0 )  "

l r le  lcave t i rc  grr :oof  of  Lr :uuna.  ( l  .  3  .1)  t i1 l .  la t_er  .

conseq,itcnce r,\ 'e h.:rv€: i_he fo,r-lowinq Lcmma.

n >  d t l i-n;'neCiatc



1 0 .

Lemma (1 . 3-:11 .. l.oi: i ) I ,

and

u ,  r - 4 i ,  r' r \ e  
/  a .  .  T * 1 - l

i > l  r ,  J

u B ' ( 4 j + ] ) r  |  - i _ i
r r \ 1 ,  

/ ,  b . .  *  
T  

-  ,

i > l  !  |  J
J

n ( g - 4 i )  =  i . : . r - t - j -  I  *  r - j
j l r  1 ' r l  

i > t 1  
- ' 4 i , i

wher :e  t he  u , i ,  
j  ,  l r i ,  

j  a re  c l e f  i ned  by  (1  . l . 1g )

Broj , f_ .  l . t  is  e; isy to check that  n(q-4 i )  as a polynor . ia l  'n  T*1
has  no  t€ : rn rs  o f  C : :g ree  i  o : :  l _ess .  So  by  Le rnma  ( - l _ .3 .1 )

T h e r e f o r e  
a i  - i  :  f i r ;  ; , .  =  ii t L  r f , r r r j  

t i r j  I

a n d  
r r ( E - 4 i ) =  I  6 i  .  r - i - l

j > l  "  |  )

We can argue s;imiltrrJ_y to shorr, that

H  (  F -  
( 4 i + 1 )  . ,  -  r  _ i _  jr r \ L r  )  =  

a 3 ' ,  
o i . , j  t

Tn order  to der i 'e  the modul-ar :  equat ion v/e f i rs t  need some 1:re l - in i .arv
resul ts .  Fol lovr ing Kolberg I  l t l  vre c lef ine

l 1  1  - \  - )( 1 ' J ' 5 )  Q  =  -  n - ' Q o ,  B  =  q - l e r  
.  a n d  . r  =  -  q 3 0 .-  - ' 5

Fro ln  Lcmma (1 .  2 . I  )  r . , e  have

( r ' 3 ' 6 )  { ( " )  = - t : % .  = s - 2 9 0 - n - t Q r - -  I  + e 3 Q u = -  ( a + B * y + l ) .
q  E ( q - - )

F ro rn  (  I  . 2  . 2 )  ; Lnd  (  I  . 2  . 3 )  r ^ze  ob ta in

cr?'2 + cr2 + y = g

g \ ' * ' 8 2 * o = o

yo,2 + y2 + B = o

1 1  ?  ? \

cti?,Y = .t-



T  ̂ +

( l  ?  a \

' l ' h d h  
l - . .- . - \ - t L  

I  
p y

Yr = o3B ,  Y2 = B3y and o,  = y 'o

t l

= - v - ' l

tr
=  V  -  \ /  f  l. ' l  )  1  '  ! '

J I

I '.1
- - Y : t  * ) ' r - Y .

z

are  de f i ne< j  _ j  n  (1 .  3  . 5  )

( 1 , . 3 . 7 )  , w e  e a s i l y  f i n d Y r Y "  =  - Y ,  -  f  ,  v  v  =  -  \ /  _  l
t  .  f  

- ) . ' L  J 1  L t

=  -  Y . .  -  1 ,  y , y ^ ) r _  = =  f  ,J L / 1

' ) f

' l  '  I

q,
*  J . r  f rY = y^ -- z

2 3
Y 2 -  t ' Y  c t

Y3 + 1'  YOl

, i

t  r : I  Z-  r ,  P  =  -  y .  +  y "  -  y .  _  f ,  y- Z  
4  r -  1 .

The foll_owinrJ Leruna is 5  . 20  ,  5  .  2 l -  and  5  .  14  o f  Ko lbe rg  , s  pap ,e r . .

I e m m a  f i  . 3 . 9 )  .--- ----:_ Y I  *  Y Z  *  y 3  =  -  t  -  B ,

Y I Y z  *  Y z y 3  *  y 3 y l  =  T  +  5 ,

wher:e T is  c lef ined

a n d  ( f . 3 . 8 ) .

y1y2y3

i n  ( 1 . 3 . 3 )  a n c l  t h e

P::oo f . 7
l g L  i l t  =  |- .  4 ,

t)

i l  6 (ois)
J.=u

t t t / I

6
r . l

I '  i  c l  ( , , ' * ^ t  . l -  R  / r  r r ^ \  r  r z  / , . , 1r  u \ w  9 , /  ,  \ q ,  y /  ,  1  r . u  e )  +  1 , , .

6
_  n  ,  - 2 i  - i ^  - t i

l l  l t d  0 + 6 )  
^ B r u _ r " - y + 1 1

i - n

o

i T  I f  +  t u 3 i . ,  , .  , , ' 5 i ^  ,  , . 6 i nY  J  t J  0 .  +  U - * 3  I

o o Y o a

1 0 0 Y 0

S i , o o \

c {  B  r  . 0  o

o c t , B r o

Y 0 a f l r

0 Y 0 ( - ) . 8

T

B
0

0

I

0

0

B
0.

0

"Y

0

o

I

= - d e t



(  r  ,  3 . 1 . 0 )
o
n l .
il g (0J ,q)

-  2 (YL ] j { 2

+  16  ( y . ,- _ L

e ) 2 .

i l  r i  (co q)
i = 0

1 2 .

T

+  v " r y " \  -  t ?' I 4 t

7 . 8
__!_!_ql____
q 1 4  u  ( n o t )  "

On the:  otht : r  hand, f rom Lemma (1 .2 .5 )  \ i ' e have

t 4  4 9 iq  E ( q  )

us Ing  (1 .3 .7 )  ,  r ' r e  f i nd  by '  e i , ' a rua t i r r g  t he  de ienn inan . r - :  t i r ; r t

1 2  =  -  ( a ]  . r  B ' * \ ' )  +  r ( o t 3 5  n  B y s  * - y o r )  -  l a . o 2 8 3  +  8 2 1

=  - , -  o i  ̂  y 3 -  v l -  z t  +  2 r  - r a ( -  y l  -  y 2  -  y . .  -  3 )

=  t v ? ;  o , 1  *  , : t l  +  I 4 ( v a  +  v 2  +  v 3 )  +  s B

= Q,  + '  Y ,

= ( v a + v ,

=  ( Y l  *  y 2  *

S o ,

( 1 . 3 . ] 1 )

.  Y z Y 3  +  v a v r )  +  l 4 ( v ,  +  y 2  r  y 3 )  +  5 8

+ y 2 + l ' 3 )  + 6 4

' . 8

. 2
Y " )

j'

1

J

v +
J

We now ca lcu la te  the

3 ^  * 1 3
y . = 0 . t < - - ' l  o ^ o _

I  -  - 1 ' - l

V + V . J . \ T I' t  ' 2  ' 3

f i r s t  t e rm  i n  t he

- ' ,7
a

Q - + m

expans ion  o f  each  y . i .

Y z =  B * \  =  -  e r j q ,  =  -  . t - i .  . . .  ,

73
v ^ = Y 0 . =. J u'Trlfeo = u +

We the r r : f o re  have  to  t aLke  the  -  s i gn  i _n  (1 .3 .11 )  so ,

y I * y Z * y 3  - T - 8

Y I Y : Z  *  Y z Y Z *  y 3 y 1  =  -  y l  -  y Z -  y 3  -  3  =  T  +  B  -  3  =  T  +  5

Y ' rYzY3 =  (aBY)  4  = '  L

and the Lernnrtr j-s proved.

t 
"*liltJ-L'il-.

I i ( 6 )  =  -  l ,

H ( 8 2 )  -  1 ,

s ( g 3 )  ' -  -  - t ,

A
H ( E ' )

q
r r ( q " )

c

ri ( a,'')



Proof . F r < > n  ( 1 . 3 . 7 )  a n c l  L e r n m a  ( 1 . 3 . 9 )  r v e  h a v e

H ( o + 8 r - . r )  = 0 ,

H (  ( o  . i -  g  ,  y ) 2 )  , =  o ,

H(  (c r  +  B  . r  y )  3 )  ,=  6agy  =  6 ,

H ( ( o - r -  0  +  y ) a l  = =  a ( o 3 B  *  B 3 y  +  y 3 c r )

- -  4 ( y l .  - ,  y Z  *  y r )

== - 4 ' I  -  32,

Hr i (c r  +  g  - r .  1 )  
5 )  ==  r0 (c r3y2  , -  g3n2 n  y3s2)

= ,  1 0 ( -  ) ' 1  I  -  y 2  -  I  -  y 3  1 . 1

= '  l -0T  +  50 ,

I i ( ( c i  - r -  B  + ' y ) 6 )  =  u ( o t ,  +  B 5 c ,  +  y 5 B )  +  g o a 2 i 2 \ , 2

-  6 ( Y f  -  y I  *  ]  r -  y t  -  y 2 *  I  +  y 2  -  y 3  j -  l - )  +  9 0

=  1 0 8 .

S O

H ( g )  =  H ( * i o . r .  g  +  y ;  -  t )  -  _  f  ,

u ( E 2 )  =  H ( ( c  +  B  +  \ ) 2  + 2 ( c l  +  B  *  y )  +  1 )  =  1 ,

r i ( g 3 )  =  F r ( -  ( o ,  +  3  *  y ) 3  -  3 ( q  +  B  +  y ) 2 - l  ( a  r -  g  +  y ) -  1 )  =  _  6

H ( : 4 )  =  ( -  t , t :  -  3 2 )  +  4  x  6  +  I  =  -  4 !  -  7 ,

u ( i i s )  = - ( t o T '  +  5 0 )  -  5 ( -  4 T  -  3 2 )  -  1 0  x  6  -  J . =  t - 0 T  +  4 9 ,

u ( i ; 6 )  =  1 0 8  - l -  6 ( t 0 T  +  5 0 )  +  t 5 (  *  4 , r  -  3 2 )  1 .  2 0  x 6  - F  1  =  4 t ) .

r l  / f - ' \  -  ^. , r  \ 9  /  -  v ,r r a t 6 3 )  =  o , ?
u . ( 6 " )  =  0 .

P r o o f . F::om (l , 3 . 7) we have

L e r o m . r  ( f  . 3 . f  , J ) .

I I a ( o + B + y )  = =

H 3 ( ( 0  +  I  +  y ) 2 )

H 3 ( ( c x  +  B  + ' y ) 3 )

?
r J  / f " \  rr r a \ 9  , l  -  n . \  -

J J

2
=  _  < a \ '  <

2

( o  +  g  n  y )  3  -  3 ( 0

-  : o 2  *  : y  =  o .

Y .

+ - B + 1 2 - 3 ( o . +B ' r y )  - 1 )



1 4 .

S :Lm i  l a r l y  ,

, - . 3  1n s ( 6 ' ' ) -  - : g y ' - : 8 2 - : o  =  o ,
1 -

rJ5(g ' ' )  =  -  3yoz _ ly2-  _  lB .= o.
lJer t ]ote hcre that.  sorne of t -he for:mir lae in Lenuna (] .3.12) h,ere kno.,rr_r
rc Morr is N, l .w1ran i l2 l .  f  f  we clef ine Ir ,  by

I  n r l ' ' ' )  Qt  =  JJ  (1  -  q4)  t  ,n }O -  
n> l

then f rom ( - l  "3 .3 )  rve  f ind  tha t

H ( q - )  =  t . o T +  4 9

is  equ iva le :n t  to

H (q - l c ' r  ( q )  5 )  =  r -oq  7  
n  (q7 )  o  

o (o "nn )  +  49  E (q r r )  , ,  t
r i a  (E  (q , )  s )  

roq3  r  h7  )a  '  ( s4e )  r .  4sq lo  n  (q49 , )  5  
.

' ' ! o n r ( 7 n  
+  3 ) q 7 t * 3  =  1 0  q 3  y k l ) n  

" ( n n n ) +  
a l q l o  e  ( s a 9 ) s

or

) :  n , f 7 n + 3 ) q n  =  f o n ( s ) 4  a ( e 7 )  +  4 9 < q e  ( q 7 ) 5  ,n):0 -

v:h i , :h  is  the s;econ<f  ident i ty  at  the encl  of  Netvman,s paper.  Si rn i lar ly

we a lso f inc l  that .

I  u '  t  l r l F 2 ) q t  =  -  n ( q 7 )  ,
rr)0 -

I  n r f T r r + 4 ) g . n  =  x ( q 7 ) 2 ,
n > 0  -

I  o .  I  7 n + - 6 )  q t  =  -  t n  ( q 7  ) 3  ,
I r? J

L - t n , 7 n + 1 . ) q t t  -  -  4 1 ( q ) n  -  r o n ( q l ) 4
n>()

, . , i , , t , u (7n+5)qn  
=  4eq  n (q7 )  6

and



' 1 5 .

Lr:mma (1.3 ' l '1 i - . -  (The r ' rocrular Ecluat ion of scve' ih order)

' r2  
.=  

( ' /E3  +  t t ; {2  +  49 i , ) r  +  E7 +  tE6 n  z r {5  +  aa i l  +  ra . t l3+ :+ :12+ : , i : i

w l t e : : e  T  a . n < 1  6  a r e  d e f i n e d  i n  ( 1 . 3 . 3 ) .

p t " € .  F o r  0 < i < 6  c l e f i n e  6 r ( u )  = g 1 t . - r i - < 1 )  r v h e r e  u , 7 = 1 ,

t . \  J  1w f l r I O 3 I I

; 1 6 6
t t ( [ ' )  = *  I  E ] ( , r t o r - r  I  r j

I  . " , .  
' .  . - /  L  

" :
I _ U

Therefore f r :om Lcmma (L 3. I2)  rve have

n t = 6 0 * E r - *  + € 6 - - 7 ,

. 2  )  ' )
, r . =  E " o  *  q ;  *  . . .  +  E t = ' ,  ,

{ . { ?t : = 6 J * g i *  * g ;  - 4 e ,

p - 1 4 t 1 4 - , . 4 -' 4 -  9 0 *  9 1  *  . . .  +  \ 6 =  -  2 B T  -  4 9 ,

n u = 6 3 * 6 i *  + . E :  7 o r + 3 4 3 ,

o u  =  q 3  *  s i  *  . . .  +  t l =  z + t .

I t  fo l_Iorvs f rom standard formulae that

s ,  =  i  g .  -  _  - J

^ ft ,  =  
. . 1 - ,  L r t "  =  2 L '
' I < J

s .  =  I  E . 6 . 1 , ,  =  -  4 9 ,-  j ' < j < k  r J n

s d  =  I  6 . t r E , - , a  =  r ' t  +  L A ' r ,
i < j < k < g  

r  J  ^  !

5 5  =  *  3 5 T  -  3 4 3 ,

S U = 4 9 T + 3 4 3

( t . 3 . t o )  i s  
6  6

SZ = IT 6i = IT E, (t^r' 'q) = T2 .



roo ts  o f

( 7 , r + f 4 z ) x 3  +  ( : s r + : q : ) x 2  +  ( 4 9 T + 3 4 3 ) x  _  T 2  =  C .
BUL 6O - t, anri the Lcmrna is proved.

We a re  no r , r  j . n  a  pos_ i t i on  t o  p rove  Le lnma  (1 .3 .1 ) .  F rom Lemma
( l  , 3 . 1 4 )  i t -  l o l _ l o v r s  t h a t

q - i '  =  t l q - (  " - 3 ) + '  : r s 6 - ( i - 2 1  +  4 s E  ( i - t ) . . r - t - +  
t q - ( i . - 7 ) +  7 s - ( i - a 1 +  z r g - ( i - s ;

+  491 ( i -4 )  
+  r4 tE-  ( i *3 )+  

3438 ( i -2 )  _ .  343q ( i - r  )  = r - : r

Pick ing out  j - j rose terms in which the power of  q is  . , , - . : . rgruenl-  ae
0  m, rd  7  we  ob ta in :

( 1 ' 3 ' 1 5 )  u ( € * i l  =  [ 7 H ( g - ( i - 3 ) ) +  3 s H , r - ( i - z l ) + 4 e H ( 6 - ( i * 1 ) ) r , r - ] + [ u t r - ( i . - z ) ,

+  7 H ( { - ( j ' - 6 )  ) +  2 r H ( q - ( i - 5 ) ) +  4 e r 1 g - ( i - a y  ) , F  1 4 7 r j ( 6 - ( j . - 3 )  )

+ '  343 I r  1g -  
( i - 21  

)  +  343H 1 r -  
( i - r )  

)  l r - 2 .
! ' r o n ,  ( I . 3 . 1 5 )  a n c l  L e m m a  ( 1 . 3 . ] 2 )  w e  h a v e

- .  ,  - - 1H ( E  - ) =  
( 7 - 3 5 ' F ' 4 9 ) r - 1 +  r q g + - t  ( 1 o r + 4 9 ) +  2 1 ( - 4 r * 7 ) +  4 9 ( - 1 ) + r 4 7 _ 3 + : + : a : r r : - 2

or

Hence  the

*f * ':ru -,

i , i  are ti ie

\ n
: 21 -X -  +  49X=  +

I t a

r , 'er i  f ied that

togc:b.her vrith

we can virite

( r . 3 . 1 6 )  
H  r q - l 1

S o  ( l  .  3 . 2 )  i s ;  t _ r u e  f o r  i  =  1 .

( 1 . 3 . , 2 )  h o l d s  f ' o r  i  =  2 ,  3 ,  4 - ,

L e : m m a  ( 1 . 3 . 1 2 ) .  F i l r t h e r  i t  i s

.  - i
H ( g  - )

Al ready we havr :  * . i ,  
j  

=  * , i  
,  j  

for

( 1 . 3 . 1 5 )  t h a t  * i , t  =  0  f o r  i  >

I r rom (1 . . 3 .15 )  ,  we  h ;1 . ys  5q1  i .  >  B

L  * j  . ,  T  ' '  ==  [  ( zn . '  .  . +  35n ij > 3  - '  t  J  
i i r  r - 3 ,  i  

-  - " ' i - 2 ,  j

- 1  .
= 7 T ' + 4 9 , r , - z

S im i l a r l y  i t  i s  eas i l y

5 , 6 , 7  f r o m  ( - ' l _ . 3 . 1 5 )

c l e a r :  f r o m  ( 1 . 3 . 1 5 )  t h a t

l ,  * l  
"  

r ' .
j > l  + r r

t - _ < i < 7

4  a n d  m l
- L r -

f t  fo l l .ows f rom

=  Q  f o r  i  >  g .

+ . i 9 m - , _ . ' ,  . ) r - j - 1 *  I  ( * l _ . ,  . +  T r n l: I - l t 1  
j > l  r t t )  i - 6 , J

1 4 7 r r r l - r ,  . +  - ? 4 3 r n 1  _ 2 , i l  3 4 3 n r l _ . ,  . , ) :  
- - l - :+ 2 l , rn |__ . ,  

j - '  nnr^ i_n , , *



=  I  (7 rn j  .+ .
j > 3  r - r /  l - l

H€ )nce ,  f o r  i  >  g

m j - t = 7 m l - +
- t J  r - J r l - .  I

35* j - - r ,  
j - . r *  nn* j . * r ,  

j - 1 *

- i >  ?

t t * i - r ,  j * r . n ' 9 * i - r ,  j - f *

n 9 n t i - o  
, ) - 2 +  

1 4 7 m 1 - ,  
. . , - ? 4

- l
r n + J -

L - t , J _ Z

1 -

. l 4 3 m j  1  .  ^ ) t - j
|  - -  |  a -  /'  - r )

+

Therefore rn l
r r l * i ,  

j  f o r  eve ry  i ,  j  >  l

Be: [ore prov ing ou:: main Theorenr rye nee.J one more

Len,",g__LL_3.t1) .

f  emroa.

.Y
7  o f  i l , 4  I  sa t i s f i es

1 .^0, ,  tne rec iprocal  modulo

A > 1and for:

{ ;

1

| 
'r4

. l
A = {

0 l
i l
l r 4

( 2 2 x 7 0 + 1 , ) ,

rnteger  wir ich sat j -s  f  ies O

I t  j .s  easi ly  shown that

L ) t n , l  . ]

even ,

lo ' 7o and

th is  lu  sa t is f ies

dJ-l

; 7 0 + l o ,

* 7 G + l o ,

( 1 7 x 7 0 *

D  r n z r  €

s inc re  t h i s  i s

24xa = 1 mod

I ecu r rence .

an



I R

1 : - : 1  We  a : : re  now in  a  pos i t i on  t o  p rove  , l t heo rem (1 . f  . 16 ) .  Fo t :  con_
venience w{r  wr i te  rhe theorern in  the for i -ov. , : i - .g  equi -valent  form

r  |  i  - t t '
t  
r r) ,  

*o, 
i  

T '  g- ' t  t  l /s,  n (q7 , , ,  ,  cx ocrd,
( 1 . 4 . 1 )  

i  p f T c t r ,  - r  I  ) . , n  =
n > O

t t l a  
" o , i  

T  j '  q - a i - ' l / r t  r ( q 4 e ) ,  o  e v e n ,

w h e r e  T  a n d  E  a r e  d e f i n e  i n  ( l . 3 . 3 )  .

We have

I P(")q''' '' -_!- = *-*-q1-
n)o  t i  ( q )  

, J2  E  (q49  )
P 'c lc ing out  those terms in wh'ch the porver  of  q is  cong: :ue ' t  to
5  m c > d  7 ,  r n , e  h a v e  b y  ( 1 . 3 . 1 6 )

I^ nrTn + 5)n7n+5 = +c+- = :t1t_gq:, =n)o q, 
" 

(nnt) 
- 

;tilq--_

I  o r?n  +  E \  ̂ 7n  _  l r - L  , .  qg r -2
!  r  I  " '

n 2 o  q ' r ( n n n )

N o v r  T ( n r / ' 7 ,  -  n ( q ) 4  o B  1 4  r ( - 4 9 , 4r \ y  )  =  - - - = ; - - '  - -  , . l _ . i _ _ _ l _  _ 1 4 , n - _ l
q  E ( q ' ) ' t  s  E ( q 7 ) 4  

-  e  r  I

( r . 4 . 2 )  
! - t  ( n t / r  l  =  r  6 - . 4  ( q r  .

So wc have

I pr'n + s)qn = :g-g:1*- lg'r'-r:
n > o  q  E ( q 7 )

Subst  j_ tut j  ng

7 4
T  ' =  q  

'  
" t Q , l  .  a n d  g - r  -  q 2  { q '  )
E  ( q o e ) a  E ( q )

we  obLa in  Ramanu jan ' s  resu l t :

or



L V .

I  p rTn  +  5 )qL  -  7  E !d l '  1 .  aea . l q t l  
t

n)o n(r : ) r ,  
' -  +)e 

; ; i l  
t

wh ich  i s  t h r :  ca . se  o  =  l .  o f  l ] l r eo re r r i  ( 1 .1 .16 )  .

We now p: :oceed by induct jon on o Suppose o is  oc id and

I  n t70n  +  . l  ) q .n  -  .  \ '  - i  . - . a i_  ,  _ .  7 .
, - ,>o  

-  -  ' ( " ' -  =  t r3 . ,  "o , i  t -  {  
' - t  

/ q  n (q ' ) .

Pick i .g out  thol ;e t -erms in ivn ich the power:  of  q is  co '<Truent  Eo
6  n tod  7  we  ha .ve  b1 ,  Lemma (1 .3 .4 )  ,

I  p r z 0 ( 7 n  +  o )  +  )  ' , - 7 n * 6
n > 0  

v t  ,  ^ o , o  = =  t . I .  * o  
i  T t  H ( q - a i l  1 / q  a t s T )

i > l  
u I

=: ' r l r  
"o, ,  t t  ,1. ,  

ur ,  j  '  )  l / ' r  ' (s7)

, r= :  t r l t  i  
r } . " n ' i  

u i , j ) t - ' '  / q  r ( s ' - t ) '

I t  : f o l l - o w s  f r o m  ( l . l . l 7 )  a n d  L e m m a  ( 1 . 3 . 1 7 )  t h a t

I  p ( 2 0 + 1  .  - i n

n)0  

- '  
+  ) 'o* t ) t " '  =  t  

, ]a  
xc {+r - , i  ' - i  )  /q7  n( . I7 )  .

F r o n r  ( 1 . 3 . 3 )  a n d  ( I . 4 . 2 )  w e  h a v e

" lo 
n(7o+' f ' '  n lo*r)nt  = t  

, i ,  
xcx,+r, i  r i  g-4i-r ,zq n(q)

= t  
, 1 .  " * ' , '  

"  

g -4 i -11  /q3  u (sas )

Now suppose Ci is; even ancl

I  p ( 7 o n + l o ) q t =  f  I  x c y . . i  r i g - 4 i * 1 ) / o . 3 n ( n 4 9 , , , .
n > O  u  

i l f  
0 ,  1

Pick i 'g  out  thcse terms in whi .ch the poi^rer  of .  q  is  congrr . rent  to

4  m o d  7 ,  w e  h a v e  b y  L e r u n a  ( 1 . 3 . 4 )  ,



I  P f  7a ' ( ' tn  - r  < , )  r  1  ,  -7n#4
n)0  

*  t ro )q  "  -  =  [  
. .1 . ,  

*n , r  r t  H tq-a i - r ,  - ) /q3  
E@49)

=  t  
i . * n , i r r  I  b , . - . r _ i _ j l / q 3 n ( r t a r )

i > l  
v ' ' L  

i > l  r r J

-  t  
, i '  

( " - l t "o ' i  b i ' i ) r - j  l /s '3  n(qae)  '

I t  f o l - l o w s  l : r o m  ( f  " 1 . 1 7 )  a n d  r , e n u n a  ( 1 . 3 . 1 7 )  t h a t

"Jo 

n( ' ront , . ,  + io+r)o,7t  = ,  ,1,  *o*r , i  r - i_ l  /o,7 E(qag) .

From (  L  . 4  . 2 )  we  h ; r ve

, , , .0  
t , [ to* t r ,  *  lo . * r )n t  =  , ,1 ,  *o*a , i  , t  E-a i ] / r t  s (s7) .

Th is  comp le t t : s  t he  p roo f  o f  Theo rem ( t . I . 16 )  .



Le t

.  
2 I .

v (n )  leno te  the
r  .  J .  t V € :  D O W

e:<ac t  power .  o f  7

renma (1._!_.1-)__._

L.urn to t r {atsonrs

d i v j _d ing  n .

r e s u l t s .

Titen

P:'oof .

o f v

I

U

m

@

@

@

6

oo

Ccns- i -de:r

v ( m '  ' )
r r l

the matr : ix

>  t + Q j  -  2 i  -  1 ) l

v  =  ( v ( m i ,  
j ) ) i , j > ' .  T i r e  f i r s t  s e v e n  r o v / s

2

z

I

I

0

0

t _ ^
I ( U O
I
L__--__

. 1  5 l o o  c c
I_

. r 5 7 8

: 1  4 6 8

2 ' 4 6 - l

2 3 5 7

2 4 6 1

L " " _ :
1 0  1 1 1 * ' o

e 11 
- i3  

t4- l  co 6

e 1 0 J 2 1 4 1 6 - t ? l m 6

e t l  13 14 t6  l_B )o- : rc  1 *
0

6

@

Def  i ne  t he  m; r t r iX  N  =  ( \ , i  
,  j  

)  
i ,  3_ ,

The  f i r s t  seven  rows  o f  N  a re :

by =  [ ] u ( 7 j  - -  2 i  -  r " ) lI t J

1 .
-L ( ]

1 a
I O

1 5

a a. z  Z J

) 1  ) "

a l
. J -  Z , a

20 2'),

20 2)l_

l r g  2 l
I
19 2Ct I

I

I  2 l a  Ao g 9

o t). l._s I 7 s
I

0  I  3  5  
- 7 -  

I 1 0 1 2

t 1

l_1

l 0

6

I J

I 2

1 5

1 A

L 4

1 B

1 8

T 7

1 1

2 0

1 9

1 9

I B

1 3

L 2

L 2

I 4

L 4

I J

t 6

t 5

I 7

I 7

- 1  1 . 3 4 6 8

- 1  a 2 4 6 7

- 2 0 2 3 5 . 7

2 l l : s  6

1 1

1 1

l 0

10

1 3 t 5
1 r
I O 1 B

O b s e r v e t h a t : l o r  i < 7  a . n d f o : l  i > 7 ,  j < 2 ,  v  ( m i ,  
1 )  

> '  r i ,  j
F rbm (1 .1 .20 )  i t  f o i l - ows  tha t  f o r  i  >  7  ,  1 )  2 ,

v ( n i ,  ' )  )  r n i n  { u ( * r - a ,  j - r )  +  } ,  v ( * r _ r ,  j _ r )  +  r - ,  v ( * r _ r ,  j _ 1 )  +  2 ,  \ )  ( * i _ r  
, ) _ 2 )  ,

u ( t n i - - 6 , j - 2 ) *  1 '  v ( t n i - 5  
, j - . 2 j +  

I '  v ( * i - n  
, j - ) *  2 ,  u ( * i . _ ,  

, ) _ 2 ) + 2 ,
' ( t i - ' '  

, ) - )  
*  3 '  u ( * i - z  

, i - 2 . )  
+  :  ]



IVhi l -e,  as j  s ;  eag; i - f  1z checked

V . r  '  = m i n { r ) .  +  r  . ,_ r J  f _ . 3 r _ l  _ l  ,  L ,  , i _ r r j _ l n  l ,

u r _ u ,  
j _ 2 +  r ,  v i _ 4  

,  J _ 2 *  
2 - ,

Ler runa  (1 .5 . - t )  f o l l c . r l s  by  j . r r duc t i o r r .

L e n u n a  ( 1 . 5 . 1 ) .

V +
i 1- L - r ,  J - I

V .  r
l . - 3 ,  j _ . 2 '

u r - u ,  
) - 2 +  l ' '

3 '  ' r - t ,  
J * 2 + J : .

Proo f .

\ r ( a ;  . , )  > l z i - : l -  1 l
r , - J  4  

-  J  r

F rom {  1 .5 .  1)  vre:  have

v ( b ;  . )  > [ ] : * -  i  -  1 r
t t J  

4  t

u ( t r , , j )  =  v ( * 4 j . , i * j )  2 1 - 1 ( ! - l  j l  
;  

e i _ - * r  
, l

, J r  . -  i  . - ' l
:: 

[ 
+-----j:______r:

A
a

and for B  }  T ,

F  r n . r  F

L
" l
! I

tr{e }iave

c n

T
L

i  > ' l

)  mint r  +

)  m i n { r  +

=  m i n { z

r r / ^  \  ^
v \ o - J  t  Z

r r )

l ' ' l .>
' A l l a

I t  z

J  r r r / -  r ' l'  V \ o . r  , )  |
' - r J

, t t t - J

,  r  / t  -  J
1 -  l - + _ -. A

r]

r]l -  I - ' , J  
-  o

. A

= 2 4. f l-i__l r' ' 4 J t

u(or,  j )  = t ' (*4in. , i * j )  )  1,7( i  +- i1 :JJai  + tL_:+ 
= tZr*__l__=

L e n m a  ( 1 . 5 . 3 J  .

t ' ( * r - , 1 )  =  1 , ' t " t , r '  -  2

v ( x ^ ^  \  2  r R  ' :  '
) t :  - ; '  . -  +  L1  a  f  JJ=-o
- p t J  

4

V ( x - ^  \  2  r e  - :  '
) p ' L 1  , p  *  f )  +  [ ' J  

-  + -
, " p , L r )  ,  

A

( 7 ,  A g t ,  O ,  0 , . . . ) ,  s o

X ^ ' =
z r f

v ( x ^  . )
z t )

x ' 1  .  a .
L t r  l - r J

V ( x r  . )  =
! t J -

-  / d .  +
r t )

l ,

t .

l ,  , , * r , r ,  -  2

49a^
z r f

as reclui. r:ed .



N o t , v s u p p o s r :  8 2 t  a n d

v(xz8 
, i )  

> ( [ i  + ] )  + 1Jl_--o* 1

I ' le have *2g*1, 
3 

= 
,1,  "rg,  i .  

b i ,  j

S O

V ( x ^ . , , "  . )  ) m i 1  { .z t . ) t r . t r  
i > t  

. ' ( * r g , r )  *  u ( o r , j r ]

= T l l  i , s . , ,  . t r y l  +  t z i - _ - i  - l  1 1
t : r

( 9  +  r )  *  1 7 1 - :  3  1 ,  a s  r e s u i r : e c 1 .

F i n a I I y  s u p p ( ) s e  B 2 t  a n d

v ( *zB* r  , i )  >  (B  +  1 )  *  1 f f  1

w e  L r a v e  * z g + z , i  =  
, 1 ,  " r u * t , i  a r . , j

u ( ' * r g * 2 , 3 )  t T l l  { ' ( " z * * r , : - )  ' r  v ( o . , . ) }

) m i n  { t B * l  + t 1 i i } l  + t Z i - - + - - J 1 1
i > 1

= (B + r) n t7t;-2 I

= (B + 2)  + 1T;- -9-  1  ,  as requi red.

Lemna  (1 .5 .3 )  f o l l ows  by  i nc luc t i on .

T h e o r e m  ( 1 . 5 . 4 ) .

For  6  ) ,  1 ,

p (72$- I r ,  *  ^ r3 - . , - ,  r  t r  noc i  78  ,

l i t 2 8 r .  r  ) , , r U )  =  o  m o d  7 3 + 1



2 1 .

B y  t e n m a  ( l . 5 . 3 )

O T ,

f t  fo l l -ows t l )a t

S i m i l a r t y ,

I t r : o m  T h e o : : e r n  ( 1 . 1 . 1 6 )  v r e  h a v e

-  f Q  l

)  P r  J " - ' n  +  I ^ .  ,  )  s n
n ) 0  z p - l .

^ i - 1  E  ( q 7 1  a i - r
^ a t  1  .  9
- . P  L  t  t  1 , 1

E (c r )  __
= t L

L "

.i> 1

V ( x "  . )
L t L

V ( x . .  .  . )
z l > -  L  t  I

X ^ ^  = 0
z p - r , r

) Q - 1

P ( /  n  +

2 t  a n d  f o r  B > 2 ,

2 B + t l ] 4 _ _ l > B -

m o d  7 8 ,  f o r  B  )  t .

^ r * - r )  = o  m o c l  7 8

e ) Q

Z  P ( /  n +
n)0

v ( x ^ .  .  )
z F  , I

' ) o t
*  ^ i - 1  r  ( a

. v
t Y r L  4 r l . IE  ( q r

f \ n
A  t d
" ^ r ' l  Y I

i > 1

I  1 1  -  h  -
l -
' A )

and

O T ,

T h e o g s 4  ( I . 5 . 5 ) For

)  ( 8 + r )  +

x ^ ^  = 0
Z F ' L

) - B t .  I

Q t t

mo(I /

) R
tr l (  /  n

P . } ' - r
P  

-  L ,

?  R - ' l
P ( n

+ l ^ ^ ) = o
z p

R+' l
m o d l .

) Q

P ( \ t f r n  * \ r f ,  , t . l 2 B - I )  = .  2 B - t  ) e- F \ z B -  2 . z ' r ' - t )  =  p ( t 2 3 n  *  \ r B  -  f B * t )  =  o
P,+'t

mc)d / .

Proo f .  F rom ( 1 . 4 . f )  w e  h a v e

i  . e t -23 - "1  
-  D  -  .  f  i  - ' a ;

n20  
/  n  +  t r ru - r )u "  =  t r l ,  " ru - r , i  t t  

g -4 t l  / s ' . a (q7 )

rf we: pick out those terms in r.;hich the povrer of q J.s co:rg::r. lci-ri: to

k mod 7 we L.trve

r  / t < -  |

)  p ( 7 ' " '  ( 7 n  +  k )  r  )  ) - / n ' f k . -  r  !  *
n ) 0  

( 7 n  +  k )  t  ^ 1 6 - r ) n 7 n ' ' k - -  |  
. I - * r s - r , i  , ' ' '  n k n l , i  E * n i l  ) / s  z ( q 7 )  .
i > 1  

t u

From Lemms ( t . 3 . 1.7) it fol l_ows tt_iat

I -  p tz2Br ,  r -  , \ . ru  +  ( ] i  -  a ) f t \ - t roTt t * , t  =  r . ) ,_  , r | - t , ' ,  , t  
" , . * r_ (e-n ' ,1  

iq ,  T : (q7)
n20 

zP 
i i - f



2 5 .

F v n m  T ^ - - ^  l 1r l t ; l t  L e t n m a  ( I . : , . 3 )

' " * a r r - '  =  l ,  u , " r , r ,  -  2  a n c l  f o r  B ) -  2 ,

u t * r 3 - r , i ) " 8 + [ ' i - ,

so modulo ,B+t we hrave

From the mocl . r lar :  equat ion ( l  .  3 .  14 )  vre have

E-4 = 63r-2 - r  7(6-1r- l  +  sg-2r- l  +  ra- -3r : - t - r  g2r-  2  
+ sgr-2 + 7T-2

+  z t [ - l r - 2  - r  qgE-2 , r -2  +  aqF-3 , i , - 2 r

Pic l< i 'g  out  those terms in wh- i -ch the power of  q rs  congrLlent  to
(k + 1) mod 7 we h.rve

" r * r (E -a )  
;  r -2  Hp+ t  t g3 l  mod  7 .

B u t  f r o m  ( 1 . 3 . 1 3 )  r r , e  h a v e  n r * l  ( { , r )  _  0  f o r  k  =  2 ,  4  a . d  5 ,  s o

n t n l ( 5 - ' )  = o m o d 7  f o r  k = 2 , 4  a n c l  5 .

s i n c e  
" r B - t , , I  

=  o  m o d  7 8  w e  o b t a i n

" l o n o 2 1 r r *  

j \ z i r + - ( t < -  6 ) f } - s ) q " * k = o m o d T B + 1  f o r  k = 2 1 4  a ' c . l  5 ,

which is t .he retqui: :ed result .

" lo  
n  Q23n n  l rF ,  +  (x  -  a ) f l - t rn7n+k =  [ * rg_ . , r  ,  ] rk * r  r r ; -41) /sc (q7)  .



2 6 ,

f  .  ()  .  \rre h trvc ci l  l  cuf a i-cd f o r  U = I , 2 . They arex

l z  
=  .z546 ,  72  ,  4gg34 *  74  ,

L 4 3 1 O 4  t '  *  j l ' I ,  4 0 4 3 3 f  3
) ( \

3 r 2 o  x  j z u , 2 o 4  x  7 2 2 ,

Therefore f rcm ?he:orem

2 4 8 8 8 0 0  *  J 7  ,  2 . 3 9 4 4 3 8  ,  7 9  ,

" 
7f5 , 32136 * 'rL7 

, 31734 x 7rB

0 ,  0 r  0 ,  . . . )

1 4 1 8 9 8 9  *  7 5 ,

^ 7r2 ,  .L6r744

) 4 .  ? q
B  x  - l - ' ,  

J ' " ,

I  p f T n  +  5 ) q n
n ) O

( 1 . 1 . 1 5 )  w e

-  u ( q 7 ) 3
= r t * a

E ( q )  
-

hat'e

7 , 7
r ,  ( q  )

+ q Y o

n ( q ) "

wh ich  i s  Ram, rnu jan ' s  resu l t  and

I  P(as,-,  +
n ) O

.41) qn = 2546 x ,z  n( 'a1\a-  + 48934 *  74 qurqTls-
n ( q ) )  n ( s )  9

,  7 . 1 2  t  t a
+  1 4 1 8 9 8 9  ,  I '  q ' ! I g + -  +  2 4 8 B B O O  *  7 7  q 3  E ( q ' ) * :

n  ( q )  t '  
u  ( q )  1 7

+ 23s443s * - te q4 *+ + 1437047 * 711 os 
rrqTi la

/ \r  ( q )  E  ( q )  - '

7 ? )
+ 4043313 x , "  ,u  Uf l  "  +  161744 ,  t r5qt t : ; . {?)  

3 j

E  ( q t  E  ( q )  " -

+ 32136 * rr7 , t  nd# + 31734 * 7tB ne 
e rq7i1o

n  ( q )  r '  
. ( q )  a l

+ 3r2o  *  720 , to  
t t tq1) r la  +  2o4 *  722 n t t  

. tn t l l t
E  ( q )  " t  s  ( q )  4 9

1 A  l

+ R x  - j -=  _ r2  d f l  _  -25  _13 E(q7)5 , i
+ I q --. 

tr;_
e  ( e )  " "  E  ( q )  ' '

Th is  con f i r -ms  a  resu l l  o f  H .  Zuc l l e rman  i f 8 l .  l l e  have  om i t . t ec l  t he

calculat ion of  
Io ,  fo l  o ,  )  : ,  s j -nce there are computai : ional

d i f f i cu l t i es .  Fo r  an  i dea  o f  t ] . i e  s i ze  o f  t hese  numbers  see  H i r sch i i c ; rn

and Hunt  I  to ]  ,  v ;ho have calculated the f - i . r :s t  four  coef f ic ient  vecLors

corresporr<1lng to the gener.at ing funct . i_ons fcr  .  -  0
l , ( 5  n  +  0 o ) .


