CHAPTER 11

CAIKIH'S PARTITION COMGRUEMCES 10DULD POUERS OF 5

2.1 INTRODUCTION.

Watson [16] obtained the.following result. f o 23  and

o

V
o

6u is the reciprocal medulo 5 of 24 then for n

+
p(8,) p—(—‘f’-’;i;—) (mod 5772y, o odd ,
(2.1.1)  p(5°n + ) E
[ 2p(6u) p(25 2;24) {mod 5u+3), o even.

In 1981 Hirschhorn and Hunt [ 10] obtained stronger results for the

cases o = 3,4 namely

6
(2.1.2) P(125n + 99) = 89 X 25 p(5n + 4) mod 5

and

1
p(625n + 599) = 3339 X 25 p(25n + 24) mod 5 O.

In this chaptesr we obtain the following new congruence relations

l’\
(2.1.3) p(3125n + 2474) = 240839 X 25 p(125n + 99) mod 5 °,
17
p(15625n + 14974) = 2193964 % 25 p(625n + 5%9) mod 5J .
- 20
p(78125n + 61849) = 256100214 X 25 p(3125n + 2474) mod 5 .

In fact, thers exist similar congruence relaéions for all higher powers
of 5. Atkin [ 2] has stated the following result withqut proof. If
o =1 and if 6@ ig the reciprocal medulo 5a of 24, then there
exists an intagral constant ka not divisible by 5 such that for
all n =0

o+2

2 o . )
1.4 5 = 5 (5 + ) I 5
(2.1.4) p(5 n + 6u+2) kat<5 p(5°n 6&’ mod 5

[ 76/2] +3
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We provide the details of a proof and show that (2.1.4) is best possible.

The methods ws use are analogous to those of Atkin and O'Brien [ 3]

where it is proved that if a =1 and if Uu is the reciprocal modulo
o

13 of 24, then there exists an integral constant m not divisible

by 13 such that for all n 20

111

0 1 & o+2 o o
(2.1.5) p(13 n + ua+2) my p(l3 ' n + Ua) mod 13~ ,

and this is best possible.

In section 2.3 we give the generating functions for
' 20 -
p(57n + 8.) mod 5 (1<a<7)

which enable us to calculate k for 1<0<5 thus obtaining

(2.1.2) and (2.1.3).
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2.2. In this section we prove (2.1.4) and show that it best possible.

First we need some results of Hirschhorn and Hunt [10] . Lemmata (2.2.1)

and (2.2.2) are respectively Lemmata (4.3) and (4.2) in Hirschhorn and

Hunt's paper. Let v(n) denote the exact power of 5 dividing n.
Then
Lemma (2.2.1). For «o,i =1,

V(x >o + [5(51 - 5], o odd,

0,1
Vi, ) Za+ (B -], o even,
‘1

where the Xy are defined by (1.1.8).

Lemma (2.2.2).

5 2lL(gy - 1 - 2Z[5(59 - i - ,
\)(c«llj) = [.:(5] 1 l)] ' \)<bl,j) [ (53 1 2)]

where the a, .. b, 5 are defined by (1.1.9) - (1.1.i1).

Following Atkin and O'Brien[ 31 we define

2. - . e
(2.2:3) 86,1, = ¥ape1,1 2p-1,5 T F28-1,1 T28+1,3
and

2.2.4 = ., = - oy ' for 9=,
( ) ’B,l,j %2042, 1 XZB,] %50 3 X28+2,j or B,i,j#

where the Xy are defined in (1.1.8). We have

S, . = 8 and = - EB,j,i

.= - . €, . .
B,i,3 B,j,1 B8,i,3

so that

Lemma (2.2.5)

S 1,3 7 b b e P P

and

€ =y 139

a A e
- ) 2 , . .
B.1.3 kz1l 221 Bk, ke d L



Proof. Frem (1.1.8) and (2.2.3) we have

) .. z , - .
B+1,1,3  TZB+3,i T2B+1,3 T F2B+1,i T28+3,7

+

= | §1X28+2,k bk,i}( zlxze,ﬁ bi,j)_(kzlx28,kbk,i)(zz

k b2

D O Al ST )b, . b, |
K51 451 2P*2.x 728,28 28,k T2B+2,8 "k,i 4,7

=kg1 le €8 % 1 bk,i b)’&,j'

Similarly

B,i,3  F2p+2,1i 28,3 T *2B,i *2p+2,3

i

) *28-1,k ak,i)(

) ¥2B+1,k ak,i)( ) *28-1,% alrj)—(kzl .

k>1 9=>1

L) (x X -X;,X Ya, . a, .
k=1 ,Q,Zl 2B+1lk 26"112 28 1,3{ 28'*‘1,)'2/ k,l Q,,j

i

) S8 %, %%, 1 %9,

k21 221
Lemma (2.2.6). For 8 =1,
V(S = V(8§ = 9B - 2,
( 8,1,2) ( 8,2,1) g
V6, . )28 -e 23T 8 yman o gy g
B,1,3 2
V(e = ) = + 3,
(€g,1,2) = V(g 5 1) =98 +3
vie, . J)2op -2+ [2E+T 2095085 g0
B,i,3 2
Proof. From Hirschhorn and Hunt [10}, 5.1, we have
X, = (5, 0, 0, 0, ...) and
3 . 6
X3 = (1353835 x 57, 1885026212 x 5, ...)
Now 61’2,1 = - 61,1’2 = Xl,l x3,2 SO
d = ‘ = + vix =1+ 6=
v(ol,z,l) \)(61,1’2) \)(xl,l) ol 3’2)

30.

b

1X28+2,2 i,j)

> 3,

+ 3§ > 3,

)

X a2,
zl 2B+1,87%, 75
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For j~>2 6§ ==-39 =

. . X X, .. Therefore from Lemma
1,3,1 1,1,3 1,1 3,3

(2.2.1) we have

5 - 5
= > ——
V(sl,j,l) v(él,l,j) Z4 + [ 3 ]
If i>1 and j>161ij=0 hence for i + j >3
. . o .
v, ) a4« [5(1 + 9) 10 1 =3+ [5(1 + ) 8 1.
1,i,3 2 2

Now suppose

v(05,1,2) =9 - 2

and V(8. . ) Z9R - 6 + [5(1 + ?) - 8 ] for i+ j > 3.

B,1i,3 2
From Lemma (2.2.5) we have

88 i = Z 2 68 Koo % g Bg s and 68 Ko = 0 for k = %
11,7 k>1 Q,Zl g s r ] s
so by Lemma (2.2.2)
> )

v(EB,i,j) /‘mln{v(68,k,ﬁ) + V(ak,i) + v(ai,j)}

k#L

= min{ min {v({§ )+\)(a.k i)+ Via, .)}, min {v(éB,k,2)+v(ak

1
B k.0 , 2,3 i)+v(aQ,j)'}

k78 KL '
k+2=3 k+2>3
i -k - -9 -1
2=min{ min {93 - 2 + [51 g 1} + [53 § 1,
K7L
k+-§,::3
: 5(k + -8 5. -k - 1 5 - ¢ - 1
min {93 - 6 + [_i___Eﬂl___] " L—__—7f-_ﬂ + [_l“‘jg“_ﬂ}}
k#L |
k+4>3
- . 9 - (k4 _ 3
Z min { min {92 - 2 [5(1 + 3) 2( 2) 1,
k# 5
k+&=3

(5040 -8y (S +3) - (k+a) -3

1 aR -
min {98 6 + 5

kg
k+0>3
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The minimum of the latter term is attained when k + 82 =4 SO

) 5(i + 3) - 6 5(i + §) - 7
v(EB,i,j) Z’mln{ 98 - 2 + | ; 1, 9B + | ; }}
=98 - 2 4+ [5(1 + 3) - 6}
2
We will now show that \)(E:8 1 2) = 9R + 3. From (1.1.9), (1.1.10)
[ :

and (1.1.11) we obtain

4
a = = X = = 52 X ’
819 T Mg, T 035, a5 =g g >
a = m = 104 X 5 a = m - 819 X% “4
2.1 12,3 o 2,2 12,4
We also have
: 501 + 3) - 7
> OB + £ k+2>3
v(68,k,ﬁ ak,i a%,j) >Z9op + [ > ] or

So if k + 2> 3 and i+ 3=3 then
= + 4.
T R L
It follows that

“8,1,2 7 ) S %0 2,1 21,2

k21 221
9B+4
= ¢ + 8 nod 5
681,1,2 81,1 92,2 B,2,1 %2,1%1,2™
98+4
= § (51597 X 5° - 5408 X 5°) mod 5 -
8,1,2
= 46189 X 5° &  noa 2Pt
= e ol
g,1,2
V(¢ ) =96 - 2 so € Z 0 mod 598+4 and V(& )y = 0
B,1,2 g B,1,2 ' 8,1,2 -
Now suppose
= 98 + 3
\)(68’1'2) 8
i+ 3j) - 6 .
and v(e, . ) =SB - 2+ [5(1 ) ] for i+ 3> 3
B,1,3 2
From Lemma (2.2.5) we have
8 L= ) ) € b . b, . and g =0 for x
ook B 14, 3.k, %
B+1,4,3 K51 251 B,k,2 "k,1 74,3 .



so by Lemma (2.2.2)

\)(68+l,i,j) > nin {\)(EB,k,Q) + V(b )+ Vb
k#L
= min { min { v(e ) o+ V(b ) + V(b )
k#L B,k, L k,1 2.7
k+2=3
min {v(e, ) + Vb, ) + Vb, .)}}
k#% B, k,% k,1i %3
k+2>3
> min{ min {98 + 3 + [5_1_:_1“2_:_2] L83 5; -2y
k#%
k+2=3
min {og - 2 + [5(k +22) I 6: + [Si - g ~ 2} N [Sj - i - 2}
k#L
k+4>3
2% min { min {98 + 3 +[ 5(i + 3) ; (k + 2) = 513
kAL
k+2=3
- . — O _
min {08 - 2 + [2E T 52@) 6 L3t 3)- (kD= 5
k#L
k+24>3

The minimum of the latter term is attained when

) > minfop + 3 + [2UEI2S

V(66+1,i,3 , 9B + 5 +‘

2

Yy = 9B + 7.

We will now show that V(6B+l,l,2
(1.1.10) and (1.1.11) we obtain
= = X = = 49 X 5
bl,l m7’2 28 5, bl,2 m7’3
= = = = 364 X 5
b2,1 ml3,3 104, b2'2 ml3,4
We also have
5(i + j) - 9 -
= + 5 + ] fo
\)(sg,klgbk[i bilj) > 98 { 5 ] r
So if kX + 2 >3 and i+ J =23 then

5(i + 3) -9
[ (i j) 11

98+3+[5(i+j)'81=9(B+1)-6+

2 3

[5(1 + 3)—8]

2

From (1.1.9),
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>
8%, 5% Ok, i bz,j)’/gg + 8.

It follows that

8 = ) ) € b, b
+ I I 1 7 I 4 I2
B+1,1,2 WS g1 8,k,% k,1 %
_ 9R+8
= + b 5
g,1,2 P1,1 P2,2 T f8,20 by g Py, o mod
+
= (10192 X 5% _ 5006 X 5°) mod 596+8
B,1,2
- 4 93+8
= 45 X > d 5
45864 X 5 81,2 ™
V(e ) =98 +3 so & Z 0 mod 59B+8 d
8,1,2 B+1,1,2 =

§ = = O ' - 2. Sl . 2. ‘ w ind ior
WV ( B+l,l,2) 98 + 7 (B + 1) 2 Lemma (2.2.6) follows by induction

on B

The following result was known to Watson [161.

Lemma {(2.2.7) For o =21,
o-1 ¢} o+l
s = = 3 X 57 mod 5
pl a) xu,l
Proof. p(@l)‘= Xy 9 < 5 so the statement is true for o = 1.
Suppose o is odd and p(d ) = x = 3OL—-l X SU mod 5a+l. From
a a,l
Lemma (2.2.1) we have
Vix, ) Zo o+ (2 "2l >0+ 2 for i>2
o,1" 2

Hence from {...1.8) it follows that

I
~1
%
o

x =
041,1 i51

2

ti

o+
T 5
Xa,l al'1 mod

2

o+
63 X 5 X % mod 5
o,l

7

+ +2
= 3“ X SQ 1 mod 5@ 2

. — o ot
Now suppcse o is even and p(ﬁa) = X = 3 X 57 mod 50 l.
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From Lemma (2.2.1) we have

Hence from (1.1.8) it follows that

e = 2 X . b.
o4l,1 51 o,i 1,1
o+2
= >d 5
Xa,l b1,1 e

2

Hi

+
28 x 5 x x . mod 5"

o, 1
+
= 3% x 5% [0q 5%

2
Lemma (2.2.7) follows by induction on o .

We are now in a position to prove (2.1.4).

Theorem (2.2.8). For every a =1 there exists an integral constant

k, not divisible by 5 such that for all n =0

[ 70/2] +3

a2 Kk x 5%p(5%n + 6 ) mod 5 ,
o 63

(2.2.9) p(5 n+ 8 )

i

where 6& is the reciprocal modulo 5& of 24, and this best possible

in the sense that the congruence dces not hold for a higher power of 5.

Proof. Suppose 0O is odd with a = 28 - 1, say. From Lemma

(2.2.6) we have

v(, . .) = 9B -2
Blllj
or
9B-2
2.2.10 = . X . da5
( ) oR+1,1 F28-1,5 © Top-1,i F2B+1,3 ™
From Lemma (2.2.7) it follows that v(xa l) = 0 for o 2 1. Therefore
there is an integer k28—l with (sz-l’ 5) =1 such that
X X
2B+1,1 28-1,1 58-2
2.2.11 —l = — L
( ) 2B+1 Kog-1 Tz M40
5 5
_ 2R-1
XZB—l,j Z 0 mod 5

. 2B-1 .
so putting i =1 into (2.2.10) and dividing both sides by 5 B we obtain

X. X
28-1,1 _ .2 F2g41,1 78-1
S TR L.l 15
¥2B+1,3 <28~ 1 > 2T Xop-1,5 M4
X

_ 2 *2p-1,1 __7R-1
= X ———me——re X 0¢ 5 .
T Rager Y0 TIET Fapen,y MO0



0
()
.

Hence

]
el
o
ke
=3
O
[o7
Sy

= X
%2841, 5 28-1

or

i
o
X
w
"
2
fof
Ul

X . = .
a+2,3 a Ga,J

From Theorem (1.1.6) it follows that

o2 _ 2 a [ 7a/2] +3
p(5 n + 6a+2) = ka X 57p(5n + Sa) mod 5 / ,
for all n 0. We will now show that (2.2.9) is best possible when
o is odd.
2R+1 _ ok 2 . 2B-1 78
S r =k X 5
uppose  p(5 n + 62B+1) LZB—l 57p(5 n + 626_1) mod 5 7,
for all n =0
Then from Theorem (1.1.6) we have
. 55 5 11
) P(528+1n + ¢ Jq = x Ela) q Bla) .
6 + 12
n50 2B8+1 28+1,1 E(q) 2B+1,2 E(q)
= ¥ops1,1 T ogen, ot B%gpu, 03t
and
55 5 11
TG TR P Ela) q Bl
- ) - 4 —_ - 6 -1 12
n>0 28-1 ?B 1,1 E{(q) 28-1,2 E(q)
= Xpgu1,1 b apy, o gy ) 9
Therefore
* 2 76
= X 5 mod 5
¥og41,1 - F28-1 ¥28-1,1 ™ '
* 2 78
+ = x 5 + 6% mod 5
Xog+1,2 T ®¥ap41,17 Kopan (x38-1,2 28-1,1
and
I 2 78
= X
Xog41,2 - S28-1 5 ¥pgy,p Mod 2
or
X * Xono S2_
28+41,1 _ F2B-1,1 L 5B-L

2841 T T2p-1 28-1
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and
X s * X'(’- SR~
5 -5
Therefore
T28+1,2 F28-1,1 _ ¥28-1,2 T2Be1,2 o 5B-1
28+ R~ - - R
52641 g2R-1 52B-1 268+1
X X =z X X mod 59B_l
28+41,2 T2B8-1,1 T T2B-1,2 T28+1,1
or
_ 9R-1
68,1,2 = 0 mod 5
But from Lemma (2.2.6) we have \)(5B 1 2) = 98 - 2, a contradiction.
-1
Hence (2.2.9) is best possible when o is odd.
Now suppose o is even with a = 2B, say. From Lemma
(2.2.6) we have
(e, . .) 298 + 3
SIS
or
(2.2.12) moa 57°%3

¥2B+2,1 ¥28,5 ~ ¥28,1 T2p+2,3

From Lemma (2.2.7) it follows that V(Xa 1) = q for o= 1.
.1
Therefore there is an integer - k28 with (k26, 5) =1 such that
X X

26+2,1 - 28,1 5R+1
(2-2-13) '_‘"2—8‘;'2 = k28 28 od b

5 5

2B
.= 0 mod 5
*28,3

so putting i=1 in (2.2.12) and dividing both sides by 548

we obtain

Tapl g2 Tapr2,l
*2p+2,3 (28 T g26+2 T28.7

|
wn

1"
o
wul
|
|
5
=
(e}
o
U



Hence

842,59

or
pd .
a+2,7]

From Theorem (1.1.6)

38.

2 7843
X 5 . mod 5
%283

It
o

28

W x 52 . [ 701/2) +3
a 0, 3

n

mod 5

it follows that

02 - 2 o [ 700/2] +3
= X " 5
p(5 "n + 6a+2) z ka 57p(5 n 4 6@) mod 5 ,
for all n=o0. We will now show that (2.2.9) is best possibkble when
o, is even.
2R+2 _ ¥ 2 28 7R+4
K g = X 5 § nod 5 ,
Suppose pl + 528+2) k28 57¢ n + 28) mo
for all n 20
Then from Theorem (1.1.6) we have
5.6 5 12
) P(52B+2n + 0 g = x Bla)_ 4« q Bla ),
28 - 2, 7 2B+2,2 13
n>0 26+2 2B+2,1 E(q) P E(q)
= + +
Xy042,1 T Fagin,2 ¥ 7 Xog42,19
and
: 5.6 512
E E
n>0 PTTE(qQ) ! El{q)
= + + 7 +
g1 T Fag,a v T 109
Therefore
* 2 78+4
= a5’
Xo8+2,1 - Fag X0 Fag,1 ™
* 2 ‘ TR+4
+ 7 = 5 + 7 x ) mod 5
*2p+2,2 *2p+2,1 X% o o 28,1
and
% 2 7R+4
= k X 5 mod 5
*og+2,2 ~ 28 *28,2 ’
or
Fopre,1 _ x F2B,1 5842
523+2 T 28 528



w
©
.

and
X X .
28+2,2  _ k* 2B,2 . 556+z
sk =k -
528+2 2B 52[
Therefore
¥2842,2 28,1 _ F28,2 Fope2,2 g s5B+2
52B+2 523 526 52842
_ 9R4+-4
®op+2,2 ¥28,1 ~ *28,2 ¥op+2,1 o4O
or
9R+4
= as
CB,l,2 0 mo

But from Lemma (2.2.6) we have \)(E8 1 2) = 9B + 3, a contradiction.
4 I
Hence (2.2.9) is best possible when « is even. This completes

the proof of Theorem (2.2.8).
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2.3. In this section we provide some details of the calculations

for (2.1.2) and (2.1.3).

Theorem (2.3.1).

o2

(2.3.2) p(5 n+ 8 ) [70/2] +3

It

2 ¢ -
k x5 5 + 9 nod 5
o p(5n a) o
holds with kl = 89, k., = 3339, k3 = 240839, k4 = 2193964 and k_. = 256100214,
po ]

Proof. From (2.2.11) and (2.2.13) it follows that (2.3.2) holds if

and only if

X X -1
+2 5a/2} +1
(2.3.3) k, = [ Q&iél} ( “&l} noa st 5%/2]
5 5
where the Xy 3 are defined in (1.1.8). Hence we need only calculate
x and x nod 5[7@/2]+3 for 1<qa <5, We have obtained
a+2,1 o, l

. 2
the following congruences mod 5 0

(2.3.4) %, = (5,0, 0, ...),
2 12
x, = (63x57, 52x5°, 63x5, 6x50, 5%, 0, 0, ...,
_ 3 6 9 10
x, = (1353839x5°, 1885026212%5°, 7201333%57, 7307608X5™ ",
[ =4
72766x5°°, 313%5%°, 0, 0, ...),
_ 4 7 9 12
x, T (55494085357x5 , 10158156285, 8772232x5 , 179784%x57°,
1
3330x5%%, 0, 0, ...),
xg = (10192387171x5°, 143162493x5°, 867137x5° 7, 149987x5%°,
17 '
49xs15, 10757, 0,0, ...},
11 14
xc = (1658060148XS6, 29406892X59, 270148%5° ", 14401x5 ,
171%5%% 0,0, ...,
13 14 17
and e (263563969%5 6182877x510, 17318%x577, 343%5°°, 111x57 7,
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From (2.3.3) and (2.3.4) we obtain kl = 89, k2 = 3339,

50 3
k3 = 250839, k= 2193964 and k. = 256100214 if 0 <k < 5l 59/2] 41
o]

All these calculations were done on the Cyber 171 computer at U.N.S.W

in about 2 secondsexecution time, and these have been checked.

The author has in his possession a table of p(n) for n < 10700.
From this table we have been able to verify (2.3.2) for a =1, 2, and

3 and small values of n.



