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INTROT)I.]CTlON .

v latson [  15. ]  obj :a ined the.  fo l - . l .owing resul t .

is  the rec iproca-L moclu lo 5c[  of  2t t  then for

I

I . f  o . >  3

n  )  o ,

ar-rd

In 19Bl Hirscl-r i "rorn and Hunt

C a S e S  0 = 3 r 4  n a m e l y

( 2 . 1  . 2 )

and

I  tO-l  of tained. stronger r -esu l ts  fo r  the

P ( 1 , 2 5 n  +  9 9 )  =  8 9  x 2 5  p ( 5 n  +  4 )  m o d  5 6

el?!:t?gr
2 5

p(6o) trll#l in,od 50+21 ,

f Y +  ?
(moo  5 ' '  " )  , A  a i r a i )2 p ( 6  )

P ( 6 2 5 n  + '  5 9 9 )  =  3 3 3 9  x  2 5  p  ( 2 5 n  - r  2 4 )  m o d  5 l ' 0

In  th is  chapter  we ob1-aj -n the fo l lowinq new cot lqr l lence : :e leLt ions

( 2 . 1 . 3 ) p ( 3 1 2 5 n  +  2 4 7 4 )  =  2 4 0 8 3 9  x  2 5  p ( f 2 5 n  +  9 9 )  * o d  5 1 3 ,

P ( 1 5 6 2 5 n  ' r  L 4 9 7 4 )  =  2 1 9 3 9 6 4  x  2 5  p ( 6 2 5 n  +  5 9 9 )  n ' o . 1  5 l ' 7 ,

p ( 7 8 l 2 5 n  +  6 1 8 4 9 )  =  2 5 6 ' 1 0 0 2 1 4  x  2 5  p ( 3 1 2 5 n  +  2 4 7 4 )  * o c 1  5 2 0 .

In  f  ac t ,  t hc r :  ex i s t  s ; im i l a r  cong r l i cnce  r c l  a t -  j  ons  f o r  a l l  h i g l t e : :  i r ow 'e rs

o f  5 .  A t k i r ' ,  [  2 ]  has  s ta ted  t l r e  f o l l o ' ' . i ng  resu l t  w i t hou t .  p roo f  .  I f

a>  I  and  i f  6^  i s  t he  rec ip tocz r l -  n roc lu . l . o  5 *  o f  24 ,  t hen  thc re
L,I,

o v i  < t c  a n  i  r r t - : a r 3 1  c o n s t a n t  k  n o t  d i v i s i b l e  b y  5  s u c h  t J i a t  f o : :
0

al-l ri )t O

( 2 . r . 4 ) p { 5 o + 2 .  *  6 o * 2 )  =  o o  *  5 2  p ( 5 o n  - r '  6 o )  m o c l  5 1 7 a " / 2 i  + 3



2 8 .

i . l e  p rov ide  th , :  de ta i l s ;  o f  a  p roo f  and  show tha t  Q . I  . 4 )  i s  bes t  poss ib le '

The methods . r re use aro analogous to those of  Atk in and O'Br ien t :  ]

where i t  is  proved that  i f  a .  > ) .  and i f  uo is  the rec ip: :ocal  nodulo

l3t r  of  24,  then the:re ex is l -s  an in tegra l  constant  **  not  d iv is ib le

l - r r r  I  i  qr r r -h fhat  for  a i l  n  ) -  Op I

( 2 . 1 . 5 )  p ( t : o + 2 n  +  u s , r . z )  =  * o  r ( ] 3 o n '  U " )  m o d  1 3 u  '

and th is  i s  t res t  Poss ib le .

I n  s e c i - i o n  2 . 3  w e  g i v e  t h e  g e n e r a t i n g  f u n c t j - o t l s  f o r

p ( 5 0 n  +  6 ^ )  * o d  5 2 0  1 1  (  c r  (  r )  ,

which enable us to calculate k^ for  f  (  g  (  5 thus obta in ing
0,

( 2 . I . 2 )  a n d  ( 2 . r . 3 ) .



, o

2 .2 .  I n  t h i s  sec t i on  \ r ' e  p rovc  (2 .L .4 )  and  s l ' t o t ' , '  LhaL  j . t  bcs t  l r oss ib le .

F i r s t  r qe  need  some resu l t s  o l -  H i r schho r :n  anc ]  Hun t  t 1 ( l - l  .  Le tn i i i a ta  (2 .2 . I )

and  (  i ' . . 2 .2 )  a rc  r l espe :L i ve I l '  Lemr i ra ta  (4 .3 )  and  (4 .2 )  i n  H i r sc l l i r o rn  and

Hun t ' s ;  pape r .  Le t  V (n )  deno te  t hc  c> lac t  power  o f  5  d i v i c l i n< r :  n .

Tfren

Len rma  (2  . 2  . 7 )  .  Fo r  cx  ,  !  >  L  ,

V ( x  . )  2 a + .  [ ' r ( s i - 5 ) ] ,  o ,  o d d ,
0 . ,  I

V ( x -  . )  ) o  +  [ : t 5 i  -  4 ) ] '  c x  e v e n '
O , ,  I

r . r ho ra  ] -  ho  r ,  a re  de f  - l . r t ed  by  (  1  . I  .  B )  .. '0 ,  
i

L e m m a  ( 2 . 2 .  j ) _ .

v ( : r -  . )  > '  I L r ( s j  -  i  -  1 ) ] ,  v ( b .  )  2 l L , ( s j  -  i  -  2 ) 1 ,
- L r ]  

-  
L t J

w h e r e  t h e  a .  . ,  b .  a r e  c l e f i n e d  b y  ( 1 . 1 . 9 )  -  ( f  . I . i I )  .
a r l  L t )

Fol loiv:Lng Ai:k irr  and O'nr ien [  3 ]  we def ine

( 2 ' 2 ' 3 )  6 8 , r , i  =  * 2 [ i * ] , i  x 2 B - ] , J  -  x 2 3 - t , i  x 2 1 3 + 1 , 1

and

( 2 ' 2 ' 4 )  ' ' 8 , i ,  . . 1  =  * z ; + z , L  x z 1  j  
-  * z B  

, !  
x 2 f , t - 2 , )  f o r  F " i ' J  ) ' r '

w h e r e  t h e  K  a r e  d e f i n e d  i n  ( l - . 1 . 8 ) .  W e  h a v e
-cx

6 8 , . t , j  =  -  
l u , r , '  

a n d  t B , i , j  =  -  t B , j , i

so that

6 . .  =  e n  =  Q -
R i l l < 1 1
P t L t L  V t L I L

I ,srury (2.2.5)

n l f - - k l ^o B n L , i ,  j  
=  

o ! : -  ! . ! r _  
' - B , h ,  e .  " k , i  " 9 . , )

tB , i , ,  =  
u l ,  n l r t , r , k , r .  

ak , . i  u ! , ,  j '

and
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Proo f  .  F rc ' nL  (  I  .  1  . 8 )  and  (2  . 2  . 3 )  we  have

A - o '' B n l , i ,  j  ' ' 2 g - r 3 , i  x . 2 B + 1  
, )  

-  t 2 1 + l , i  x 2 g + 3 , i

/ ' \ . \ / s=  (  I  * r , r _ r , .  b , . . . ) [  I  x r ^  o  b c , ) - (  I  x . , o . , b , . . . ) (  I  y  h  ]
r . > 1 - - 2 t 3 + . 2 , ) :  

- k , i , , L L r  
- u , N  N t ,  x j t  2 3 , k " k , r r , g , , " t ^ r l + 2 , ^ " k , i )

=u ] i ,  
, 1 ,  

Gz tT+z ,k  *28 ,9 -  -  *2g ,k  x2g+2 ,g )b r .  
, i  

b r , , )

= 1 ,  I  t o , - o b , - . b n
X l t  C f  F r K r r  K r a  x ' r J

S imi lar ly

t B , i ,  
i  

=  x 2 B , + 2 , i  * 2 8  
, )  

-  x 2 B , t  x 2 g + 2 , 1

=[uI r ' ' zB*r ,k  i lk , r )  [n ] , - " ,  g- r ,9-  uu,  j ) - (o I r " ro-1,k  ak, r )  (n l r " rB+r , ! ,a i ,  j )

=  
o i ,  u l ,  

( * r , l * t , k  x2B- r  
,L  

-  *28 - r , k  x2g+L ,  t )  uk ,  i  tQ . ,  j

= 
or lr .  ulr  

o B,l<, I  uk, i  t [ ,  
I

L e r r n a  ( 2 . 2 . 6 t .  F o r  8 2 t ,

u ( 6 8 , r , r )  -  u t d 8 , 2 , ! ) . =  9 g  

. -  

2 '  
.

u ( 6 8 ,  i , j )  
> e B  -  6  -  t a t j f  l >  g g  f o r  i  +  j  )  : ,

u  ( a B ,  
r ,  , )  

-  t " t  ( e  
B  , 2 ' , r )  

=  9 $  +  3 ,

u ( r 8 ,  i , j )  
>  t ) f 3  -  2 .  t a t j r  l > - g ,  +  s  f o r  i  +  i  )  : .

Proof  .  From i l i rsch. i rorn and Hunt  [0] ,  5 .1,  we have

I f  
= =  ( 5 ,  0 ,  0 ,  0 ,  . . . )  a n d

I :  
= =  ( 1 3 5 3 8 3 9  *  5 3 ,  1 8 8 5 0 2 6 2 i 2  x  5 6 ,  . . . )

N o r v  6 ,  = = - 6 .  ^ = x . , x ^ ^  s o
t t z r l  J , 1 r 1 .  I r I  5 r l

' ( 6 r , r , 1 )  ' =  v ( 6 , - , r - , r )  =  v ( x r , t )  +  v ( x r , r )  =  I  +  6  =  7 '
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For i  > 2 6,  - i  . l  =  -  6 . ,  ,  i  
=  X.r  r  X,  ; .  Therefo: :e f rom Lerma'  

I r r r *  L r L r J  L r L  J r )

( 2  . 2 . I \  w e  h a v e

' ( 6 r , j , r )  = v ( 6 r , r , j )  2 a +  I l r r l r  '

I f  i > I  a n d  j > 1 U r , r , j . = O  h e n c e f o r  i + i ) :

v(6r ,  r , j )  r -a  + [ lqa jH ]  =  :  -  I ]L# I  .

t t ^ , ,  ^ , , ^ ' ^ ^ ^ ^
r \ u w  D u l r P u > c

u ( o 6 , r , r )  =  9 9  -  2

u ( 6 g , r , ) r r ' s B - 6  * 1 5 ( i + i )  
- e l  

r o t  i +  j ) : .and

From Len rma  (2  . 2 .5 )  we  have

e^  .  .  =  I  I  O^  .  ^  a .  a^  and 6^  .  ^  =  0  fo r  k  =  l ,
F r r r l  x i r  t i r  5 , K , f  k , 1  L , J  F J , K , f ,

s o  b y  L e m m a  ( 2 . 2 . 2 )

v ( e ^  . 1  2  n i n { v ( 6 ^  ^ )  +  v ( a -  . )  +  v ( a ^  . ) }
F r r r l  

k l : q '  
F , K , f  K r l  L , )

=  m i r i  m i r ,  { v ( 6 o  , -  n ) + v ( a , -  . ) +  v ( a n  * ) } ,  m i n  i v ( 6 o , -  n ) + v ( a , -  . ) + v ( a o  . ) i J
k f g .  

F , K ' {  k ' t  l - t )  
k f g ,  

D , K , l  K , r  x ' , 1

k+.R =,3 k+.q,> 3

)min{ n, ir ,  {e3 - 2 + l9#f .  t ]$ ,
kl:t:'

k+ 1'='3

n , i , .  J o r  .  ,  r 5 ( k  +  l ) -  3 . r  ,  r 5 i  
-  k  -  \  -  r 5 j  

-  [  -  1 r . i
i l r r r r  l r )  -  b  +  |  , - - l  

+  L -  2 ' - - l  
' r  |  2  I I I

ktt9"
kr .J !>3

2 m i n { m i . r r  { g s - z +  1 5 ( i +  
j ) - - ( x + g t - t l  

,
kltit' 

2

k+'! '==3

n r j - n  { g B -  6  +  [ 5 ( k  
+ ? ' )  -  B l  *  [ 5 ( i  

+  j )  -  ( t t  +  L )  -  3  ' ' '- 2  J + t  2

k"l-JL>3
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The minimurn Crf  the la t ter  term is  at1-a ined when k + .?,  = 4 so

v(e*. i, l  
)- rnirr{ sg - 2 -t 11G-L-!---91 , eB + 1!1i 

+ i l -: lJ }
p r L ,  )

= eB - 2 + [l]i 
+ r)__-_9"1

W e  w i l l  r ' r o w  s ; h o w  t h a t  u ( r ,  g , r , r )  
=  9 3  +  3 .  F r o r n  ( 1 . 1 . 9 ) ,  ( 1 . I . 1 0 )

a n d  ( 1 . 1 . 1 1 )  w e  o b t a j  n

a .  . ,  = m -  ^  = 6 3 x  5 ,  a .  ^ = f l .  .  =  5 Z  *  5 4 ,
- L , . J .  6 r t  L r l  D r J

d , ,  .  
=  h , .  .  

:  I O 4  x  5 ,  d .  .  
=  R . "  ,  

-  [ , ] - ] g  Y  t ' 4

. 4 , ' L  L Z | J  Z t L  l a r n

We also hav<:

v(r\,. ^ a. a^ . '1 2 eB * 1!J!-t-!--Jl for k -r ?. > 3
| S , K , Y ,  k r r  Y - , ' _ )  2

S o i f  k + l L ) :  ; r n d  : L + i = 3  t h e n

v ( 6 ^ . ,  "  a .  .  a n  . )  2  g B  +  4 .
F r K r X ,  K r l  y . t )

I t  foLfows that

T ft B , L , ,  =  
* 1 ,  n ! ,  

' t 8 , k , 9 . ,  u k , L  o L , 2

=  6 8 , , L , 2  a " . L , r  o 2 , 2  *  6  
8 , 2 , ' r  

u 2 , l  u ] , 2  * o d  5 9 B J - 4

=  6 8 , ,  
L , 2 $ . L s o l  

x  5 5  -  5 4 0 8  x  5 5 )  * o d  5 9 3 * 4

q  q R + a
=  4 6 - - 8 9  x  l "  A B , I , 2  m o d  5 ' ' "  

^

u ( 6 * , r , r )  =  g F , -  2  s o  , g , r , 2 7  o  * o , l  5 9 3 + 4  a n d  u ( , g , r , r )  =  9 8  +  3 '

Now supp'rg5s

u ( t B , r , r ) = 9 J + 3

a n d  u ( u * ,  j . , j ) ,  2  e g  -  2 .  1 1 t f j l _ _ - 9 1  ? o r  i  +  j  ) : .

F r o m  L e m m a  ( 2  . 2  - 5 )  w t :  i r a v e

6 8 n ' , i , :  =  
* l i  u , ! ,  

u ( ) , k , t  b k '  i b t " '  
a n d ' ' S ' k ' ' q '  =  0  f o r  k  =  ! '



c ^  l . \ \ r  T . 6 m h i  f  )  ) . 2 )

v ( 6 . .  . )  ) ' r n i n  { v ( : ^  " )  + v ( b .  . )  + v ( b ^  . ) }
F + r r l r l  1 . J .  D r K r X ,  K r l  L t J

Kf /..

- .  * . i -  [  * r -  r  . ' , /= :  m t n  t  * l l  t  l ' ( e g , k , . ( t )  * ' ( o u , i )  *  u { b t , j ) } ,
1 - J A\ t L

k+9,=3

l 1 :  
{ v ( e  u , k , t )  

+  v i b k , . )  *  u { b ! . ,  j )  } }
KfL

k+.0> 3

)> min {  * i . '  { . rr l  + 3 + [ ! i - - : -- ] t --  
2 '  '  5 i  -  a" --31] 

,? '

kl9.
K + . f  = J

min {gF _  2  + ta t+4 l - " '  . t : ! - } :_? t  +  11 : -_ - f  3 l : i
kl9,

k+g>3

) > m l n  { , , i .  { q B  +  3  * 1  
5 ( i  +  j )  -  ( k  1  [ )  -  5 1  

1 ,L - / p  
2

k:.19"
k+.,Q.= 3

n r i n  t g g  -  2  + I 5 ( k  
+  & )  

-  6 r  r 5 ( i  +  i ) -  ( k  + 0 ' ) -  5 r : r

\ : 1 9 -  
; T L -  

2  
- l  + t - - -  

z  
- - J ' f l

k{-.Q.> 3

The minirnum <>f the lettter tenn is attained when k + 9" = 4 so

v ( 6 D , .  *  . 1  ) m i n { e B + 3 + 1 ! l : - : r X - e 1  ,  s g  + - s + t 5 ( i + l )  
- e l  t

F + I  ,  l _ ,  l

= eB  +  :  +  [  l ( ' l i )  -  9 ]  =  e (B  +  1 )  -  6  +  I I l t iX f

W e  w i I I  n o v r  s h < i w  t h a L  V ( 6 ^ . .  '  . )  =  9 $  +  7 .  F r o m  ( 1 . 1 . 9 )  ,
p + L t L r Z

( 1 . 1 . 1  0 )  a n d  ( I .  I . 1 1 )  w e  o b t a i n

l r f  
= ' n 7 , 2 = 2 8 x 5 '  b 1  

, 2 = ^ 7 , 3 = 4 9 x 5 4  
'

' r , l - = ' n r 3 , 3  =  I o 4  '  b 2 r 2  =  m i 3  
, 4  

=  3 6 4  x  5 4

We a l so  have

u ( ' B , k , . Q , b k , i l " ! . , 1  > e B  +  5  * 1 - s - ( i - " " # l  f o r  k  +  q ' > 3 '

S o i f  k + 1 , > 3  a n d  i + i = e  L h e n
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v ( c ^  ,  b .  b ^  . 1  )  9 g  +  r ] .
f i r R t t ,  K r l  

" 1

I t  fo l lows t l : r i l t

r - . f t - l - 1 a' R * r - 1 - 2  L  t  L ^  '  a  D '  ' " 9 , , 2
b + L ' L t z  ' , i t  g r - " t  F , ' K , x '  K r l

q Rr-g
= '  t r J , r , 2  b r  

, r b 2 , 2  
*  

- ' g , 2 , L  
b 2 , r -  u I , 2 I n o d  5 " '

f  e , .  ,  ^ ( 1 0 1 9 2  x  5 5  -  5 0 9 5  x  5 4 )  , . n c  5 9 8 * 8
l ) t r t z

/r q Rr-q
=  4 : ; 8 6 4  x  5 ' "  e 8 , 1 , 2  * o d  5 - " ' "

v ( e ^  .  ^ )  =  9 8  +  3  s , >  6 . . "  .  ^  7  0  m o c l  , 9 8 + e  a n d
F ,  J _  r  2  p + L ,  !  |  Z

v ( 6 . . .  .  ^ )  =  9 8  +  7 , =  9 1  g  +  l )  -  2 .  L e m m a  ( 2 . 2 . 6 )  f o l l o v r s  k , y  i r ' : d u c t i o n
p + ! ,  L ,  z

o n g

r F h a  f o l  l o w i n o  r o s u l t  w a s  k n o w n  t o  l l a t s o n  [ 1 6 1 .

L e m r n a  t 2  . 2 . 1 ' )  F o r  a  2  I ,

rv- ' l  n .O,+1
p ( 6 - )  =  X ^ ,  ,  =  3 ' -  

-  x  5 *  m o d  t
u (],r  r

P r o o f .  p ( i ;  - 1  = * . .  = 5  s o t h e s t a t e n L e n t i s t - r u e f o r  o = 1 '-  l .  r r r

ru - ]  _G _  _0 ,+ l
S u p p o s e  0  i s  o d d  a n d  p ( 6 ^ )  =  X ^  t  

=  3 *  
-  x  5 ' m o d  5 - '  

- .  
I ' r o m

u  w ,  *

Lemrna  (2 .2 . I )  r ve  have

V ( x ^ , . ) ) ) u * 1 : i ; !  2 u + 2  r o r  i > 2 -
o l r  l '

Hence f  rom (  - .  .  f  ,  B)  i t  fo l lcxvs that

x = I x
o . J - r , r  

i l r  
' o , i  u i , l

= x . a . . o o d 5 0 + 2
0 ' 1  L r r '

=  63  x  5  *  *0 , ,  *od  50 { -2

= 30 x 50+1 *od 50+2

Now suppcse c ' .  is  evcrr  tu lc l  n(Co) = *u.^  = ,n- t  x  5f r  mcci  : i f l+ l "
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Fr :on  Lemma (2 .2 . I )  v re  have

v ( x . ) ) a * [ 5 i = 4 ]  ] ; - a + 3  f o r  i > 2 .
o ( r a  -  2

Hence  f rom ( f  .  I  . 8 )  i t  f  o l l c v : s  t h " r t

f: x  -  -  )  x  b .
0 , r 1 , 1  i l r  0 , a  r , r

= x - b - - * c c 5 c + 2
0 r 1  r r l -

A  - L ,
=  2 g  x  5  x  x  .  m o d  5 - , -

CX,  f

-  ^0 . .  -0,+I  -  -a+2

Lemma (2 .2 .7 )  f o l - l ows  by  i nduc t i on  on  o  .

We  a re  no rv  i n  a  pos i l - i o r - )  t o  pLove  (2 .1  . 4 ) .

Theo rem (2 .2 . -8 )  .  Fo r  eve ry  C t  >  I  t he re  ex i  s t s  an  i n l eg ra l ,  cons tan t

k  no t  d i v i s i b l e  t r v  5  s r r r : h  t ha t  f o r  a l l  n  2  O

( 2 . 2 . g J  p ( 5 o + 2 n  +  6  ^ )  =  k -  *  5 2 p ( 5 d n  +  6 -  )  r , o a  S [  
7 a / 2 ] f i  

,
a"+2 cr ^ 0

where  6 -  iS  t h , .  r nc in rnna l  modr - r l - o  5CX o f  24 ,  anc l  t h i s  bes t .  poss ib le- 0

in the sense thai -  the congruence does not  hold for  a h igher  power of  5.

Proof  .  Su; : 'pose 0,  is  odd wi th a = 23 -  L,  say.  From Lemma

( 2 . 2 . 6 )  w e  h a v e

v ( 6 ^  , )  ) '  9 8  -  2
F r l r l

or

q R -  ?
( 2 . 2 . I O )  X ^ n  ,  .  X ^ ^  -  .  I  x ^ ^  .  X ^ n . .  m o d

z p + L t r  z t r - J . t )  z D - r t 1  l F + r r l

F r o m  L e t n m a  ( 2 . 2 . 7 )  i t  f o l l o w s  t h a t  V ( x ^ .  ,  )  =  C (  f o r  C t  >  L .  T h e r e f o r e
u r f

t h e r e  i s  a n  J n t e g c r  k ^ ,  ,  w i t h  ( k ^ D  . ,  5 )  -  I  s u c h  L h a t
z p - L  z p - L

X ^ , . . .  .  X ^ ^  .  -  - .  ^
, ^  ^  1 1 \  z l 7 + r ' I  _ ,  t F - ! ,  t _  .  _ a p - z
\ z . z . r L )  - ; ; - : : -  =  K^^  .  - - - - i - - : -  f l o ( l  5

r z l a + !  Z P - l  . z P - L
J f

) Q - 1
x ^ , . .  = 0 m o d 5 - '

z E - I t l

? R * 1
so  pu t t i ng  i  =  I  i n to  (2 .2 .10 )  and  d i v i c l i ng  bo th  s i dcs  by  5 " "  

-  
v re  ob ta .Ln

" z 3 - t , t  -  - 2  
* 2 1 . n : r  

, r  -  - ' 7 g - r
Y - - \ V n t ^ d 5" 2 3 - l  ,  lz P + I t r  

5 t r -  
I  

5 z t ' r t .  
z ( ' - J , J

)  
x t ? - t  

I  
" R - la f  r  t  r  -  F  ,  t

:  K^n .  ^  )  - - - - : - - ; -  X^. .  .  Inocl  )  .
z t J -  r  

5 z : -  
t -  l . : -  !  1  1
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Hence

l - r o m  T h e o r e m  ( 1 . 1 . 6 )  i t  f o l l o w s  t h a t

and

X ^ . , . ,  =  k ^ ^  .  x  5 2  x ^ ^  .  m o d  5 7 P ' - I
z l t + r , )  t 1 - t  2 b - 1 . , )

x  . ^  =  k  x  5 2  x  m o d  , l l a / 2 1  
+ l

+ t + Z r )  C L  0 , l

p { 5 o + 2 n  +  6 ^ , . )  =  k ^  x  5 2 1 , ( 5 o , r  +  6 ^ )  * o a  s [  
7 a / z ] + l  

,cL+z 0, - cl,

f o r :  a l l  n  )  0 .  We ,  v r i l l  nov r  show tha t  (2 .2 .g )  i s  bcs t  poss ibJ -e  r vhe r - r

0  i s  o d d .

..28+l * 2. 23-1 "BS u p p o s e  p ( S ' p " n  *  6 z 6 u r )  =  * r R _ r -  *  5 t p 1 5 ' p - t n  *  6 1 8 _ r ,  r n o d  5 /  ,

f o r  a l l  n  )>  A .

Then  f rom Theo ren  (1 .1 .6 )  we  have

-  ? R + t  h  - r - 5 t 5  - / - 5 t 1 1

I  p t 5 ' ' D * t r ,  +  c  ^  - ) q D  =  x - ^  -  
r ;  ( s  )  t r ( s  )

n ) 0  2 g + t / q  
= * 2 3 + r , t ; , " f  + x 2 B + t , 2 q E ( " f r - 2  + " '

!  \ Y /  !  \ \ 1 /

=  * 2 g * l , r  *  ( * z g * t  
, 2  

+  6 n 2 B * 1 , 1 )  q  +

n  ? R - . 1  . .  n  r  ( q 5 )  5  
0  ( o 5 )  I t

)  p (5 - "  - .  *  i z ' _ t )q "  =  *z? ,_L , f  =ao -  *  * z3_ t  
,2  s - : : r2  *

n > 0  _  ! , \ . 1 /  
-  

E ( q )

=  
" 2 g - r , r  

n  ( * r B - t , 2  *  6 * 2 9 - 1 , 1 )  q  +

Therefore

*z8* r , r  =  k l3 - r  *  u '  * r ! - r . '  *od  s7B  '

*  2  + G x ^  ) m o a 5 7 B* z B * t  
, 2  

t -  6 * 2 g + r , l f  k z B - : .  x  5 -  ( * r B - a  
, 2  

*  6 * 2 g - 1 ,  r )

and

-  - *  .  - 2  -  - 1 3v = t X 5 X ^ . , ^ m o d 5^ 2 8 + 1  
, 2  

-  " 2 8 - r  z D - ) .  I  z

x z 8 + ] , l  * 2 F - ] , 1  
- 5 E - r

J - : - - V n n n t
^ n , 1  

-  ' ! a n  
-  ' ' D

5 z p 1 - !  
! p - I  

5 t  
v - t



and

Therefore

\ z . z . L z )

1agtr,;l "?.i:!r =29:]-,J- }it l n,nn "5F-t-  28  +  1  -2 ( - \  - L  -  
-23 - I  - zE+ I

) 5 5 5

q R - ' l

* 2 g . r , I l .  ' 2 . 3 - l  
, l  

=  * r $ - t , 2 x 2 3 + L , r  m o d  5 - "  
*

or

- e B - 1
O^  . .  ^  =  U  mOd  5

D t J - t z

R r t f  f r n m  T , o m m a  ( 2 . 1 . . 6 )  r v r :  h a v c  V ( 0 "  .  ^ )  
=  9 8  -  2 ,  a  c o n t r a d i c t j o n .

P t - L t z

H e i r c c  ( 2 . 2 . g )  j s  b e s i -  p o s s i b l e  w h e n  o  i s  o d d .

Now suppose cx is  even wi th a = 23,  say.  Fron Lernma

( 2 . 2 . 6 )  w e  h a v e

v ( € ^  . )  >  9 g  +  3
F r l r J

q R + q
> < 2 8 + 2 , i x 2 3 , ) =  * 2 3 , i x 2 r . . . v r , j  * o u  5 ' '  "

F r n m  T . o m m z  ( )  )  J )  i t  f o l l o w s  t i r a t  V ( x -  ,  )  =  0 -  f o r  O  ) '  t .\ 4 . - . , 1  . . . 0 r 1 . .

Ther:efore there is  an i r - r tege,r  '  k^ .  wi t - -h (k^o,  5)  = I  such that
z p  z p

x 2 3 + ? . , r  
-  

X " P  '  - 5 8 + r
I  )  /  |  < l\u  '  '  '  Lr t  

-23.F2 
0rg 

; i i t  
rnod 5

) f ,

_ 2 8
X ^ ^ . = U m O U )

2 1 1  r )  
*

s o  p u t t i n g  i  -  I  i n  ( 2 . 2 . 1 2 )  a n c l  d j - v i d i n g  b o t h  s i d e s  b y  5 2 8

we obta in

laur = 52 !'-rs:3-tL * ^ mod 518+3x2g+ '2 , i  
, l ;  

=  J  
; r t ,2 -  

^z t , ,  j

)  x r o  r  r R - r ?-  k  x  q "  - - : r - l -  r r . ,  
j  

* o d  5 ' ' " "-  " 2 8  
s 2 B
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Hence

2 .  r7B+:* z g + z , j  =  n r B  *  5 -  * z B , j  * o o

or
x  = u  * 1 2 "  m o d r [ l u / 2 l + z^J-F2, j  -  "0  -  "cx ,  j  " ' - -  -

F rom Theorem (1"1 .6)  i t  fo l lo rvs  tha t

p ,15o+2r  *  6o* r )  =  ko  *  52p(5on r -  6o)  rnoa s [  
7d /2 ]+3

f o r  a l - l  n  )  O .  W e  w i l l  n o w  s h o w  t h a t  ( 2 . 2 . 9 )  i s  b e s t  p o s s i b l e r  v r h e n

0, is even "

suppose  p (s23*2 , - r  *  5zg*z )  =  
4g  

*  s2 (s2Bn  +  6 ru )  n 'od  s7B+4 ,

f o r  a l l  n 2 o

Then  f rom Theo rem (1 . f . 6 )  we  have

r  * , . 2 8 + 2 -  c  , n  r ( q 5 ) 6 + v ^  
" u i n t l l ' + . . .I  p t :  n + 0 2 8 , + l a  = * 2 s 1 * 2 . r  

. : /  
* x 2 0 - r 2 , 2 q = 1 3

n ) 0  
L t J ' - '  *  

e  ( q )  e  t q )

=  x2g+z , r  +  Grg r r ,2  n  7  xzg+z , r )q  n  " '

and

Therefore

and

"lo 
n(r28" * 6z,,)q'= *2F,, 

ff iF 
+ xz;,, n.i$# + "'

=  * 2 8 , r  *  G r g , z  n  7 * 2 g , 1 ) q  + '

*  ?  - 7 R + 4
X ^ n . ^  ,  =  k ^ ^  x  5 -  X . ^  .  m o d  5 ' "

z p - f z r l  z p  z D t !

* z g + 2 , 2  * ' /  * 2 g - r - 2 , ,  =  u * r g  *  s 2 { * r u , 2  *  7  * r g , r '  * o d  5 7 8 * 4

- *  - 2  -  - 7 6 + 4
X . ^ , .  .  =  R . n  x  5  X . .  

"  
m o o  )  |

2 6 - 1 2 , 2  2 6  z 1 , z

x 2 ? , + 2 ,  1  - . *  
x 2 8 , L  

.  - 5 3 + ? .
-  _  v  m - ^ ' )

^ a

- 2 3 + Z  z b  - z l 5
f , J
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and

xz3+2,2 x2.3,2 
.  -5?,+2

sr{;, 
= *rB --Jf mocl 5

Therefore

X r o , r  t  X - , o  r  X . n  r  X r / l  , r  r2 6 + 2  t 2  
'  

i l \ , L  -  z p  r .  / . ,  T L ,  - 5 3 + 2-Fn- -ef = 
;fr- ;,s;z 

moo )

- -93t.+x z } + 2 , 2  x 2 B , r  =  * 2 g , 2  x 2 3 - v 2 , L  r n o d  5 -  -  -

or

c . - ^ =  o m o c r s ( ] + a
D t ! t Z

F r r r  f r n m  r . a m m r  ( 2 . 2 . 6 )  w e  h a v e  V ( e  ^  .  ^ )  =  9 8  +  3 ,  a  c o n t r a d r c t i o n .\ L . a . v t  
D t l - r z

Hence  (2 .2 . t r )  i s  bes t  poss ib le  v rhen  c l ,  i s  even .  Th i s  comp le tes

t h e  p r o o f  o f  T h c o r c m  ( 2 . 2 . 8 )  .



4 0 .

2 .3 .  In  th is  sec t . io r r  we prov ide  sor re  de ta i l s  o f  the  ca lcu l .a t ions

f o r  ( 2  . L . 2 )  a n d  ( 2  . 1  .  3 )  .

' I 'neorero \ 1, - .J .  I)  .

( 2 . 3 . 2 )  p ( 5 o + 2 n  o  6 o * r )  =  k o  x  5 2  p ( 5 o n  +  6 o )  n o d  5 l ' t a / z )  
+ z

L ^ l 1 -  . , l r L  1 -  -, , u r u D  w r L r ,  ^ ,  '  8 9  ,  k 2  =  3 3 3 9 ,  k 3  = =  2 4 0 8 3 9 ,  k 4  =  2 1 9 3 9 6 4  a r - r d  k r  =  2 5 6 t 0 0 : 2  1 4 '

P r o o f  .  F r o r n  ( 2 . 2  . l L )  a n d  { 2 . 2 . L 3 )  i - t  f o l i o v , ' s  t h a t -  ( 2 . 3 . 2 )  L r o } d s  i f

- , , - J  ^ ^ 1 , ,  ; €a r t u  v r r r y  r r

(2.3.3) k^ :, f1:++] i +l 
t 

*ou utstlz)+r
\  5 ' " ' "  I  ' .  5 *  )

whe re  the  x  a re  de f i ned  i n  (1 .1 .8 )  .  He t r ce  we  nced  on l l '  ca l cu l -a r r ' :
C l  , l

* o * 2 , 1  a r r f  * o , l  , r o u  , [ l u 7 z l + z  f o r  r  (  o ,  (  s .  w e  h a v e  o b t a i n e d

. | - h a  f r . l  l  n r ^ r i  n n  . r A n . ( r r 1 / t r n ^ - .  * ^ . 1  q 2 0

( 2 . 3 . 4 )  
I f  

=  ( 5 ,  0 ,  0 ,  . . . ) ,

I z  
=  ( 6 3 x 5 : 2  ,  5 2 x 5 5  ,  6 3 x 5 7 ,  6 * 5 1 0  ,  5 r 2 ' ,  o ,  0 ,  . . . )  ,

f :  
=  ( 1 3 5 3 t 3 3 9 x 5 3 ,  1 8 8 5 0 2 6 2 1  2 x 5 6  ,  7 2 0 1 3 3 3 x 5 9 ,  7 3 0 7 6 0 8 x 5 r 0 ,

7 2 7 6 6 x 5 r 3 ,  3 l - 3 x 5 f  
5 ,  

o ,  o ,  .  .  ,  )  ,

ra  
=  (5549,1085 357x54,  ]0158t562gx57 ,  87 '72232x59,  L79784x512,

-  3 3 3 g x 5 1 4 , 0 ,  0 ,  . . . ) ,

I s  
-  ( 1 0 1 9 2 3 8 7 t 7 1 x 5 5  ,  1 4 3 1 6 2 4 9 3 > ( 5 8  ,  8 6 ' 1 1 3 7 x 5 1 1 ,  1 4 9 9 8 7 ' r 5 f  

2 ,

4 9 x 5 1 5  ,  r o - 7 x 5 r ' 7 ,  o , o  ,  . . . )  ,

I a  
=  ( 1 5 5 8 0 6 0 1 4 8 x 5 6  ,  2 9 4 0 6 8 9 2 . x 5 9 ,  2 7 0 1 4 8 x 5 1 1 ,  1 4 4 0 1 x 5 1 4 ,

1 7 r x 5 1 6 ,  o , o  ,  . . . )  ,

a n d  f z  
. ,  ( 2 6 3 5 6 3 9 6 g x 5 7  ,  6 1 g 2 8 7 7 x 5 1 0 ,  1 7 3 1 . 8 x 5 1 3 ,  3 4 3 x 5 1 4 ,  I I l x 5 1 7 ,

3 " 5 1 9 ,  o ,  o ,  . . . )  .



t 1

F r o r n  (  2 . 3 . 3 )  a n d  ( 1 , . 3 . 4 )  w e  o b t _ a j - r ]  k ,  =  8 9 ,  k ^  =  3 3 3 9 ,
r z

i f  o ( x (  , [ s , - t . / z ) + tr  4 5 
-  ' - ( l ,

A11 these ct r l -cu lat ior ,s  \ . ,?€rc done on t -he cyber r71.  compute: :  a t  u. l i .s . l . l

in  about  2 s :econdsexecut i -c l i  t - - inre,  and these ha.re been checke<l  .

The  au tho r  has  i n  h i s  possess ion  a  t ab - l - e  o f  p (n )  f o r  n  (  t ouoo .

t s rom th i s  t ; r b re  we  have  been  ab le  t o  ve r i f y  (2 .3 .2 )  f o r  Cx  =  )_ ,  2 ,  anc

3  and  sma1 l  va lues  o f  n .


