CHAPTER 111

42.

N J f. \ [ ; i N 1N [alnin
SOME NEW CONGRUENCES QF THE PARTITION FUNCTION MODULO POUERS OF 7
3.1 INTRODUCTION.

In this chapter we obtain analogous results to (2.1.2) and
(2.1.3) for powers of 7. Watson [16] obtained the following result.
o
If o =2 3 and Aa is the reciprocal modulo 7 of 24 then for
n =0,
- +
pA ) p(7n + 5) (mod 7[@/2] 2), o odd,
o 7
o —
(3.1.}) p(7 n + ku) =
' p(49n + 47) . laz2l+3
\24 p(ku) =g (mod 7 ), %  even.
For o = 3 and a =4 (3.,1.1) is equivalent to
(3.1.2) p(343n + 243) = 5 x 7 p(7n + 5) mod 73
and
p(2401n + 2301) £ 47 X 7 p(49n + 47) mod 7°
Using methods completely analogous to those of the previous chapter we
are able to obtain the following new congruence relations
7
(3.1.3) p(16807n + 11905) = 439 X 7 p(343n + 243) mod 7 ,
9
p(117649n + 112747) = 5241 X 7 p(2401n 4+ 2301) mod 77,
p(823543n + 583343) = 374995 X 7 p(l6807n + 119035) mod 711/
13
p(5764801n + 5524601) = 1198538 X 7 p(l17649n + 112747) mcd 7,
. 15
p(40353607n + 28583805) = 243320180 X 7 p(823543n + 583343) med 777,

and p(282475249n + 270705447) = 1655696425

X

7 p(5764801n + 5524601) mod

In fact there exist similar congruence relations for all higher powers of

The main result of this chapter is the follcowing.
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. a
If o=>1 and if Ka is the reciprocal modulo 7 of 24,
then there exists an integral constant Qa not divisible by 7 such
that for all n >0

o+2 20+1

(3.1.4) P74 A ,,) 20, %7 p(7% 4 %) mod 7

and this is best possible.

In section 3.3 we give the generating functions for

17

p(7% + 2,) moed 7 (1 <a < 10)

r

which enable us to calculate Ra for 1 <o <38 thus obtaining

(3.1.2) and (3.1.3).



3.2 As in 2.2 we define
3.2.1 § . .= .- . X .
( ) 8,i,5  T2p+1,i F28-1,3 ~ Fop-1,i T2B+1,3
and
3.2.2 = 3 - . f 1,9 > 1,
¢ ) €8,i,9 ~ %2p+2,1 ¥2p,3 T %o8,i ¥opsz,i. or  BAd=1
where the xu are defined in (1.1.17). Again we have
S, . .=-8_ ., €, . . = = €, . . §, . .=¢, . .=0
Blll] B:]/l, Bllrj Brjrl' Bllll B,i,i !
(3.2.3) § L= ) ) € b, . b, . and
+1l,1, g 2%} ' 1
B+1,1i,3 k51 91 Bk, 2 "k,i 74,3
g, . . = §, . .a ., a, . ,
B,i,3 kzl le B,i,3 k,i 2,3
where the a; . and bi 5 are defined in (1.1.18) - (1.1.20).

Lemma (3.2.4). For g =1,

V(6 Y = V(8 ) =58 -1
8,1,2 (5g,5,1) = 6
Vs, . ) =g -3+ [T 12 Su0 0 sy i+ >3,
B,i,3 4
V(e Y = V(e )y = 5B + 2
B,1,2 ( 8,2,1
wie, ) =g +1 + (LA 2100 50 s oy 14 >3,
B,i,3 4
= ‘ - = (7, 49, 0, 0, ...
Proof. 61,1,j X3,i Xl,j xl,i X3,j and %y ( + O, )

SO

Now from Theorem (1.1.16) we have

- 7.7
T op(343n + 243)q" = x, . 2Ly g El)
n=0 E(q) E(q)
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Therefore from Gupta [ 9 ] we have

X3 1 = p{243) = 13397 82593 44888 = 273 42501 90712 X 72
and
4X3 1 + X3 5 = p(586) = 2242 82898 59904 68310 34631
= 45 77202 01222 54455 31319 X 72.
So b = p(586) - 4 p(243)
3,2
and
81,5, T 7y 5 - Ty )
= 7{p(586) - 11 p(243))
= 45 77201 98214 86934 33487 X 73
= 6 53885 99744 98133 47641 X 74-
6 53885 99744 98133 47641 = 7 X 93412 28534 99733 35377 + 2
= = 4
So \)(61’2’1) \)(61,1’2)
For 1§ > 2 6l,j,l = - él,l,j =%y X3,j . Therefore from Lemma
(1.5.3) we have
75 - 4
v , = ) o=V + V(x. .) =3+ [T
(61,3,1) \)(él,llj) (%, ) ( 3,]) [ 2
For i,j > 2 61 i =0 hence for i+ >3 we have
I 14
i g - 7(i 4+ 3) - 12
VTCTRS B U UAC . Ve b P S QAT M S
1,1,3 4 4
Now suppose v(%il,Z) =58 -1
and
V(S y Zoeg - 34 (LTI 2121 5Ly >,

B,1i,3 4
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N

From (3.2.3) we have €. ., . = § a, . a, . and
P zzl Bk, 2 Tk,i 2,3 n
6B,k,2 =0 for k=1L so by Lemma (1.5.2)
v(e, . .) 2 min{v(§ +
B,1i,3 k¢g{ g ,x,0) TV )T v(aﬁ,j)}
= mi : v IN +
~ kA2 Vg p ) + V0o )+ Viay L
k+£=3
min {v(§ ) + V(a, ) + Via, )]
k;fﬁl B,k,g }&,l /Qz,
k+2>3
2 min { min {58—l+[7l—z_ll+[7j—i_l},
k#4%
k+9/::3
- — 2 -— - - - —
min {58 - 3+ [ZEFXD = A, (Tok oy, (7)ot
k#%,
k+4>3
>min{ min {58—1+[7(l+]);(k_2)_5]} .
k#5,
k+2=3
min { 5B - 3 + [7(k ha é)" 12} + [7(l * ) - L(lk * 2o E’}T
k#L
k+2>3
The minimum of the latter term is attained when k + 2 = 4. So
e 7(i + §) - 8; 7(i + 3) - 94 ;
> C _ r i
V(eB,i,j) Zmin{sg - 1 + | 2 i, sB+ 1+ 2 13
i+ ) - 7(i + ) -9
> min{sg + 1 + [22 31’ 161 sg 41 4+ [ 31’ ]}
, A
=58+l+[7(l+31) *6]
We will now show that V(e )y = 58 - 2. From (1.1.18),
B,1,2
(1.1.19) and (1.1.20) we obtain
a - m _=82%x7, a . =m _ =176 x 7°
1,1 4,2 1,2 4,3 !
| = = 352 X 7 = = 48758 X 72
8,1 T Ug,3 7 18y 0 T g4 7 :

}

)
,
BN 2R
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We also have

a, ) 258 + 1+ [Zii—i?J)_ 9] for k + £ > 3.

VOGS w203 2

i

So if kX +2>3 and i+ 3 =3 then

S e
v(SB,k,Q ak,i aﬁ,j) 58 + 4.

It follows that

€ = - € = ) )8 a a
1 ) -
Bl ’2 El2ll kZl Q,Zl BlkIQ' kll Q’l2
- 56+3
S01,08 18 0" %a,0,1 85,1 81, Mo 7
=4 (3998156 % 7° - 61952 x 7%) moa 7°°13
F,1,2
= 3564492 X 7° 6 moa 7°5+3
- : B8,1,2
5R+3
V(6 = - (e _ - 5
( 8,1,2) 58 1 so £8,1,2 Z 0 mod 7 and v(€8,1’2) 58+
Now suppose v(EB,l,Z) =58 + 2
and
Ve, . ) =58+ 1+ LA F D) - 16 for i+ § >3
B,1i,7 4
From (3.2.3) wé have 8 L= z z £ b . b . and
B+1,1i,3 K>l 051 B k, & Tk,i 7L&,3
= = .5.2
Eﬁ,k,ﬁ 0] for k 2 so by Lemma (1 )
> mi V(b
v(66+1,i,j) min {v(eglk’%) + v(bk,i) + V( Q,j)}
k# %
= mi in + Vb, .) +Vv(b. )} ,
min { wln {v(EB,kIQ) v()k,l) ( Q,j)
k#Q
k+2=3
min {v(e )+ Vb, ) + (b, .)}}
k#g, Blkl’Q’ kll ,Q,,] .
k+2>3
B 71 - k - 3 74 - £ - 3
2 min { min {58 + 2 + [-l;——7;—~—4 + [ J 2 1 1,
k#L
k+2=3

7 + - 16 71 - k -3 79 -8 - 344
min {58 + 1 + [k =16 T ]+ (13 11
4 4 4

k#L

k+£>3
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l+j)"(k+/Q/)"'9]
4 [

Z min { min {58 + 2 + [7(
k#L
k+2=3

min {58 + 1 4 [ZE Q- 160 T+ 9)- (k+ 8- 9 )

K1 4
k+2>3
The minimum of the latter term is obtained when k + 2 = 4. So

7(i + 3) - 12 7(1 + 3)- 13
[L=2 T ], 58 + 4 4 [LLLF 3= 13y,

> . .
) min{58 + 2 7 | 7

v(68+l,i,j

=58 + 2 +

e R T IR R U R LR

We will now show that v ) =58 + 4. From (1.1.18),

(SB+1,1,2
(1.1.19) and (1.1.20) we obtain

2
1265 x 77,

o
]
=
i
}_I
O
o
o
I
3
It

= 17118 X 72.

o2
il
=3
I

Y
U
%

o
]
=
!

) >5R + 4 + [7(i + 3) - l%

W 1 h £ X
e also have V(KB,kIQ bk,i b£,3 7 for k + &£ >}3.

Soif k+2>3 and i+ j =3 then

- >
v(“B,k,Q bk,i bz,j) Z 5B + 6.

It follows that
b

" %41,21 T ) €8,%,9 k,1 22,2

8
]
B+1,1,2 k=1 221

58+5

t
™
o

+ b . b a7
8,1,2 °1,1 P2,2 T ©8,2,1 P2,1 Py, ™

+
(3252420 X 72 - 322575 X 72) mod 758 >

1!

8,1,2

2 5B+5
68,1,2 mod 7

Z 0 mod 758+5 and

1

2929845 x 7

V(e ) =58 + 2 so

£,1,2 6B+l,l,2

v(68+1,l,2) =58+ 4=5B+1 -1.

Lemma (3.2.4) follows by induction on B .

The following result was known to Watson [16].



Lerma (3.2.5). For B =1,

_ B-1 8 B+l
pl( 25—1) X2B—l,l 5 77 mod 7"
and
_ B B+1 B+2
>\ = - 8
p( 26) X28,l 5% x 7 mod 7
Proof.
0 1 2
)\ = = E X .
p( l) xl,l 7 5 7 mod 7
Now suppose
. _ Bl B B+1
p<>\28—l) = },26—1,1 =5 X 77 mod 7 .
From (1.1.17) we have
*28,1 ! *p-1,i %i,1
4 izl I Bd 4
So if B =1 then
= 7 + 7°
2,1 5 "2 %2,1

= 82 X 72 + 352 X 73

= 5 X 72 mod 73

If B>1 then from Lemma (1.5.3) we have

Vixye g ) Z B+ [7i‘; 4> 842 for 13>
It follows that
POyg) = Xyg 1 = %y0.y 4 @) ) mod 72
= 82X T Xy 4,y mod 7+
= By B nod 7842
Now suppose
- P B+1 . _B+2
Phyg) = Xpgp 55 x 7 mod 7,
From Lemma (1.5.3) we have
v ( y >+ 1) +[ 28 >84+3  for

*28,1
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Therefore from (1.1.17) it follows that

*op+1,1 igl *28,1 Pi,1
= X2B,l b],l mod 76+2
= 190 x,, | mod 7542
= 5B X 78+l mod 7B+2
Lemma (3.2.5) follows by induction on {3
We are in a position to prove (3.1.4).
Theorem (3.2.6). For every o =1 there exists an integral

constant 2& not divisible by 7 such that for all n =0

o2
(3.2.7) p(7 n + Aa+2)

20+
Qa X 7 p(7an + Xa) mod 7 at+l P

. . ; Q . Ly
where Aa is the reciprocal modulo 7 of 24, and this is best
possible in the sense that the congruence does not hold feor a higher

power of 7.

Proof. Suppose 0 is odd with a =28 -1, say. From Lemma
(3.2.4) we have

Vi, . ) =58 -1
8111_3

or

58-1

(3.2.8) mod 7

1t

. X .
FoB+1,1 F28-1,5 © F28-1,i 2841,

1 4 = - = Vix =R 4
From Lemma (3.2.5) it follows that v(X28~1,1) g and (y28+l,l) 2+
Therefore there is an integer Q“B—l with (228_1,7) =1 such that

X X
28+1,1 _ 2R-1,1 3R3-2
p — ! = ———12 nmod 7

(3.2.9) B+l 228-1 3

7 7

X = 0 mod 7B

1.
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so putting i=1 in (3.2.8) and dividing both sides by 7B we

obtain
X X
~28-1,1 _ 26+1,1 4p-1
26+1,5 T ¢ =7 JBRLT Tape1,3 mod 7/
X
- 2B8-1,1 L4R-1
= X X 7 . 1
928_1 78 X2B—l,j mod 7
Hence
_ 4R--1
2641, fog-1 7 ¥ppoq,y med 7
or
200+
X .= £ x 7 x | da 7 a+l
Ot+2,] o Q,]
From Theorem (1.1.16) it follows that
a+2 _ o 2041
= X
p(7 n + ka+2) = la 7 p(7 n + Ka) mod 7 ,

for all n =0

We will now show that (3.2.7) is best possible when o is odd.

Suppose
2B+1 _ % 28-1 48
/ = X + ) a7
p(7 n + A28+l) QZB—l 7 p(7 n 26—1) mo ,
for all n=0
Then from Theorem (1.1.16) we have
V 7,3 7.7
2841 o n E(q ) E(q )
Y p(7 n+ 34 )g = x 2 a0 q - +
) +1, 4 2B+1,2 8
>0 2B+1 28+1,1 E(q) B8 : E(q)
= Xoge1,1 T Popir,o t 4 ¥ppey, 9t
and
7.3. 7.7
2p-1 . n E(q') E(q’)
X p(7 n + ¢ Jq = x 11 it + X a q — +
n=0 26‘1 26 l,_ E(q)4 i 28 1,2 E(q)
¥28-1,1 7 Fopo1,0 ¥ Mgy p)
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Therefore,
= 2* 7 4
®R+1,1 - “2g-1 ! Fopop,y med 7
+ 4 = R* X 48
X - g
2841, 2 Xop+1,1 opo1 7 URggg g v A Eyg ) jdmod T
_ % 48
and = X
X26+l,2 Q2B~l 7 X2B—l,2 mod 7 ,
or 4
ToB41,1 % ¥28-1,1 o 4381
B+l T T2R-1 B
7 7
X X
28+1,2 _ % 23-1,1 33-1
and Sl il St = _&r [ ,]
Bl %a8-1 g med
7 7
Therefore
“28+41,2 ¥oB-1,1 _ *28-1,2 ¥2B41,1 g 7381
78+1 76 76 78+1
X pie = x X mod 758
28+1,2 “2B8-1,1 © T28-1,2 T2B+1,1
58
or 8 = 0 mod 7
B,1,2
But from Lemma (3.2.4) we have \)(6B 1 2) =58 - 1, a contradiction.
Hence (3.2.7) 1is best possible when « is oda.
Now suppose o is even with o = 28 , say . From Lemma

(3.2.4) we have

vie, . ) Z 5B + 2
B,1i,
or
5842
. ' = , . mod 7 .
(3.2.10) ¥28+2,1 ¥28,35 ~ F2B,i F28+2,3 ™°
From Lemma (3.2.5) it follows that \)(x28+2 l) =f + 2 and

v(XZB,l) =8 + 1. Therefore there is an integer 226 with

(228,7) =1 such that

Fop+2,1 —
76+2 268 B+l

I
P
|
=
!
=]
Q
o)
~J

{(3.2.11)

X
28,7
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. . . e o . +
so putting i=1 in (3.2.10) and dividing both sides by 76 1

we obtailn

DY fgﬁil_ =7 fZﬁi%Ll ol 746+l
2B+2,35 _R+1 B41 2B,
7 7
=
_ 28, 46+1
= X ki S
228 7 - XZB, mod 7
7
_ _4B+1
Hernce = X 7 . mod
1 X2B+2,j QzB XZB,] mod 7
or X , = £ X 7 x . mod 72a+l
a+2, 5 a Ga,)
From Theorem (1.1.16) it follows that
(7™ sy 20 % 7 p(1% + 2 ) moa 720+
P n a+2” T "o p o !

for all n =0

We will now show that (3.2.7) is best possible when a is even.

Suppose
2B+2 _ % 2R 4B+2
p(7 n + K2B+2) = 228 X 7 p(7 7 "n + kze) mod 7 .
for all n=0 . Then from Theorem (1.1.16) we have
4 7.8
) p(728+2n + A ) = x §LQZL_ + X q Bla)
- 5 2B+2,2 9
>0 ' 2R+2 2B+2,1 E(q) R E(q)
= + {5 + Bx 4
X0842,1 T Fogia,2 T P%p40,1)1
and )
7.4 7.8
E
T p(7%n 4 Mg = g E(@) ", %5 5 Bla)
n>0 T E(g) " E(g)
= + + 5 )a +
%58,1 7 23,2 *2g,1'4
Therefore
* 4R3+2
. y i 7 ,
Xops2,1 = g X 7 ¥yg g MOd
* 4R+2
= 7 + 5 x ) mod 7
*ag+2,2 ¥ ° ¥oge2,1 og X Txyg 5 28,1
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* 4B+2
d 4 =4 X 7
an ®ag+2,2 © Rog X7 ¥yg , mod '
or <
Togra,1 L ¢ Maga o3
7B+2 2B 7B+1
X x
2B8+2,2 _ * 2R,2 38
and e —EL2 mod 7
B+2 »226 B+1 o
7 7
X, X, X, X
Therefore 485552 gfil = i;éf 28+252 mod 738 !
7 7 7oL B
5R4+3
bN = da 7
F28+2 28,1 © *28,2 *2g+2,1 ™
58+3
or £ =0 mod 7
8,1,2
But from Lemma (3.2.4) we have v(SB 1 2) = 53 + 2, a contradiction.
? I
Hence (3.2.7) is best poséible when o is even. This completes

the proof of Theorem (3.2.6).



55.

3.3. In this section we provide some details of the calculations for

(3.1.2) and (3.1.3).

Theorem (3.3.1).

(3.3.2) 7 + A = X a 2041
p{ n a+2) Ra 7 p(7 n + Xa) mod 7

holds with 2. =5, L =47, %_ = 439, 24 = 5241,A25 = 374995, Q6 = 1198538,

1 2 3

© &, = 243320180 and &

7 8 1655696425.

Proof. From (3.2.9) and (3.2.11) it follows that (3.3.2) holds if and

only if
30 + 1
A P42, 1 X1 )7t [—— -1
(3.3:3) Qa & 2 4 a’ mod 7
[—2—‘]+2 [S1+1
7 7
where the xa i are defined in (1.1.17). Hence we need only calculate
J ' [4] +[3—d§—+—l—] +1
X [
a+2,1 an xa,l mod 7 or Xa+2,l and
20+1 < . .
Xy 1 mod 7 for 1<og <8, We have obtained the following
7
17
congruences mod 7
- 2
(3.3.4) X = (7, 77, 0, 0, ... ,
_ 2 4 5 7 9
5 T (2546%X77, 48934x7°, 1418989x77, 2488800%X7 , 2394438X7",
12
25259X7ll, 9633%x77 7, 44X715, 0, 0, ...},
. 2 4 6 8
Xy = (2734250190712%X77, 83418943353%7 ", 974544177, 12931672%X7 ,

1 16 .
2642302X79, 36000X7ll, 2153X713, 39%x7 5, 5x7°7, 0,0, ..

X, = (192116669791X73, 9806367OO2X75, 1582389l4lx76, 38618596X78,

)
588650x7°C, 9428x7%%, 1825x7%3, 0,0, ...},
_ ' 3 5 7 9
xs = (472047273940%7°, 5319341719X7°, 212629409X7°, 3551650%7,
10 12 14 16

334569x7° 7, 2676X7 7, 202X7 ", X7 ,0,0,

. 7 9
X, = (76637058735X74, 1972802199X76, 202908614%x7 , 985212x7

48141X7ll, 254X713, 27OX714, 0, 0, ...},

)

ce)



— . 4 6 8 1
x7 = (70283388580%7 , 1924477963%77, 7152266X7 , 478764X7 O,
11 13 15
102661x7"7, 675X77 7, 37x7° 7, 0, 0,
_ 5 } 7 8 16
x8 = (7381386917x7 ; 173679190X%7 ", 1894426x%7 ; 231645%x777, 2
3lx7l4, 48X715, 0, 0O,
- 5 7 9 11
x9 = (10969244911x7 , 39089557x7 , 3500108%7 ;, 85094x777, 38
316X7l4, 3X7l6, 0o, 0,
d
an XlOE (1213638485X76, 13481638X78, 5497726X79, 48221X7ll, 729
15 1
36X777, 2X7 6, 0, 0, ...)
From (3.3.3) and (3.3.4) we obtain 21 = 5, 12 = 47, 23 =
24 = 5241, RS = 374995, 26 = 1198538, 27 = 243320180 and 28 =

All these calculations wer done on the Cyber 171 computer at U.N

in about 4 seconds execution time, and these have been checked.
from our partition table we have been able to verify (3.3.2) for

1, 2 and small values of n.
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)

97><712

2

102712,

)y

x7l3,

!

1655696425,

.S.W.
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