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3.  T I I ' ]T 'RODUCTION.

A 1

o b t a i n  a n a l o g o u s  r e s u l t s  t o  ( 2 . i . 2 )  a n d

l la tson [  16]  obta ined t -he fot lovr i r rg resul t .

the rec ip. roc. r l  rnodulo 7a o i  24 then fcr

( 2 . 1 . 3 )

I f 0

n ) -  O ,

( 3 . 1 . 1 )

For

p (70n + ) .o)

In  th j ,s  chapt-er  we

for  1;owers of  7 .

> 3  a n d  t r  i s
n

I
- l= 1

I
I
t

_ A

p(tr*)  t l$+-!L (*oa z[  a/z]+2) 
,

p(aen  +  4 ! )
4 9

oc1d,

t  a  e v e n .2 4  p ( I  ). - r u

( 3 . 1 . 1 )

(moo , l  u/ z) -vt,

( 3 . 1 . 2 )  p ( 3 4 3 n  +  2 4 3 )

and

( 3 . 1 . 3 )  p ( 1 6 8 0 7 n  +  1 1 9 0 5 )  =  4 3 9  x

P(117649n +  712741)  =  524I  x

p ( 8 2 3 5 4 3 n  +  5 8 3 3 4 3 )  =  3 7 4 9 9 5  x

p ( 5 7 6 4 8 0 1 n  *  5 5 2 4 6 ; 0 1 )  =  1 1 9 8 5 3 8  x

p ( 4 0 3 5 3 6 0 7 n  +  2 8 5 8 3 8 0 5 )  =  2 4 3 3 2 O I B O

a n d  p ( 2 8 2 4 1 5 2 4 9 n  +  2 7 0 1 0 5 4 4 7 )  =  1 6 5 5 6 9 6 4 2 5

i  c  a a ' . i  r z r ' l  a n f  t . a

5  x  7  p ( 7 n  +  5 )  m o c l  7 3

7  p ( 3 4 3 n  + '  2 4 3 )  m o c l  7 7 ,

7  p ( 2 4 0 l n  r .  2 3 C l )  m o d  7 9 ,

7  p ( 1 6 8 o 7 n  +  1 1 9 0 5 )  m o d  7 f I . '

7  p (UJ649n +  i - l2 '74 '7 )  , "od  713,

x ' l  p ( 8 2 3 5 4 3 n  +  5 s 3 3 4 3 )  o . o d  7 l L 5

x  7  F ( 5 ? t , 4 8 u 1 n  +  5 5 2 4 € : 0 L )  m o d  ?

and

p ( 2 4 0 1 n  +  2 3 0 1 )  =  4 1  x  7  p ( 4 9 n  +  4 1 )  m o d  7 l

Using methods cotnplete ly  aneLlogous to those of  the prer" ' ious chapter  v , ,e

are able to obta in the fo l lowinq new consruence re lat ions

't ?

I n  f ac t  t he re  ex i s t  s im i l a r  cong ruence  re l . a t i ons  f o r  aJ  i  h i ghc r  powers  c f  7

The  ma in  resu l t  o f  t h r s  cha lgsa  i s  t he  f o1 . l - cw ing .



r f  cx > I  and i t  t ro  is  the rec iprocal  modulo ,cx of  2t t ,

then there ex isLs an :Lntegral  constant  L^ not  d iv is ib le by 7 such

that  for  a l l  n  )  g

(3 .1.4)  p(7o+12r .  *  t ro*r )  -  go 7 p(7o, . ,  *  t ro)  *od 720+1

and  th i s  i s  bes t  poss j -b1e .

I n  s e c t i o n  3 . 3  w e  g i v e  t h e  g e n e r a t i n g  f u n c t i o n s  f o r

,  - 0  1 ' l
P ( 7 - ' n  +  I ^ )  m o d  7 - '  ( 1  (  a  <  I 0 )  ,Ci

which enable us to calculat ,e g,^ .  for  I  (  cr  (  g  thus obta in ino
C[

( 3 . 1 . 2 )  a n d  ( 3 . 1 . 3 ) .



4 4 .

3 . 2  A s  i n  2 . 2  w e  < l e f i n e

( 3 ' 2 ' l )  6 g , r ,  j  
=  x z B + t  

, i  
x z | - L , j  -  * 2 g - 1 , i  x 2 g + r - , 1

a.nd

( 3 . 2 . 2 )  e  n
F , 1 ,  j  

=  ' * 2 g n 2 , i  * 2 ? , , f  -  x 2 3 , i  x 2 g - + 2 , i .  f o r  ? " i ' '  j  2  r '

whe re  t he  x -  a re  r l e f i ned  i n  (1 .1 .17 )  .  Aga in  we  have
d

A - r ^ l - ^ - n
U ^  ,  -  -  U ^  ,  , ,  L ^  -  -  L n  .  .  I  U ^  -  L ^  -  V t

K  1  a  t <  -  1  K  1  r  K  1  1  K  1  I  K  1  1
P ' L ' J  I J , J I L  P ' L I J  P I ) ' L  P ' - ' L  V I J .  I -

( 3 . 2 . 3 )  6 . , .  =  
' i  

I  e ^  n  b .  b ^  a n d'  - g + 1  
, i , j  r . : r r  ! . 3 r  

- 8 , k , [  " k , i  1 , , )

t l re ^  )  )  o ^  a ,  a .  .  ,
F ' 1 r J  

f . i f  ! , i f  
F , 1 ' l  K ' 1  L ' l

w h e r e  t h e  a ,  d n r f  b ,  a r e  d e f i n e d  i n  ( 1 . 1 . 1 8 )  -  ( f  . 1 . 2 0 ) .
l r l  L , J

L e m m a  ( 3 . 2 . 4 ) .  F o r  B  >  I ,

v ( 6 a  r  ) )  
=  v ( 6 e  a  1 )  

=  5 8  -  I
v r l t "  p t - r L

V ( e . , ^ ) = v ( e ^ ^ , ) = 5 3 + 2
F t r t z  D t z t ! _

V ( e ,  , . ) > 5 8 + t * 1 7 F - - 1 J - - L 9 1  > 5 g + 4  f o r  i +  j ) : .
D r f r l  . +

p r o o f .  6 .  .  =  x ^  .  x -  -  x .  x ^  a n d  x -  =  ( 7 , 4 9 ,  O ,  O ,  . . . )
l r f r l  J r r  I , )  J . r r  5 t J  - r

S O

6 r ,  r , ] -  
=  -  6 r  

, L , 2  
=  ' * = , ,  -  

" * = ,  t

Now f rom Theo rem ( I . 1 .16 )  we  have

, ( 0 8 , r ,  j )  > -  5 9  - :  *  I e l i f l  2  s B  + - l -  r o r :  i  +  j  ) : ,

7 . 3  7 . 1

I  p t 3 4 3 n  +  z q i l q n  =  * 3 . i  * t i  *  * 3 . ,  n  l I +  +  . . .
r r 2 o  

- ' t  
e  ( q ) -  

J ' L  
E ( r - )



n r r , ,  n  * r , 2  =  l ( 5 8 6 )  =  2 2 4 2  8 2 8 9 8  5 9 9 0 4  6 8 3 1 0  3 4 6 3 1

'=  
45  77202 OL222 54455 31319 x  72 .

s o  * 3 , 2  =  p ( 5 8 6 )  -  4  p ( 2 4 3 )

and

6 r , ; , i  =  7 ( * 3 , 2 -  f * 3 , r )

Therefore fror,r Gupltr [ 9 ] we have

X .  . ,  =  p t 2 4 3 )  =  1 3 3 9 7  8 2 5 9 3  4 4 8 8 8  =  2 J 3  4 2 5 0 1  g O 7 I 2  x  7 2

=  7 ( p ( 5 8 6 )  -  1 1  p ( 2 4 3 ) )

= 45 772OI gA2L4 86934 334A7 x 73

=  6  5 3 8 8 5  9 9 7 4 4  9 8 1 3 3  4 7 6 4 L  x  ' 7 4  .

6  53885 99744 98133 4764I  =  7  x  93412 28534 99733 3 ! i3 '77  +  2 .

S o

and

Now suppose

and

v ( 6 .  ^  . )  =  v ( 6 .  .  ^ )  -  4
L r Z r L  L r r r z

For  j >  2  6 r  - i  r  
=  -  6 . ,  . ' , ,  =  X . ,  . ,  X ,  .  The re fo r :e  f r : om Lenuna

L t ) r L  L t L r J  I r L  J t J

\ r . J . J /  Y / E  t l a v c

u ( 6 r ,  j , r )  
-  v ( 6 r , r ,  j )  =  u ( * r , 1 )  +  v ( x 3  

, l  
>  z  *  t b 7 - ! )

F o r  i , j  > ,  6 r , , L , )  =  0  h e n c e  f o r  i  + -  j  ) :  w e  h a v e

v (6 r ,  , , j )  
r -3  +  [ lCJ_ ]H t ]22  +  t l ( i  +  i )  -  La l

v ( 6 ^ .  ^ )  =  5 8  -  I
P t e t  '

v ( r S ^  . ) > s B - 3 * l l l 1 4 - ) _ - - 1 3  f o r  i - +  j ) : .
n r a z l
Y ' L '  J



F r o m  ( 3 . 2 . 3 )  w e  h a v e  a n  =  I  I  6 ^ .  n  a .  a ^  a n C
F r I ' l  

X i f  l i f  
' p r K r \  K r I  Y , )

6o . , -  o  =  0  fo r  k  = ,  .9 ,  so  by  Lernma (1 .5 .2 )
P r K r x

v ( c r ,  . . ) 2  m i n { v ( $ "  ^ )  + v ( a .  . )  + v ( a ^  . ) }
P r r r J  1 , J a  P r K r L  K r I  L t )

A - &

=  m i n  i  m i n  { v 1 l i r ,  , ,  n )  +  v ( a r .  . , )  +  v ( a o  * ) } ,
r - J o  p r K r x ,  K r ] -  y . r J
A r ^

K+X,=:  J

m i n  { v 1 6 o , - n )  + t ( a , - , )  + v ( a r ,  ) } ]
\ - J o  l ^ ) r K r ) ,  j i r l .  L r )
^ r !

k+.q,> 3

/ - m ] - I 7  t  m l r l  t 5 i '  -  I  + t - _ _ ; _ _ - . r  ' , _ - 4  )  ,
klr,

k+g==3

m i r r  { q R  -  - ,  * 1 7 ( k  +  l )  - l ? t  
* t z } - - : - I - l l  * [ l ) - - : ' L - r - ] l l j

L J | J  A  
.  .  

A  
'  ' )

k f l , t i t

k+.q,>'3

.  r  e n  r  7 ( k  +  l . ) -  f 2 l  t ' 1 ( i  *  j )  -  ( k  + '  t ) -  I ' r ' . 1
ml - r l  t  5 l )  -  J  +  l - - - - - ' - l  +  l -  - ' l  : j  .

klt',
k+r,>3

The minimum of  the la t ter  term is  at ta ined when k + 9"  = 4.  So

u ( r ' , i , l > n i n { : ; g  -  r + 1 7 ( i a - i ) - - - 8 i  . ,  5 8 + } + l l J - l j i )  
-  e l  i

)min{sg + r + t1!Lrj4l--:-J9 sg + 1* tlJ:-r}-Zt I

_  c . e  t  r  _  t 7 ( i  +  j )  -  1 6  I= f , p + r - r - [

W e  w i l l  n o w  s h o w  t h a t  , ( u * , r r r )  =  5 3  -  2 -  F r o m  ( 1 . ] . 1 8 ) ,

( 1 . 1 . 1 9 )  a n d  ( 1 . f . 2 0 )  w e  o b t a i n

t r r l  =  ^ 4 , 2 :  8 2  x  7 '  d l  
, 2  

=  ^ 4 , 3  =  r ' 6  *  7 3  '

u z , L  =  * 8 , 3  =  3 5 2  x  7 '  u 2 , 2 , =  * 8 , 4  =  4 8 7 5 8  x ' / 2

)  - i r .  {  - i ." ' * "  t
klt'

k+.Q,==3
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we arso  have , (68 ,u . , f ,  uk , i  uQ.  
, j )  

r -  sB +  r  +  lZJ i -1 - * l -L :21  ro .  x  +  .Q,  ) : .

S o i f  k + g > 3  e L n d  i + i = 3  t h e n

v ( 6 ^  ^  a ,  a ^  . )  ) - 5 ?  +  q .
B r l i r x ,  K r l  L , )

I t  f o l l - ows  tha t

tB , r ,2  =  -  e  p ' , , 2 ,L  = '  
o l ,  n l r  

-ug ,k , . f ,  ak  
, r  

ag , ,2

- D  ^

=  6 8 . r , 2  a r  
, r  

u z , 2  *  6  
s , 2 , L  

u 2 , r  t l , 2  * o d  7 f , p - f r

r  6 .  ,  ^  ( 3 9 9 8 1 5 6  x  1 3  -  6 1 9 5 2  t  l 4 )  * o c  7 5 6 * 3
D r ! r z

= 3564,492 *  73  6^  ,  ^  mod '58+3
F r L r l

5 R + ?
v ( 6 a  .  . )  =  5 g  -  I  s o  t ) n  .  ^  7  O  m o d  7 - ' p - - '  a n d  V ( r - - .  .  ^ )  =  5 3  +  Z .

D , r t z  b r L r 2  l > r l - , 2 '

Now suppose  V (e^  -  ^ )  =  5$  +  2
t <  |  )

and

v(r*, r, jr 
r-sB + I . tJJi_3--])_-_J91 for i + i ) 3.

F r o m  ( 3 . 2 . 3 )  w c  h a v e  6 ^  t  I  e ^  ^  b .  b n  a n c l
b + r , 1 ' l  

r i r  [ l r  F , K , r  K , ]  L , )

e  .  , _  n  =  0  f o r  k  =  ! ,  s o  b y  L e m m a  ( I . 5 . 2 )
F t K t L

v ( 6 ^  .  . )  )  m i n  { v ( e ^  , , )  +  v ( b .  . )  +  v ( b "  , ) }
F + r r r - r l  

k l g _  b , K r f  K r l  v " t )

=  m i n  {  m i n  { v ( c o  u  " )  
+  v ( b , -  . )  +  v ( b n  * ) i  ,

1 < . J g .  D r K r I  N r I  L t J

r n
Ki-  &=J

m i n  { v ( c ^  ^ ) + v ( b .  , )  + ' J ( b ^  . ) i }
t - J o  F r K r f  K r a  L r J
^f x,

k+!.> 3

) m i n { m i n  i s 3 + z + 1 J : - - - } - - 1 1  * l Z . } - _ } : J l  }  ,
\,-19.

Ki-X,= J

n r i n  { s a  +  r  +  [ 7 ( k _ +  U -  i 6 '  , ' l i  -  k _ 1 t *  l ] j _ - _ ; : _ i l  - . '
r r r r r  L J p  ^ - - -  +  t - -  

e  
- J +  1 - - 4 ^ ^ - ) : :

k:19"
kr".Q,>3
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,  t -  tm ] - n t ) F + 1 + [
1 . J 0^r {,

k+r.>3

The minimum of  t i re  la t ter  t .erm is  obta ined vrhen k + .Q,  = 4.  so

I t  fo l lows that

{ s B  +  2  + l)  m in  i  m in
klr"

k+g=3

7 ( i  +  j )
4

9 t
- l

7 ( k  +  l , ) -  1 5L  r  7 ( i  +  j ) -  ( k  - i  . Q . ) -  g ,  , lj  r  i  - - - i  
t l

v ( 6 g + r , i , j )  ) m i n { 5 8  +  z -  t l a # ,  5 8  +  4  +  [ l ( : t  
+  i ) -  1 3 r ]

= 58 + z + [ry] = 5(g + r)_ 3 + 1 
i(!_fi l__t? 1 .

W e  w i l l  n o w  s h o w  t h a t  , ( S o * . . ,  ,  , )  =  5 8  +  a .  F r o m  ( 1 . I . 1 g ) ,

( 1 . 1 . 1 9 )  a n d  ( 1 . 1 . 2 0 )  w e  o b r a i n

b t r ,  =  * 5 r 2  =  1 9 0 '  ' r , ,  =  * 5 r 3  =  L 2 6 5  x  7 " 2  '

b r , r  =  * 9 , 3  =  2 5 5 '  b r , ,  =  * 9 , 4  =  1 7 1 - 1 8  x  1 2  '

W e a ] s o h a v e , ( . B , k , l , b k , i b L , , 1 2 5 B + 4 + ' . t # f o r k + l , ) : .

S o i f  k + L ) :  a n d  i + 1 = 3  t h e n

V ( : f ^ ,  n b .  b " . )  ) 5 8 + 6 .
F r K r {  K r }  L r J

6 B * t ,  r , 2  
=  -  6 8 * ,  

, 2 , r  
=  

. I -  ^ - l - t g , x , t  b k  
, r  

b L , 2
k> r  L>L  u  

"

= ' g , r , , ,  o f  
, r b 2 , 2  

*  e g , 2 , r b 2 , 1  b f  
, 2  

* o d  ' 5 3 + 5

= ' 8 , r , ,  ( 3 2 5 2 4 2 0  x  7 2  -  3 2 2 5 1 5  ^  t 2 )  * o a  7 5 8 + 5

=  2929845  *  

"  

ug ,1 ,2  *od  ' 58+5
( R r (

u ( t g , r , r )  =  5 8  +  2  s t l  0 B * t ,  
L , 2  7  0  m o d  7 - ' ' '  a n d

, r / A  ' i _ 5 8 + 4 =  5 ( B + f ) _ 1 .t \ - Q r . ' r  
1  ) t

v ' ' t L l L

Lemma (3 .2 .4 )  f o l - I c ;ws  by  i nduc t i on  on  B

The  fo t l ow ing  r cs . r l t  r , s4s  known  to  i , l a t son  l - 16 ] .



d q

L e n m a  ( 3 . 2 . 5 ) .  F o r  B 2 t ,

and

D r n a f

p ( t r 2 * - r )  =  * 2 8 - 1 , 1  =  5 B - l  *  7 8  m o d  7 8 . + 1

p( t r re )  = ,  Xre  . ,  =  58  *  7B+t  mad 7B+2
4 t s t ,  L

n ] ? .
p ( I t )  = '  * l _  

, I  
=  i  =  5 "  x  J '  mod ,  l ' .

Now suppose

p ( l 2 * - 1 )  =  * 2 f i - : - , r _  =  , B - '  x  7 8  m o d  , 3 + r .

F r o m  ( 1 . 1 . 1 7 )  w e  h a v e

X ^ o  .  =  I  x ^ ^  a .
t D t L  

i i r  
2 6 - I , l  r . I

S o i f  B = 1  t h e n

* 2 , r  =  7  u r , r * 1 2  u 2 , r

=  g 2 x 7 2 + Z 5 Z x 7 3

- - 2  - 3= :  ) m o c t l .

I f  B  )  f  t hen  f rom T ,omma ( t  5 .3 )  we  have

u ( * z g - r , i )  2 B + r u i - r > ' z  3 + z  f c r  i > 2

I t  fo l lows that

P ( ) , ^ " 1  = X ^ ^ -  r x ^ ^ . .  a . . m o d 7 B + 2
z D  l D t !  t l - L r - L  - L r l .

=  82  x  J  x^n  . ,  .  mod  7B+2
z P - L ,  !

_ _B . .  _B+r  ^  _g+2= 3 ^ t m o ( 1 l .

Now suppose

B  R+ i  R+2
P ( ) . ^ ^ 1  =  X ^ ^  -  =  5  x  7 ' " ' m o c i  7 ' '

z l t  2 6 r !

F r o m  L e m m a  ( 1 . 5 . 3 )  w c  h a v e

u , * r * . , i |  > ( B + I ) . t f l  ) g + :  r o r  i 2 z



Therefore f rom (  1 .  l .  . .17)  i t  f  o l lorys;  Lhat

X ^ n . .  ,  =  I  * ^ ^  b ,
z p + r ,  r  

i l r  z 3  t L  f ,  I

Q t )
J  x ^ .  '  l ' .  .  m o d  7 ' '  

'
z D r L  l . r I

R + )
=  I 9 0  X ^ ^  .  m o d  7 "  

-
l Q r I

_ -g . .  _3+1 -  -B+z
- : ) ^ t m O O / .

Lemma (  3 .2 .5)  fo l_ l r :ws by i r rduct ion on B .

W e  a r e  i n  a  p o s i t i r : n  t o  p r o v e  ( 3 . 1  . 4 )  .

Theo rem (3 .2 .6 )_ .  Fo r  eve ry  c .  >  L  t he re  ex i s t s  an  i . n teg ra l

constant .  [o ,  not  <] iv is ib le by 7 such that  for  a l1 n 2 O

1L  )  ' j \  -  r v *?  rY  r  \  - - - , ,  - 2o+1\ J . 2 . t t  p ( 7 - " - n  * . I , r " * r )  =  ( , ^  x  7  p ( 7 * n  +  ) . ^ )  m o d  7 - * ' -  r

where I^  is  thr :  rer . inrnr-a l  r . roc iu lo 7A of  24,  and th is  is  bestCX

possib le in  the sense t ] - rat  the congruence does not  hold fc i :  a  h igher

power  o f  7 .

Proof .  Suppose o is  odd wi th o,  = 28 -  I ,  say.  From Lemma

( 3 . 2 . 4 )  w e  h a v e

v ( 6 ^  . )  >  s B  -  I
F r f r l

F a  a

-  - r P - r( 3 ' 2 ' 8 )  x 2 g + . r  
, : L  

x 2 B - r ,  j  
=  x : l B - r  

, i  
* 2 g + r ,  '  m o d  7

F r o m  l , e n u n a  ( 3 . 2 . 5 )  i i :  f o ] l o w s  t h a L  u ( * r B _ r - ,  
r _ )  

=  g  a n d  , ( " r 3 n r , r ) = 3  +  1 .

There fore  there  i . :  : r . r in l -naor  lZ l .g_ t  w i th  (L r '_ r , r )  -  I  such  tha t

X l r l r r  " ,  X r , ? - t  r  ? r i - ?- i J t L r L  -  ^  L t -  L r L  a  - - !  -
r  <  /  v r  -  v  f r n d  i\ J ' u " '  

- B + r  
-  * 2 3 i -  

- 3
t t

. _ B
X ^ ^ , = U m O O /

z l 7 -  L ,  )
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so  pu t t ing  i  =  1  in  (3 .2 .8 )  and d iv id ing  bo l -h  s ides  by  78  we

o b t a i n

*za+r,, Ilo t= ' 2Yl *r*-r, j *ou f|-t

=t ' 'rB-, " 'ryl *zg-t; j *ou -ra|-'

Hence

*2g* t , i  = t  L rB- ,  '  '  *?B- r ,  j  *ou  - ta3- '1

x ^ . . ^  =  L .  x ' 7  x  m o d  , 2 u + Ir-L+z, J cx CI,r J

From ?heorem (  1.  I  .  t6)  i t  fo l lows that

p {7o*2 . r  +  t r o *z )  =  l o  x  7  p l zon  +  t r o )  *od  72o+ f  ,

f o r  a l l  n 2 O

we w i l l  now  sho ' i v  t haL  (3 .2 .7J  i s  bes t  poss ib le  when  o ,  i s  odd .

Suppose

p(z2B*ln n i r ' . *a)  = u*r ._,  x 7 p o2B-Ln * l rg_r_) *od 748 ,

f o r a l l  n ) O

Then  f rom Theo rem (1 . f  . 1€ , ) .  we  have

I  p t r2 .+ ln  *  , , ru* r ,n t  =  
" rg*r , ,  

*T *  *28*1 , ,  n4{  .
n > o  

L P ' r  
E ( q )  

t u " : '  
n ( q ) o

=  x 2 g + 1 , r  +  ( * z g * t  
, 2  

*  4  x z g + l , l ) Q  *

"io 
n 1728-rn* t 'r*-r 'q'= "2g-.,, ff iF ] 

*z'-r,, ' i l# + "'

=  * 2 6 - r , 1  o  ( * r g - a  
, 2  

*  4 * 2 g - f  
, 1 )  

. Q  +

and



' l l f  a r 6 t A 1 6

and

and

Therefor :e

xzB+I 
, ,  

= nig-r  t "  7 *zg-t ,1 moci  748

" z g * 1 , 2 o  
4  * 2 g + 1 , r  =  L * z B - t *  7  ( * r g - r , 2 *  4  * z 3 - t , 1 ) * o . l  ? 4 ' 3

xzB+r 
,2 

= L*rg-r * 7 *zg-t,2 moc' 743 r

x 2 B + 1 , 1  
-  n * .  

* 2 8 - 1 , 1  
- 3 0 - l

Q . t 1  
-  ^ r , ? - r  

R  
r r t u u  t

* z $ + l  
, 2  -  n *  

* 2 3 - : t  
, l  - 3 3 - ]

a  .  
-  N ^ ^  t  a

7 p r - . r  
t o - L  

7 t 1

- t ! , |2; : - r r  -  *23-t ,2 *zBl t , t  
-^, r  ?33- l

, 8+ t  73  

-  

79  , 3+ r  
l r i vu  '  r

c Q

xz8+ t  
, 2  "28 -L , r  

=  x23 -L ,2  x2 |+ i , r  mod  7 "

^  - _ ) p
o ^ , ^ = u m o d l .

D r L r z

B u t  f r o m  L e m m a  ( 3 . 2 . 4 )  w e  h a v e  V ( 6 a  r  ) )  
=  5 8  -  1 ,  a  c o n t r a d i c t j . o n .

P ' L ' '

H e n c e  ( 3 . 2 . 7 )  i s  i : e s t  p o s s  i b l e  w h e n  o ,  i s  o d q .

Now suppose o, is even with a = 28 r say. From Lemma

( 3 . 2 . 4 )  w e  h a v e

v ( e ^  . \ > s g + 2
K l a
P T L ' )

or
- n  ^

.  - f , p + z
\ 5 . Z . f U )  X ^ n . ^  .  X ^ ^  ,  =  X ^ ^  .  X ^ . , . ^  m O O  /  .

z p - t t t t  t l t t )  t D t L  z b + z r )

F r o m  L e m m a  ( 3 . 2 . 5 )  i t  f o l l - - - ^  ! L ^ !  " / "  , , . , )  =  B  +  2  a n d_ u r ! >  L r r d L  u r n 2 6 . . r ,

V ( x . n  , )  =  $  +  1 -  T ' h e r e f o r c  t h e r e  i s  a n  i n t e g c r  L . n  w i t - h
z p  r L  z p

(9"  ̂"  ,  1)  -  I  such Lh.at
zp

x 2 B + 2 , 1  
-  ^  

* 2 f i , r  
.  - 3 l i - ]

t < t t l t - v h n d t\ r ' ! ' r r /  
- B + :  

- ' 2 3  
- b + l

t t

x ^  o m c d T B - 1
2 f t , f



5 3 .

q ^  n r r t f i n f t  i  -  
]  i n  ( j  2  l n )  : , n ;  r r - i r z i ; i n n  h r r l - ] r  q i r . l o q  l - r r z  

" 8 + l
r  -  r  \ J . a . r \ / /  c r t l u  U A V a u a t r l j  j J L - - - -  _ _ _ - *  . - J

we obtai-n

xzl+2,, 
f* 

= '7;,1'-t- *rs, j *ou 148+L

= tra * ,4.!  *, , .  .  mod ' t |e+L
z D  

T D * t  
t l 1  t  )

Her rce  X^^  .  ̂  = -  L^n  x  7  x^  "  r r i c4  , 43+1
z L + z t J  t P  

_  

Z f i t )

o r  x 0 + 2 ' j  =  [ o  t  7  * o , j  * o u  ' 2 a + L

F r o m  T h e o r e m  ( l . l . 1 6 )  i t  f o l l o w s  t h a L

w e  w i r ]  n o w  s h c w  t h a t  ( 3 . 2 . 7 )  i s  b e s t  p o s s i b l e  v ; h e n  o ,  i s  e v e n .

Suppose

p02'B+2n *  t r26*z)  = nr '  x  7  p Q2B, ' ,  *  t rz*)  *oo z4Br2 ,

f o r  a l t  n  )  O  .  T ' hen  f rom Theo rem ( l - . 1 .16 )  we  have

I  p t  7 2 8 * 2 n  *  \ r g * z ) q n  = = * 2 8 +  r , r i g !  +  * 2 8  ^  E ( q 7 ) B  -
n ) O  

' 2 9 + 2 '  -  " 2 8 + r ,  t  
u  ( q )  ,  ' z f  + 2 , ,  =  

o  ( O )  n

Therefore

=  
" 2 8 , f  

*  ( * r g , 2  +  5  * 2 g , 1 ) Q  *

__ ^ * A3+2
* 2 g * 2 , r  : :  L r g ' '  

" r B ,  1  
m o c i  7 -  |

* z g + 2 , 2 * 5 * 2 g + 2 , L  =  n i g * l ( x z ' , 2 * 5  * r B , r )  * o a  2 4 8 ' + 2



C . A

and , i re* ,  - t  !  L ' . re  *  J  * .o  
"  

mod ,48 ' t '? '  I-  - P  L l ) r z

"28+2,r  -  , *  iZs, t  -^o ,38
,B+z 

- -zB 
,B+r

and ltzs:lt = g* 
*z?,,2 

*^,0 ,38
, 3 + z  

- . ' - 2 8  
, g + r

rherefore "z:g!34 1Pt -*r3,2 *29+2,2 
*oa 733 ,

7g+2 ;$r- 
= 

/+r.

x z . g + 2  
" 2 8 , 1  

=  x z 3  
, 2  

x 2 $ + 2 , r  * o d  7 5 B l - 3

c = o m n A " 5 3 + 3
e n  r

D t r t Z

B u t  f r o m  L e m m a  ( 3 . 2 . 4 )  w e  h a v e  V ( S .  .  ^ )  =  5 $  +  2 ,  a  c o n t r a d _ i - c t i o n .
D r L t Z

Hence  (3 -2 -1 )  i s  bes t .  poss ib re  when  cx  i s  even .  Th i s  con rp reues

+ h a  n v . . ^ €  ^ 4  m L ^e r r u  1 , r . v u r  v r  r r r e o l C r T r  (  3 . 2 . 6 )  .



we Provide sone deLa i l s  o f

q q

t i re calcul ;r t ions for3 .3 - r_  In  th is  sec t ion

(  3 .  I . 2 )  a n d  (  3 .  r . 3 )  .

T h e o r e m  ( 3 . 3 . 1 ) - .

( 3 . 3 . 2 )  p (  7 0 + 2 . ,  +

holds with 9._ = q 0
!  " t  - 2

9, ,  = 24332O1BO and

P r o o f .  F r o m  ( 3 . 2 . 9 )

n h l t t  t +

( 3 . 3 : 3 )  L ^ ,  = *
u

where the *o, 
i 

ar,3

xu.+2 
, t  

and *o,1 * ' 'd

?nv+' l
* o , I  * o d  7 - * ' -  f o r

congruenc"= *od 717

( 3 . 3 . 4 )  
1  

=  ( . 7 ,  7 2 ,  0

lz  =  (2546x72 '

) )"cL+2'

f: 
= G73425r)Is07l2x72

26.4230.2x-t9 ,

I a  =  ( 1 9 2 1 1 6 ( 3 6 9 7 g L x 7 3 ,

IS  =  (4120472 '73s4ox73,

f o  =  ( 7 6 6 3 7 0 5 8 t 3 5 x t 4 ,

) rr -t-1
moo /

1 " .  =  3 7 4 9 9 5 ,  [ -  =  1 1 9 8 ! , 3 f ] ,
f , b t

g . ^ x  j  p ( 7 0 n  +

4 3 9 ,  L 4  =

0

n ar ^  =  1 b ) ) o Y o 4 t 3 .
U .

a n d  ( 3 . 2 . 1 1 )  i t  f o l ] o w s  t h a t  ( 3 . 3 . 2 )  h o l c l s  i f  a n d

x c r + z , t  
I  [ " o , ]  l - i- '9,-  
I  I  rqr* l

7 '  ) l t '  )

d e f i n e d  i n  ( I . I . 1 7 ) .  H e n c e  w e  n e e d  o r r l y  c a l c u l a t e :
r 0 r  r 3 r f ,  *  f '
t ; J + t  

"  
)  + 1

7  '  '  o r  xa+2 , I  and

t  (  c l  (  g  .  We have obta ined the fo lJ ,owing

? n - L l
r " * , ^ I
i _ - - - i - 1 .

f

mod I

,  O ,  . . . )  t

4}g34x j4 ,  r4 r8989x75,  24g}Boox77,  23g4438x79,

-  2 5 2 5 g x 7 r r ,  g 6 3 3 x 1 r 2 , 4 4 x 7 r 5 ,  o ,  o ,  . . . ) ,

,  834L8g43353x74 ,  974544L7x76 ,  r2g3!612x78,

3 6 0 0 0 x 7 1 1  ,  2 1 5 3 x 7 1 3 ,  3 9 x 7 1 5 ,  5 x 7 1 6 ,  0 , 0 ,  . . . )  ,

980636700 2x75 ,  158238914 7x76 ,  38618596x78,

5 g g 6 5 0 x 7 1 0 ,  g 4 2 } x 7 r 2  ,  r 8 z 5 x j l . 3  ,  o , 0 ,  . .  . )  ,

5319341 7rgx75 ,  2 : *262g4ogx77,  355r650x79,

3 3 4 5 6 9 x 7 1 0 ,  2 6 ' 7 6 x j } 2 ,  2 0 2 x 7 r 4 ,  6 x 7 1 ( ' , 0 , 0 ,  . ,  " )

rg72Ba2rggx76, 2o2g086r4x77, 98'o2r2x19

4 8 1 4 r - x 7 1 1  ,  2 5 4 x 1 r 3 ,  2 7 o x 7 r 4 ,  0 ,  o  ,  . . . )  ,
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l l  =  (7028338€1580"7n ,  Lg244j .96:*7u ,  7152266*.78,  nr r r rn* . r r }

1 0 2 6 6 r . x 7 f 1 ,  6 7 5 x 7 1 3 ,  = J * J u r ,  o , o ,  . . ' . r ,

Ie  = (73813869rr '7r r75,  nzo)gt9o*77 ,  r894426x78,  23r64sx.La,  2g7x7r2,

.  3 r * 7 r 4 , 4 8 * 7 1 5 ,  o ,  o ,  . . . ) ,

I g  =  ( I o ( )69244g1 : -x75 ,  3908955TxJJ  ,  350OloBx79 ,  , ronn* r11  ,  3 ;Lox1 l2 ,

3 1 6 * 7 1 4 , 3 * 7 L 6 ,  o ,  o ,  . . . ) ,

ando"' 
f ,-o = (1213638485>' '76, 13481638x78, 549"772Gx19 , qgzrt* ' lrr ,  729'x-7r3 ,

3 6 x 7 1 5 , 2 x 7 r 6 ,  o ,  o ,  . . . ) ,

F r o m  ( 3 . 3 . 3 )  a r r d  ( 3 . 3 . 4 )  w e  o b t a i n  [ ] _  =  5 ,  g , ,  =  4 7 ,  g , ,  =  4 3 9 ,

9 "n  =  5241 ,  L5  =  3 ' t 4gg5 ,  .Q ,U  =  1198538 ,  L l  =  2SZZ2018O and  .Q . ,  =  1655  696425 .

A11  these  ca rcu la t i ons  we r  done  on  the  Cybe r  r7 r  compu te r  a t  u .N .s . r . I  .

i n  abou t  4  seconds  execu t i on  t ime ,  and  these  have  been  checked .  A rso ,

f rom ou r  pa r t i t i on  t ab1e  we  have  been  ab le  t o  ve r i f y  (3 .3 .2 )  f o r

d  =  I ,  2  and  sma l l  va l -ues  o f  n .


