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HATER TV

CONGRUZICES FOR »_, (my

4.1 INTRODUCTION

. . a
Suppose 6& is the reciprocal modulo 5 of 24. In
Chapter 1 we stated the Ramanujan-type identities that Hirschhorn and

Hunt had found for the generating functions T p(s™h + 6u)qn.
n=0

In this chapter we generalise their methods to the functions p

where p ., (n) is defined by

w n, =k
L e o = (1 -gh™",
n20 r=1

so that p_l(n) = p(n). We obtain Ramanujan~type identities for the

generating functions

(n+(5a—6a)k)/5a
p_ (n) q

O30~

n=o k
aa
mod 5

and by finding a lower bound on the power of 5 that divides the
coefficients in these identities we are able to prove the result, stated
below, due to Atkin [ 2] for the case p = 5. We give a detailed
discussion of Atkin's proof. Unfortunately we have changed Atkin's
notation in order to be consistent with the notation of Hirschhorn and
Hunt, and earlier chapters.

Theorem (4.1.1).

Let k>0 and o) be one of the primes 2, 3, 5, 7 or 13.

Then if 24m = k mod pa we have
+ £
(4.1.2) P (m =0 mod po/? ,
where € = (k) = 0(log k) and B = B{(k,p) depending on P and

the residue of x modulo 24 according to the following table:
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Atkin has proved this Theorem in detail for the case p=2>5
but has only sketcheg briefly the basic formulae required for the other
primes. The proof of the following is completely analogous to that

of Theorem (1.1.6) which is the main result of Hirschhorn and Hunt's

paper.
Theorem (4.1.3). For o = 1,
5 6i-k
B X
2 X o, qn "-(‘q-—)*—_.*“' o odd,
o o iy %t E(q)6l
(n+(5 —da)k)/S
(4.1.4) ) P () q =
n=¢ k .
o , 5 61
1 E(g)
o ) x . q
mod 5 . o,1 —=_ ., O even,
i>1 6i+k
E(qg)
where
E(q) = T] (1-q") ,
nz=1
17 YM,ilin (M pr My grees)

and for o =1 ,

X A, o odd,

~a
(4:1.5) Tar1 T

X B, o even,

~Q .
Here A = (ai,j)i,jZl and B = (bi,j)i,jZI are defined by
(4.1.6) %,5 7 Mei,ivs © 0 Pi,5 T Teian,ie
where M= (m ) is defined as before. That is, the first

i,374,321

five rows of M are
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(s 0 0 0 0 0 \
3

2X5 5 0 0 0 0
(4.1.7) 9 3x53. 5° 0 0 0

4 22X52 4X55 57 0 0

1 4x53 8><55 58 59 0 J
and for 126, mJ 1 =0 and for 3z 2,

-1
4.1. ¥ = 25 )
( 8) mi,j 25 mi~l,j—l + 25 mi—2,j—l + 15 mi—3,j—l + 5 mi—4,j—l
M5, 5.1

It is clear that for the case k =1 Theorem (4.1.3) reduces
to Hirschhorn and Hunt's main result (Theorem (1.1.6)). Note first that
with k=1 the vectors xa and the matrices A, B and M are

~

the same as those in Hirschhorn and Hunt's paper.

Now a o
(n+(5 —6a))/5 o N+l
Z p_l(n) q = Z p(5 n+6a) q
n=4 n>0
o
mod 5%
and with k=1 (4.1.4) reduces to
. 5 .6i-1
2 -1 Elg )6i , a odd,
iz Gt E(q)
Z p(5an+6 )q“ =
n>0 o .
-1 E( 5)61
Z X - 4 AT o even ,
iz1 %ol E(q)

mudlis(li.ﬂ.
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4.2, We now turn to a discussion of Theorem (4.1.1). Let V(n)

denote the exact power of 5 dividing n . To establish (4.1.2) for

the case =25 we will find a lower bound for the following

min v(p_k(m)) = min V(p_k(n» .
m: ' n:
24m5]& nE(SOLk
mod 5 rod SU
From (4.1.4) we have
4.2, i : Z mi
( 1) min v(p_k(m)) Z min v(xa'i)
m: izl
24m=k
mod 5%

Suppose n = 6& k mod 5°  then for certain k
(n + (5% - 6 JK)/5° > 1  for all =,

sc that for small i xa i =0 . For instance, if o =1 and k
I

then Gu =46 =4; n=S8§«k

4 mod 5 and
i Q

ty

(n + (5% - <50L)k)/5°‘ > (4 + (5-4)6)/5 = 2

so that Xl 1= 0. We shall now calculate the first non-zero entry
L

of the vector Xy This depends on the smallest power of q in

the expansion of either side of the equality in (4.1.4). So we are

interested in the smallest non-negative integer n for which
- a o . 5
n = 5ak mod 5 . Suppose n = kéa - 5 m then we want to find the

largest possible m such that
k6 - 5m>=o0
a
So

o
ks, - 5% >0 and ks, - 5 (m+l) <o,

ké kd
__(1_ - 1 < m < ——&q
5 5
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or
kéa
me=l—
5
It follows that
kda
O o
(n+(5 —[sa)k)/so‘ N K8 nk- Soz]
) p_ (ng = ¥ o (5% -9 g
_ -k -k o o !
n:@ak n>0 5
mod 5%
so that (4.1.4) reduces to kS8
( i-k+H -—]  6i-k
o 5
z . q 5 E(q")
N . S i 51 o,1 E(q)6l
(4.2.2)  } p_ (5"neks - s =
-k o o kd
n>0 5 .
i-k+] -—] 5 61
2 % .q 5 E(g) o
\ : : ’
131 o,1 E(q)6l+k
which implies
kGa
x ., =0 for i<k -[—=]
o,1 04
5
k&
and if i=%k - [__9;] then X ., is the first non-zero entry of
o o, i
5
the vector X
~
If we now define
xS
(4.2.3) d =k-[—21-1 for a>1,
o o
5
then
.2.4 =0 £ i <1,
(4.2.4) Xu,i+da or i

and the following Theorem is equivalent to Theorem (4.1.3).
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Theorem (4.2.5). For a >:l,
4 6(i+d%)~k
( i-1 E(q")
) Xa,i+d 6(i+d ) ' @ odd,
izl o .
K5 E(q)
o
(4.2.6) z p_k(S n+k6a—5a[—z%] qn = 9
n20 5 6(i+da)
Z X =1 E(q) o even
. o, i+d . 6(i+d )+k ' !
izl a
E(q)

where the xa are defined by (4.1.5) - (4.1.8)and the d are defined in
[0

(4.2.3).

Now (4.2.1) becomes

. > s
(4.2.7) min v[p_k(m)) < min (V(Xa,i+d )}.
m: i21 o]
24m=k
mod 5a

Before we can calculate a lower bound for the right-hand side of
(4.2.7) we need some Lemmata. The following is Lemma (4.1) of
Hirschhorn and Hunt's paper.

Lemma (4.2.8).

Vim, .} 2[5%(55-i-1)] ,
i,3

where the m, 3 are defined by (4.1.7) and (4.1.8).
7

As an immediate consequence we have the following Lemma .
Lemma (4.2.9)

Vi(a, ) Z[%55-1i-1)], b, ) Z[%(55-k-i-1)]
1,3 1,]

Proof.

By (4.1.6) and Lemma (4.2.8),

<
o1
n

> P - s = 1 f ,
i, \)(m6i,i+j) [%(5(i+3) - 61 - 1] = [4(5§-i-1)]

<
I’
!

= (

> i+3) - (6i4k) - = [%(5§-k-i-1)] .
i3 M, i45) [3(5(i+3) - (6i+k) - 1] = [%(5j-k-i-1)]

The following is Lemma (2.11) of Hirschhorn and Hunt's paper.



Lemma (4.2.10). 6& . the reciprocal modulo 5% of
61 = 4
and for o 231,
J axs*4s
a
Sary =1

l 3xs5% 45
o

Lemma (4.2.11).

For o =1,
(9
[ ?— ] 7 Q Oddl
Gl T {
da+k
L—?r—] , O even,
where the du are defined by (4.2.3).
Proof.
kS - -ké§ -1
(4.2.12) a, =k - { g ] -1 =k + [
: & 5
Now suppose o is odd. From Lemma (4.2.10)
- 041 - u
5 - 6 -
a _ ( a+l)k ! l‘(
o+l 5a+l I
r
(5% )k - 1 1 a
- l_( o I -
_§ | 0 1 LS
Now suppose o is even. From Lemma (4.2.10)
oo+l - ol
. ] (57776, )k 1A-‘1 BB :
o+l co+1 |5
L. J »
;5% )k -1 i
= = & + k) =
c -- =
5&
- b

64,

24,

o} odd,

a even .

_ 50',
we have
+
O gxs®s 8k - 1
o
50(,
we have
(5935 5 )k - 1
a
5@

satisfies

)

1
) ]
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We will now investigate  V(x )

) for the first few values of o
OL,1+dOL

From Lemma (4.2.8) we have

. R . _ N
5(1+dl) k 1 51 + Sdl k 1

3 - 1 = ]
1,i+d, k,i+d. 2 ! [ 2 !

, then from (4.2.12) we have

a. = [.(_iél)k;i] S Sl R - B

1 5 5 5 !
Skl -k = 5r - (5r+s) = - s

and
51 - s - 1

\Y = = [

(xl,i+dl) \)(mk,i+d1) > | >

so that this lower bound depends only on i and the residue of k

modulo 5. Putting i =1 we obtain
V(x ) 2 max {O [4 - }
1,1+d ! 2
1
The right-hand side of this inequality is equal to 1, when k=1 or
2 mod 5, and O, when k = 3, 4, or 5 mod 5. So if we define
1 if 2z 1 or 2 mod 5,
(4.2.13) 8(e) =
0 if £ 23, 4 or 5 mod 5,
then we have
2. 8(kx) ,
(4 14) v(xl,l+d ) (k)
1l
or
k-1 k+4
(4.2.15) v(m } Z6(k) , since 1+4d, =1+ [~—=[2T
k |B_+£] 1 > 5
2 J
Later we will investigate when we have equality in (4.2.15). Suppose

k = s mod 5 and 0 <{sg <5 then if s = 1 or 2 we have
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~ 151 - s - 50 - s - 3 51 - 5
v == | D= _— — P 2 Yk P
(X1,1+d1) [ 5 ] =1+ 5 ] 2ok + [ 5
and if s =3, 4 or 5 we have
51 - 5 -1 5i 6
AVES 4 = —] =
(xl,i+d) ( 3 ] 6(x) + [ 3 ]
1
Hence
(4.2.16) v (x ) 2 8(k) + max {0, [22 29 }
1,i+d ! 2
1
Now from (4.1.5) and (4.2.4) we have
%) 54a. = L X114 % 5ea. = b *1,i+d, Yi+a.,q+a

13T, S B A iz] TerTEy iHdy ety
so

v(x . } Z min { v(x . } (a. . )}

2,j+d2 i>1 l,l%dl 1+d1,j-+d2
51 -
Z min(0(x)+ max{ o,[22=9}
. 2
izl
+ max{0, [ 4(59-1 + 5d, - a, - 1]}

The minimum is attained at i=1 (since increasing i by 1

increases the second term by at least 2, and decreases the last term

by at most 1), so that

\ > . L (5 - -
VxS, d2) 6(k) + max{o, [4(55 + 5d, - d, - 2]}

Suppose d; =5r + s where 0<<s<4 then from Lemma (4.2.11)

it follows that

9
5d2 - dl = 5[?;] - dl = Sr - (5r+s) = - g
and
v(x ) 2 8(k) + max{o, [%(55 - s - 2)]}

2,3+ d2

so that this lower bound depends only on i and the residue of dl

modulo 5. Putting i=1 we obtain

]
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The right-hand side of this inequality is equal to 1, when s =0 or
and 0, when s =2, 3, or 4 so that

VS o ~
V(x2’l+d2) 2 §(k) + U(dl+l)

Suppose dl =s mod 5 and 0 < s<4 then if s =0, or 1 we have

v ( ) 2 6(k) + [%(5i-s-2)] 2 8(k) + 1 +[%(5i-5-4)]

X, .
+
2,1 d2
1

Z 6(k) + O(dl+l) + [4(5i-5)]

and if s =2, 3, or 4 we have

\)(lei"'dZ) = 8(k) + [%(5i—-s—2)] = B(k) + e(dl+l) + [%(5i—6)]
Henée
(4.2.17) S ) e ,
\)(x2,i+d ) (k) + 6(d1+1) + max{0,[ 4(5i-6)] }

1

If we now define Ao as follows

Al = B(k) and for o =21,
A+ 8(d +1) , o} odd,
, o o
(4.2.18) A =
o+l
- A+ 0(4 +k+1), o even,
o a

then we have just verified the first two cases of Lemma (4.2.20),
stated below. Before we can prove this for general o we need one

mcere Lemma.

Lemma (4.2.19) . For a =1, da satisfies the following inequalities
2 G(da+l) - 4, o odd,
54 - d =
o+l o
2 e(du+k+l) + k-4, o even

where 8 is defined by (4.2.13) and the da are defined by (4.2.3).
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Proof.

Suppose O  is odd and dd =5r +s where 0 <5< 4 then
from Lemma (4.2.11) we have
5d -d -~ 20(4 +1) = 5{5r+S] - (5r+s) - 20(Sr+s+l)
o+l a a 5 ¢ .
= - s- 26(s+l)
J - s -2, if s =0 or 1
l - s, if s =2, 3, or 4
2 - 4, as required.

Now suppose o is even and da + k =5r + ¢ where

(a8}
N
0
N
o

then from Lemma (4.2.11) we have

S5r+s
- + - = 5l—— ] - i - 20(5r+s+1
5d,.1 ~ (@K 26(da+k+l) 5 3 ] (5r+s) 6 (5r+s+1)
= -~ 5 - 20(s+1)
Z - 4 ’ as required.
Lemma (4.2.20). For o, i==1,
5i-6
: = =2
(4.2.21) V(K q ) T At max{0, s
[0
where the Aa are defined by (4.2.18).
Proof. From (4.2.16) we have that (4.2.21) is true for o =1

We now proceed by induction on o . Suppose o is odd, and

5i-6
\ Z A+ maxi{o
Ve, ) = A {o, [=511
We have
Fo+1, j+d - ¥o,i 24,944 = z Fa,i+d_ %i+d, j+d
I izp At +I7% 41 i1 ! o o' %41
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so from Lemma (4.2.19) it follows that

V(x y )2 min {v{x . +Vla, }
atl,ieg, 0T T { \a,l+%) (a1+da,j+%+l)
> nin {Aa +max{o,[5—i2"—64} +[%(5(j+dtx+l)— (i+q,)-1)]}

i1

= min {Au + max {O:[EE:E]} + [%(5j—i+5du+l—q1—l)]}

2] 2

ES ). 1 ) -— -
B, +1%(55 + 5dy,; = &, - 2]

\/
W

A, +[%(55 + 20(4,+1) - 6)]

Aa + G(da+l) + [§i:ﬁ

2

= A + [ 53-6 ]

8] ———
+1 5
Further,
V[x ) 2 min {{A + V(a )} min{a_+ [Si-6}
o+ ! ; .
l’l+da+1 Q 1+da,l + da+1 ix9 a 2
L(4-1 -
+ 54 1+5d,, -] 3}
or
(4.2.22) v(x ) Zminfl a_ + vm 1}, min{a +{ 21286
a : o . B
+1’l+da+1 6(da+lL da+da+l+2 i>2 o 2

By Lemma (4.2.11),

6(d +1) + 4 56 +d + 10
[ —2 ] = 2 ] o= ag +
5 o > *

So from (4.2.15) it follows that the first term in (4.2.22) is greater

than or equal to A + 8(6(d +1)) =2 + g(d_+1).
4 o o ¢} a

The minimum of the latter term is attained when i=2 so from

Lemma (4.2.19) we have
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V) = s 1 ‘ -
(Xa+l,l+d ) /'mln{Aa +8(a ), A+ 24 [4(2 + 54,01 dd)]}
o+l
Z min{a + 6(a +1 + 0(a +1) +
1n{ o ( o )l AO(, (da l) l}
= Aa + e(da+l) = Au+l
Hence,
V(x . } > + max{0 [-j:é‘]}
a+l,3+d . o+l ! 2
o+l
Now suppose o is even, and
5i-6
v >
(Xa,i+d } /—Aa + max{O, [ 5 ] }
o
We have
*o+1, 3+d = *a,i Pi,4+a = ] Xo,i+d Pita ,j+a .
! o+l izl ! " ol izl ! o o' %1

so from Lemma (4.2.19) it follows that

v(xa+l,j+da } > min {v(

+1 21 X“’i+da) ' v(bi+da'j+d )

o+l

. 5i-6
Z mi 1 ]
2 min {Aa + max{O, [ 1} o+ [% 5(j+du+

)= (i+d )~-k-1)]}
i>1 2 ¢

1

5i-6

-
4

= min {Aa + max{OJ

1} + [%(55 - i + 54
izl ¢

-d -k-1)11
419 kD]

1 2 - -— -—
A+ [L(55 + 5d,. d, - k 2)]

1

\Y

1 5 -
a, +u(55 + 26(d +k+1) - 6)]

- A 23-6
= A, + 8(da+k+1) + { 3 ]

_ 53-6
- Aa+1 + 2 J

Further,

5i—6]

)}, min {a_ + [ 5

) = min{{Aa + V(b
+1 i»2

v(xu+1,l+d
a+1

l+da,l+da

+Ina-i+5a -a -0l

1
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or

B

4.,2.23 v 2 i
( ‘) (xa+l,l+d ) /‘mln{{ Aa * v(m6(l+da)+k,da+da +2

o+l +1
5i-6 , , i
min  {a o+ [ + (54 - 44 5d ,1-d, - )11}
i=2
By Lemma (4.2.11),
6(1+d ) + k + 4 5d 0+ d, + k d tk
]: e = e = +
[ £ 1= 2 4] : ] 2+dd+[5 dy ¥ 9y t 2

so from (4.2.15) it follows that the first term in (4.2.23) is greater
than or equal to Aa + 8(6(l+dd)+ k) = Aa + e(da+k+l). The minimum
of the latter term is attained when i=2 so from Lemma (4.2.19)

we have

] > min{AOL + e(da+k+1) ;OB t 24 []/2(2+5d0c+

_ _ 1
. a, - kl}

v(x
otl,l4d , 1

>:min{Aa t O 4k+l), A+ 8(a + k+l) + 1]

= Au + e(da +k +1) = Aa+l

Hence,

+ max{O, [EJLEQ}

§ 2

v(xu+l,j+da+l) Z “a+l

This completes the proof of Lemma (4.2.20).
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4.3, By (4.2.7) and Lemma (4.2.20) we have
(o4 AOL
(4.3.1) If 24m =k mod 5 then p_k(m) Z 0 mod 5 7.
We are interested when this is best possible. Under certain conditions

we will show that

and since

) >a  for i=2,

) 1[;\
S o

o, i4d
o

this implies that (4.3.1) is best possible. To do this we will
calculate the exact power of 5 that divides the first non-zero
element of each row in the matrix M. It can be shown that the first

non-zero element in the i-th row is m ita

i’[_ETJ

The fellowing Lemma is an improvement on (4.2.15).

Lemma (4.3.2). If 3§ = [3%3] then
v(m, j) > 6(i) if 1211 or 17 mod 25,
!’
v(m. .) = B5(i) otherwise.
i,j
Proof.
For i1, define M. =m .
i . ri+4
ll[_s——

We will now show that,

4 3 2
(4.3.3) M5n-4 = 5% (125n + 50n ~ 305n + 178n - 24),
5 3
(4.3.4) MSn—B = g- (25n” - 19n + 6) ,
1 2
(4.3.5) M5n—2 = 3 (25n" - 5n -2),
(4.3.6) MSn—l = 5n -1
and
(4.3.7) M = 1

5n
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From (4.1.8) it can be easily shown that

(4.3.8) M5n+4 = 25MSn + 25M5n-—l + 15M5n_2 + 5M5n—3 + MSn—4 ,
(4.3.9) M5n+3 = 25MSn. + 15M5n~l + SMSn—Z + MSn—3 '
(4.3.10) M5n+2 = 15M5n + 5M5n—l + MSn—2 ’

(4.3.11)  m, = SMg ot Mo L,

(4.3.12) M5n+5 = MSn

It is easily verified tha. (4.3.3) - (4.3.7) hold for n=1,

We now proceed by induction on n. Suppouse (4.3.3) - (4.3.7)
for n. Then from (4.3.8) - (4.3.12) we have

M5n+5 - MSn =5

M5n+4 = 5MSn + MSn—l = 5+ 5n-1=5(n+tl) -1,

Msnez T LSMg kSN o+ Mg o

= 15 + 5(5n-1) + %(25n2 - 5n - 2)

= %-(251’12 + 45n + 18)

% (25(n+1)% = 5(n+1) - 2) |

Mopeo = 25Mg +1SMg o+ 5M. L+ M5n-3

= 25 + 15(5n-1) +

m{w.

(25n2 - 5n-2) + %'(125n3 - 95n + 30)

N

(125n.3 + 375n" + 280n + 60)

(25 (n+1)> - 19(n+1) + 6),

ol o

= 2 +5 + M
Mo+l ZoMg, b 2SMg g HASMg o FSMo kM

3
= 25 4+ 25(5n-1) + %?—(25n2—5n—2) + %—(l25n - 95n + 30)

+-§Z (625n4 + 250n3 - 1525n2 + 890n - 120)
1 2
= 52—(625n4 + 2750n3 + 2975n" + 1090n + 120)
5

52-(125(n+l)4 + 50(n+l)3 - 305(n+l)2 + 178(n+1) - 24).

hold
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Hence (4.3.3) - (4.3.7) are true for all n.

. 1+4
Now suppose j = [METJ . If i=3,4 or 5 med 5 then

from (4.3.5), (4.3.6) and (4.3.7) we have

<
=
Il

6(i) = o.

From (4.3.3) we have

MSn—4 = 5(2n-1) mod 25,
or
\)(‘mi j) > 08(1) =1 if i Z 11 mod 25
and vim, .) = 6(i) = 1 if 1 Z1mod5 and i Z 11 mod 25.

From (4.3.4) we have

M5n~3 Z 5(n+l) mod 25,
or
\)(mi'j) >0(1) =1 if i 217 mod 25
and V(mi,j) = 0(i) =1 if i2mod 5 and i Z 17 mod 25.
Lemma (4.3.135. If
(4.3.14) none of k, 6da +_6 (o odd), 6da + k + 6 (0 even) are

congruent to 11 or 17 mod 25

then for a =1,

V( ) = A

Xa,l+d o'
¢
Proof. In Lemma (4.2.20) we showed that

>
V(Xu,l+da) = B,

The proof of Lemma (4.3.13) follows analogously except if condition (4.3.14)

is satisfied we have equality instead of inequality at all stages of the

argument. We will now suppose that this condition is satisfied.
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The case o =1 follows immediately from Lemma (4.3.2) since

V{x ) = v{m )
1,144 : k+44”
e 'k,[—~—]5
Suppose o is odd, and the statement is true for o . Then by

Lemma (4.3.2) the first term on the right-hand side of (4.2.22) is equal to

A + 6(6d +6 = A + =
- ( . ) o G(da+1) Aa+l

We also have

> - S
V(Xa.i+da 3ia 1ed ) ZA, +8(d+) +1=n . +1 for i>2,

o, o+1 at+l
but
v(x a. } =a
1+ ] ’
o, da L+du’l+da+l o+1

so that

v(xa+l,l+d ) - Bot1

o+1

Now suppose o is even, and the statement is true for o. Then by Lemma

(4.3.2) the first term on the right-hand side of (4.2.23) is equal to

+ 6 + + Kk = - .
a, +68(6(14a) +x) a, +0(a +k+1) =a We also have
> ’ LS
V(Xa,i+d bi+d 1+a ) /'Aa + e(da+k+1) + 1 for i 2,
o! o o+1
but
V(Xa,l+d Plia_,1+a ) - Byrr v
o o o+1
so that
v(xa+1,1+d ) = Ayl
a+1

" Lemma (4.3.13) follows by induction on a .
From the remarks at the beginning of this section and the Lemma
above we have the following Theorem.

Theorem (4.3.15). If o,k >0 and 24m = k mod 5%  then

A(X
0 mod 5 ’

i

P_k(m)

where the Aa are defined by (4.2.18). Further, this congruence
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is best possible if none of kK, 6da + 6 (0 odd), 6du +k+6 (0 even)

are congruent to 11 or 17 mod 25, where the da are defined by
(4.2.3).
4.4. We are now in a position to prove Theorem (4.1.1) for ©p = 5,

If 24 m = k mod 5a' then frbm the previous Theorem we already have

A
p_k(m) 20 moas ¢

In this section we will show that

(4.4.1) A = B g
@ 2

where B = B(k) depends only on the residue of k modulo 24 and

€ = €(k) = 0{(log k).

If o is odd then Ga = gz (19 x 5a + 1) so that (4.2.12) becomes
(5% - 6 )k - 1 a+l
(4.4.2) a = [ o :l - [.}.&(i__)_:}i - _l,—l
¢ 5% 24 x 5% 5% 4
or
(4.4.3) a = | Sk w2057 Tsk -] ca
e a 24 24 B Y
. k + 24 _ - _ 1n(k+24)
provided ——;a—— <1 or o /log5 (k + 24) 1n S
If o} is even then 6a = gz (23 X% 5a + 1) so that (4.2.12) becomes
o -
~ - - Q.
4.4.4) a = 0 R - kG -1 1
(4.4. o = 5 3 3
g 5 24 X5 5
or
[k - (k+24) /5% kK - 1 |
= - = =|=>|=1L sa
(4.4.5) 4 - 24 :l [ 24 ] 5_' ’ Yo
provided >ﬁl21£iaél

In 5
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Before proceeding we note some errors in section 2.5 of Atkin's

paper. Atkin's kn and Qn are related to da by

kn = d2n and »Qn = d2n—l

so from (4.4.3) and (4.4.5) Atkin's equations should read

K - |5k - (k+24) /577717 s -1 )
? 24 B 24 = K,
provided 2n - 1>210024)
In 5
and
) = k - (k+24)/52n- _ x - ™ _ K .
" 24 24 - 5- - 12
In(k+24
provided 2n >=__B( )
In 5
We now define

Since increasing k by 24 increases K+ 1 by 5 and
L+k+1 by 25, the values of H(K + 1) and B(L + k + 1)
remain the same, so that B depends only on the residue of X
modulo 24; examination of cases gives the list for p=25 in

Theorem (4.1.1).
In our notation Atkin deduces that

A 2B

o + 0(log k),

R

but it is as easy to show that

N|R

+ 0(leg k),

which is (4.4.1). Let ao be the smallest integer that satisfies

a > In(k + 24)

0 In5
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Let,
( uo + 1
5 ’ ao odd,
s T
ao + 2
L 5 ' uo eveP .

In either case from {4.4.3) and (4.4.5) it follows that

= To= 1 =
d2r—l K and d2r L, provided r /‘ro .

Now from (4.2.18) it is easy to see that for B=r

0
B-1
Aoy = B+ ) B(d, L+ 1)« 8(d, +k + 1)
r=1
*0-1 B-1
=80 + ] 0(a, +1)+ 0(a, +k+1)+ ] 8(K+1)+6(L+k-1)
r=1 r=r
0
ro—l
= BB - xy) + 68k + ] 0(a, ,+1) + 0(d, +k+1)
r=1
so that,
< - - < -
0 s A2B—l B(B ro) 2rO 1,
oxr
‘ < -
(4.4.6) IAZB—l BR | 2r; ~ 1 + Bxg
Since A28 = AZB—l + e(d28—l + 1) , we also have
- <
(4.4.7) !AZB BB | 2r, + Bry -

Combining (4.4.6) and (4.4.7) we have

= B ——] + £
A, B[Z] '

~

where

let) | S B +2)r. < 4B (K)+2) (0 +2)< 5{ max  B(k)+2} ((2n(k+24) A n5] +3) ,
0 0 1<k<24 ‘

which implies (4.4.1). This completes the proof of Theorem (4.1.1)

for p =5,
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4.5, We now return to further discussion on the best possible nature
of Theorem 4.1.1). Let d = d(k, o) be the largest power of 5
which divides p“k(m) for all m with 24dm = 1 mod 5& . From

Thecrem (4.3.15) we aave

IR

+ 0(log k),

and if

(4.5.1) none of k, 6da + 6 (0 odd), 6da +k + 6 (o even)
are congruent to 11 or 17 mel 25,

d = Aa =B + 0(log k).

IR

Atkin has found that for each residue class modulo 24 there exists a k

satisfying (4.5.1). If we define
6d + 6 , & odd,
a
4.5.2 =
( ) ey
6da+k+6, o  even,

then we require k, ey Z11 and 17 mod 25 for o= 1.

The smallest such k in each residue class mod 24 are

k=12, 3, 4,53, 6, 7, 8 9, 10, 59, 12, 13, 14, 15, 1le, 41,

18, 19, 20, 21, 22, 23, 24.

We have the following table:



80.

(4.5.3)

6

I MODOIONONMNHOONMNAHOONMN A0 OLI LMD L LM A AO NN MO NN o e
w
I NIDONAONAOCONMNHCONM ADOMMIOMINLSIMMAMO dd ONN A O N N
<
I NOLFTOANANNNAOCOO AN AOO AN AOONMANMOONMNNN—AO A O i
(o]
< ™
I HNMNAANNAOO A NHOOANAHOOANNANNNNMANNMAO Ao MO e
o
I HHANANAAAA A0 00 HHO00O0MHOOOANNMHAANNMHMHMAMA O OO Mmoo O o
—
1 COEHAH000HA00O0O-AHO0O0OO0OHAO0OO0OO~HA0O0O0OH—A00O0dHdOOO Hm®dO O i
)
it WANNNNNOOOODLIIITNMNWOWO A A AN NNOOM ST T TOO OO
] HorA A A A A H NN NN N o A A = o H NN NN N —
<
- il SONAITNUVUDE DN ANNFOANMLINANTNONDONO AN O AN M OO~ D O
n 3 e I B I p R R e Bt B B PR PN o o o o H NN NN oY
o~
[ap]
o} It WHNNANNDDOORXFILILLLTONNODNAAAATNNNRN NSO OO SSTTTOOO O
0 3 HoA A A A A o NN AN N A A o o o H - NN NN =~
B
0 SOOIV DN dNNLTOANMINOMITINOEDDO AN T O AN MO~ O O
JCRe oA e A A A A H - QNN NN Hod - = - - NN NN N
—
i VOANANNNNDDDODLILLLTODDOON A A A AN NN NOO®MOMS ST OO
] o A - NN N NN o A = o A o - NN N NN —
0 ’ :
[ O A A NNNANOMOOOIILILILIOININ0 OOOOSNSESMODODD NN O
<
I COCOOO0O0OO0O0O0O0V0O0OOOOO OO R ededrdrd ed e e 4 A 4 A o i o
™
RN O A A NN T IFIINWONNI0OOOONSSNMODODD NP G o
o~
I OCO0O0CO0CO0OOVDOOOOOOOVCOOOO O oA 4 o o e e I T I IS QU p—
—
u COAAAHHANANNNNMNINIONF LTI LODD OO OO0 OMNSI~NDO® DD
TOOEDOPOANNIVOUEDNOA NN INONDVNOANMFINONDRNO N M N O I~
4 A A AAAAATA AT ANNNAANNANNTONOOOOMOMON S DD DD o o

cont'd...
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(4.5.3) cont'd...

k d e {mod 25) A
Q o a

0=l 0=2 0=3 =4 0=5| q=1 g=2 0=3 =4 a=5| a=1 a=2 0=3 a=4 0=5 =6
48 9 1 9 1 9 10 10 10 10 10 0 0 0 0 0 0
49 9 1 10 2 10 10 11 16 17 16 0 0 1 2 3 4
50 9 1 10 2 10 10 12 16 18 16 0. 0 1 2 2 3
511 10 2 10 2 10 le 19 16 19 16 1 2 2 3 3 4
52 10 2 10 2 10 16 20 16 20 16 1 2 2 3 3 4
53] 10 2 11 2 11 16 21 22 21 22 0 1 2 3 4 5
541 10 2 11 2 11 16 22 22 22 22 0 1 2 3 4 5
55 10 2 11 2 11 16 23 22 23 22 0 1 1 2 2 3
561 11 2 11 2 11 22 24 22 24 22 1 2 2 3 3 4
571 11 2 11 2 11 22 0 22 0 22 1 2 . 3 3 4
581 11 2 12 2 12 22 1 3 1 3 0 1 2 2 3 3
591 11 2 12 2 12 22 2 3 2 3 0 1 2 2 3 3
60| 11 2 12 2 12 22 3 3 3 3 o] 1 1 1 1 1
6l 12 2 12 2 12 3 4 3 4 3 1 1 1 1 1 1
621 12 2 12 2 12 3 5 3 5 3 1 1 1 1 1 1
631 12 2 13 2 13 3 6 9 5 9 0 0 1 1 2 2
64| 12 2 13 2 13 3 7 9 7 9 0 0 1 1 2 2
651 12 2 13 2 13 3 8 9 8 9 0 0] 0 0 0 0
66 ] 13 2 13 2 13 9 9 9 9 9 1 1 1 1 1 1
67 ] 13 2 13 2 13 9 10 9 19 9 1 1 1 1 1 1
68| 13 2 14 2 14 9 11 15 11 15 0 0 1 1 2 2
691 13 2 14 2 14 9 12 15 12 15 0 0 1 1 2 2
701 13 2 14 2 14 9 13 15 13 15 0 0 0 0 0 0
71 ] 14 2 14 2 14 15 14 15 14 15 1 1 1 1 1 1
721 14 2 14 2 14 15 15 15 15 15 1 1 1 1 1 1
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log(k+24) < log 96
log 5 log 5

Now for k <72

So from (4.4.3) and (4.4.5) we have for o =3

5k-1
["EZ*J r Q odd ,
(4.5.4) d =
04
[ o
54 ' even ,

and for condition (4.5.1) to hold we need only check v, (mod 25) for
1<og<4, This gives us the required values for k

When

k =12, 13, 14, 17, 18, 19, 22, 23, 24 mod 24 we have B = 0 and (4.4.1)

is
Aa = 0(log k)
This tells us very little about the power of 5 dividing p_k(m)
when 24m = k mod SQ . We would rather find a lower bound for the
Aa . The smallest k in each residue class mod 24 that satisfy
(4.5.1) and ;Aq = 0 for all a , are
k =

13, 14, 65, 19, 70, 23, 24.

These are the values of k marked by an asterisk in Atkin's paper.

The last line of page 74 of Atkin's paper should read (in cur

notation).

(4.5.5) for k = 12 mod 24, B, 21  for sufficiently large o

although B=0,

(see Lemma (4.5.8) below).. Note that we don't necessarily have Aa =1
always. For instance if k = 60 then Al = 0(k) = 0. We will now
verify (4.5.5) for the first five cases of k. For ease of calculation

we define
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d + 1, a odd,
o
(4.5.6) £ =
a
d +k+1, o  even,.
a
Note that ea = fa mod 5. From (4.2.18) it is clear that
(4.5.7) A = 80 + ] 8(fy) = 8k + | 8(eg)
B<a B<a
Hence (4.5.5) is equivalent to
for = 12 mod 24 , fB Z 1lor 2 mod 5 for some R , or 6(k) =1
Now suppose k = 24w + 12 for some W where 0Sw<4
We have the following table
£ mod 5
8 ( )
0] 3 3 3 3 3
1 3 3 3 3 3
2 2 3 3 3 3
3 2 3 3 3 3
4 2 3 3 3 3
For w = 0,1 A, =8 =1 for . a =1
For 1 <w <4 £, 52 mod 5  and Aa>6(fl)=l for a =2
Lemma (4.5.8).
If k =12 mod 24  then A, 21 for sufficiently large o ,
where the Aa are defined by (4.2.18).
Proof. If k =12 we already have A, = 1 for a=1.
Now suppose k =12 mod 24 and k > 12, then there exists some

positive integer r with k = 24r + 12



84.

a . *
where r = w5 + v for some integers o, w, v

that satisfy a =0

*
We have already shown the statement is true for a4 =20 SO we may

* *
assume o =1. Suppose o is odd.

From (4.4.2) we have

" -
[k(Su “-1)/24—1'
d* = " N
a 5
*
} [(r+%)(5a oy . 1‘]
*
5% J
*
o +1
- a2 or o]
5
* *
I T e T 7 I
= mod 5,
CL*
5
* *
since 5% T1_1- (2441)5% “1.;
* . *
(03 -
or —————5 +l—l = 12 SOL _l+éx———-—1_l
2 B : 2 '
* * *l
o o -1 o -
. [:(2-—w)5 + 2.5 + (5 -1)/2-v—1‘l oa s
a*
5 -
*
(o3
“1)/2 - v - 1
= (2 - w) +]E(5 l)/a* v J mod 5
5
*
SOL 1 OL* o
Now, if v<———2'—— -1 then 0 (5 -1)/2-v-1<s5
* * *
and if o
-~ - (o3 -
! ‘v>§-7—l- -1  then 5% <% iny2 - v-1<o
so that mod 5 we have %
6
2, if w=1 and v< (5 -1)/2 -1,
*
£,=d. . +1 ={ 1, if w=1 and v> (3% -1)/2 -1,
a* a*

*
1, if w=2 and v<(5%*-1)/2 -1



Hence from (4.5.7) we have

for w=2 and v < (SOL -1)/2 -1 or w=1

For the other wvalues of w and v we consider

From (4.4.4) we have

*

b ox - k(™ *L 1y 00 21
- o+l oK
5 -—

dOL*+l

* *
o+l
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du*+1

0¥ +1

[5a 1 are12) 4 (r+%) (5
5

* *

:;-—l:}

o+l a4l -
_ N [}2.5 + (5 - 1)/2 -~ r - ].J

SOFHL
* * 1
_ 12.5% L 5%l gy Ly
= 2 + Fil
5
%* * *
_ [}2-w)5“ v 2,50 T s gy s Ly i} mod 5
= 2 + x
S0+ N
* *
o a -
= 2 + [(2—w)5 * (5 1 /2 Y l] mod 5.
a*
57 +1
*
5%
Now, if w = 2 and v > 5 - or w = 3,4 then
* * *
52 M < s 4 (5 1) /2 - v-1 <o,
so that
= = 5
L fOL*+l dDL*+l + k + 1 2‘ mod
and
*
Aoc =1 for oo + 2

*
Hence the statement is true for o odd.
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*

Now suppose o is even. From (4.4.2) we have
*
o +2
a N k(5 - 1)/24 - 1
* = %
o +1 Sa +1

*

l}r + ) (5% t2l gy 1‘]

]

*
i SO +1

i

. 4
o +2
. [us. - 1)/2 - ¢ - 1]

AR
* *

_ 12.5%° + % “1/2 - r - 1 [ -
= Oi*+l mo

5 -—

* *
_ (2-w)5% + 5% - 1)/2 - v -1
= 2 + ¥ mod 5 .

NS

*

-1

Now, if w o= 2 and v >’5 - -1 or w = 3,4 then

2
* * *
g e RN

so that
f & +1 = 4 4 + 1 = 2 mod 5

and

i For the other values of w and v we consider da*

From (4.4.4) we have

*

. (¢}
d*+k=[k(5—ll/24—l:| + k
; [0 a
f 5
* *
o Ts% 2ar+12) ¢+ (x s - -
5% .
* *
o o -
) N [}2.5 + (5 &*1)/2 -r -1
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* *
_ T 2.5% 4+ (5% -1y 2 - -1
= oF mod 5
L 5 -
* *
_ 2 -w.5Y Y o1y - o ,
= o mod 5
- 5 -
B *
a
= (2—w)+[(5_l)/21v_l] mod 5 .
a
L 5
As before we find that mod 5 we have
*
2, if w=1 and v<(5*_1)/2 -1,
[e3
£ = + = i =1 > -1 -
ok dd* k + 1 1, if w l and v (5 . 1)y/2 1,
1, if w o=

2 and v< (% -1y/2 -1

Hence from (4.5.7) we have

for w =2 and v<(5a—l)/_2—l or w=1

This completes the proof of Lemma (4.5.8).

4.6. We now determine some exact results for 1 <k < 24,

A
o
If 24m = k mod 5%  then p_ (M =0 mod 5

This best possible unless k=5, 11, 17.

log(k + 24) < log 48 <

Now log 5 S Tog 5

So from (4.4.3) and (4.4.5) we have for a =3

[Skzi 1] ' 6 odd,
[kn; l:l - o even.
V4

(4.6.1) d =




In fact from {4.5.3) we observe that (4.6.1) holds for

Hence for o = 2 (4.5.7) is

A =
o}
A =
o
or
3.6.2 =
( ) A, =

r

o= 2.

B(k) + B(e)) + N Bleg)
25R<q,
0=2 .
B(k) + e(el) + - (6(e2) + e(e3)) '
a-1 0-3
B(k) + e(el) +'-7§" e(ez) + - 8(63),
B(k)y + 9(el) ’ if 6(82) = 9(93) =
1 0(,_—2_ : —
6(x) + B + [ 3 1, if Be) =0,
a-1 . _
B(k) + 6, +[—2—] r 3F 8 =1,
| 6(k) + e@l)-+a -2, if 6@2)==6@
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a even,

o odd,

3)

Hence from (4.5.3) we have the following best possible congruances

when 24m = k mod 5a
For
_ o
k=1, 6 p_k(m) = 0 mod 5 ,
k=2,7 p_k(m) = 0 mod S[OL/Z]+l ,
! - 2
k=3,4,89 p_(m = 0 mds ¥,
[0 mod 5° o
k =10 p_k(m) = [a+l]
0 mod 5 2 ’ o
[
2
k = 16, 21 p_k(m) = 0 mod 5 ;
1
k =12, 22 p_k(m) = 0 mod 5 ,
0
k =13, 14, 18, 19, 23, 24 p_k(m) =0 mod 5 ,
=
k =15, 20 P, (m = 0 mod 5
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Now for k=25 we find Aa =0 -1 and

1

(4.6.3) Pem 20 mod 5%  yhen 24m = 5 mog 5%
but from {(4.5.3) we have

e = 6d +k+6 = 11 for o' even

a : o

so that (4.6.3) is not best possible.

The following result is stated in Atkin's paper without proof.

If  24m 2 5 mod 5%  then P_o(m =0 mod 5 [(30-3) /2]

and this is best possible.

This follows from the Lemma stated below.

Lemma (4.6.4) . For k=5 and a =1

30-3
VIX) 14a ) =51
o]
and
30-3 5i-6 .
> £ Z 2
v(xu,i+d ) = 2 ] + 1 2 ] or 1=
03
Proof. For k =5 we find that dl =0 and for o =2,
o, o} even,
4d =
o
‘ 1, o odd

- = = l=o,
v(x1,l+d ) v(x ) v{m ) v{1)

1

V( )

X, .
l,1+dl

so that the statement is true for a =1
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We have
2,3+d’ 2,9 = b 1,1 %
I 2 3] iZ] ’ I
so
Vix., . ) 2 min {vix. ) + v(a, )}
2,]4‘(12 i>1 1,i '
= min  { max{o, [52;6]} + 455 - i~ 1)) }
izl
59-2 59-4
> 212 = 2172
> | 5 ] 1+ | 3 ] .
Now al,l = m6,2 =63 X 5 SO
v(x2,1+d2) =V A ) s Vix ) Fv@a o= 1
since
5i-6 4-3
= =7 —] =3 = 2
V(xl’i al,l) /'max{O, [ > ]} + 3 ] = for i=
Hence the statement is true for a = 2
We now proceed by induction on o . Suppose a 9’2, o is even and
30-3
v(xa,1+d ) [ 2 ] !
0
30-3 5i-6 .
> £ = 2
v(xa,i+d ) [ 5 ] [ 5 ] or i#
¢4
We have
*oa+l, j+a atl, 541 ) o,i i, 9+l
’ a+l ’ izl I 14
so
> .
vix . min {V(x_ .) + v(b, . )
( a+l,3+da+g = is1 { o,i i,3+1 !
30— 5i~ . . -
Z  min 1[3%TQJ + max{O, [ 2 ]} + [%(5(]+l)—k-1—lﬂ }
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. 30~ i-
= min {[‘u 3] + max {O, [51 6]} + 15059 - i - l)]}
. 2 2
1]
> [3a—3 + 53-2 - 30-3 1 53-6
1+ 5 ] 2 + [ > ]+ 5 ]
_ 3a-1 53-6
[T I 4 2]
3(a+l)y - 3 5j-6 L .
= [———*~3 I+ ‘ET“] ’ since o is even.
Now b =m = 77 X 52
1,2 M™Ma1,3 7 SO
v(xa+l,l+d ) = (xu,l bl,2) = (xa,l) * vlhl,z)
o+l
_ 30-3 3(a+1) - 3
= [}2 F +2 = | 5 ]
since
: 30-3 5i-6; 4-3
= e
V(Xa,i bi,2) = > ] + max{O, { 3 I +1 3 ]
Z 3+ 3%;3] = 1 4] 3(u+1; =3 , for i>=2,
Now suppose @23, o is odd and
‘ 30-3
v(xa,l+d ) [ 2 I
Q
- 30-3 5i-6 .
= = 2
W) P B RS e i
¢4
We have
xa+1 j+d = a1,y 2 xa i%,5°7 z *a i+l ai+l j
. Ij u+l IJ izl 14 I] izl 14 1

so v(x : } > nin vix. ...}
d+l,j+da+l i1 o, i+l
> min {[3u—3] + max{o, [
izl
>[382) 2022 -

* v(ai+l,j)}

Si;6]} +[ (53 - (i+1) - l)]}
[22] + (22
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30— 59-
= [—«—l] + max{0, [ J 6]}
2 2
3(o+1) - 3 53-6, 4 . .
= [—j—-—; ]+ max{o, [*%;—]j + since o is odd.
Now a2,l = ml2,3 = 104 X 5 o)
(xa+l,l+d ) = “(Xa,z a2,1) = v(xa,z) V(az,l)
o+1
-30~-3 3o+l - 3
= 1+ > I =1 > I,
since
. 30— 5i-6 4-1
> 216 St
V(xu,i+l ai+l,l} =1 > 1 + max{O, [ 5 ]} [ 5 ]
> 5. [3%;3] - L. [3(a+1; - 3 for 132

This completes the proof of Lemma (4.6.4).

Similarly for k = 11 we can obtain for a =1

14

o+l
Vg, 10q ) = 2 [
o
and
a+l 5i~-6
arl i >
(Xa,i+d _/-2[ 5 I+ 5 I for i 2,
so that
- 2] (a+1) /2
if  24m = 11 mod 5% then p_ll(m) =0 mod 5 [ )/2]

and this is best possible.

For k =17 we easily find that
. - o - 2
if 24m = 17 mod 5 then p_l7(m) = 0 mod 5

and this is best possible.



