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4 .I rNrRopug:llgl!

Suppos;e 6o is  the rec iprocal  modulo 50 of  24.  In

Chapter  l -  wc:  s tater l  the Ramanujan- type ident i -u ies that  Hi rschhorrr  and

Hun t  had  found  fo r  t he  gene ra t i ng  f unc t i bns  I  p (S ,xn  +  6 , , ) q t .
n>0

rn th is  cha;r ter  we general ise thei r  methods to the funct ions p ,  (n)  ,

whe re  p  , _ (n )  i r ;  c l e f i ned  by- -J<

t ' n n - 1 -
)  n  ( n l  . t  -  l l  ( l  -  n " )r !  r . _ L \ r r l  Y  -  

I l  \ a  -  
9  '  ,

n : :0  n  )1

so  tha t  P  ,  ( n )  =  p (n )  .  we  ob ta in  Ramanu jan - t ype  i den l i t i es  f c r  . t - he- - r

c n n o r : l _ i  n n  f " - ^ +  '
y s r r s r q L f , r r V  L u l l u L l o n S

( n + ( s 0 - 6  ) n  / 5 d
r r d

r !  P  , . t n )  q
n=o0K

mod 50

and by finding a l-owe:r bound on the power of 5 that divides the

coe f f i c i en t s  i n  t hese  i den t i t i es  we  a re  ab re  t o  D rove  t . he  res r r l ; ,  s ta ted

be low ,  due  to  A tk in  t ' 21  f o r  t he  case  p  -  5 .  We  g i ve  a  de ta i l ed

d i scuss ion  o f  A t k i r r ' s  p roo f .  un fo r tunaLe l y  we  have  changed  A tk in ' s

notat ion in  ,3af lsr  to  be consistent  wi th the notat ion of  I i i rschhorn and

Hun t ,  and  ea r l i e r  cha l> te rs .

T h e o r e m  ( 4 . 1 . 1 )  .

L e t  k  >  0  a n d  p  b e  o n e  o f  i : h e  p r i m e s  2 ,  3 ,  5 ,  7  o r  1 3 .

Then if 24rn f k n,od p0 we have

(4  . 1 .  . 2 )  p  , -  (m)  =  o  mod  pBd /2  
+  e  

t- - K

where  e  =  c ( k )  =  O( l . og  k )  and  R  =  E (k , I ; )  depend ing  on  l l  and

the res idue of  k  :nodulo 24 accor :Crng to the fof j .ov; j .nq i :able:
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Atk in has pr :oved th is  T l - reorem in deLai l  for  the case

but  has only sketched br ief ly  the basic  fonnulae requrred for

pr imes '  The pro. f  o f  the fo110wing is  completery analogous

o f  Theo rem ( r . l - . 6 )  r vh i ch  i s  t he  ma in  resu l t  o f  H r r sch t ro rn  and

pape r .

T h e o r e r n  ( 4 . 1 . 3 ) . For  q,  )  1 ,

r h

i x q
o A i t

l \ 1  
e t J

L = L

n - R
t ' - J

f h , :  a { - l - . ^ -e r | v  v  u r l c l

] - n  { - } .  -  +
L V  U t q  L

L I r r ' ^ +  I  -f T U J T L  5

q  o d d ,

a  h ] - r
F  1 - - \  " -  "

h f

are def ined by

t ^  I '
\ c r . L . z r J  L

h  - f r

" mod

where

( n + ( s c - 6 o ) k )  / 5 d
P - O  ( n )  q

f,

\  h l

i  E  ( o " )  " -
d
Y -.]-]_- 

t
h t  + K

x  ( q )

I *
o d l

i > l  
v '  L 0  e v e n ,

E(<r) = TT
n ) l

x 1  =  ( r \  . ) . - -
! J -  t i . ,  I  t > I

( l - q t )  |

( \ , r ' * k , 2 t " '  )

and for o . . > L ,

( 4  . l .  s )
a A A

s  =  ( b . '  
. ) .  i > lL  t  J  L  t  J _  L

1-
" i r j  ' " 6 i + k r i + i

fo+r

A ,( x
I -cx: : 1
L x

-0,

He re  A  -

( 4 . 1 . 6 )

where M

five rows

/ : r  )' * i ,  j ' i ,  j > 1 .

= ( i * i , j ) i , 1 - ,

of  M are

and

t i ,  j  
=  * 6 i ,  

i * i  ,

i s  de f i ned  as  be fo re .  Tha t  i s ,  t he  f i r s t



( 4 . r . 7 )

5

2x5

9

zt

_l

and for

( 4  . 1  . 8 )

i  > A

l r J

f t  i s  c l e a r

to Hirschhorn and

w i t i  k = 1 .  t h e

the same as those

Now

I  p , ( n )
h - n

av

mod 5*

a n d w i t h  k = 1

and for J  2  2 ,m . - = 0
1 - r  1

0

U

q

0

U

0

0

t  h 1 -  I

E ( q  )
h l

l ,  ( qJ

5  h l

"  \ y  /
h 1 +  |

r "  / ^ l  " - ' -

6 0 .

odd ,

U

tr

J  ^ : )

a

z  z ^ a

4 x 5  -

n

f,

4  x 5 -

5
8 x 5  

-

0

U

U

f

x

2 5 m .  1  j ,  + 2 5 m -  . j .  + l _ 5 m .  + 5 mr -  1 ,  l - - L  r - z  t J - !  
' i - 3 ,  

j - l  "  " ' : L _ 4  ,  j _ I

.l- m

1 - \  a -  |+  J r  - J  1

t ha t  f o r  t he  case  k  =  1  Theo rem (4 .1 .3 )  reduces

l : l unL ' s  ma in  resu l . L  (Theo ren  (  1  . l  . 6 )  )  .  No te  f  i r s t  t ha t

vectors x  and the matr ices A,  B and M are-cx

: Ln  H i r schho rn  and  Hun t ' s  pape r .

(  n+  a  qO-A t  ' ,  , .0
v  

N I  
I  /  J

Y
n n n + I=  )  p  ( 5 - n + 6 ^ )  q - -  -

n>O

( :  4 . f  . 4 )  r e d u c e s  c o

r ^

/  P ( 5  n + 0  ) c r
A '  r

n20

r  l - l

)  x  q - *

i l r  o( ,  1

r  1 - l
) x o

L d i j

i > l  
e '  4

which is ( 1 . r . 7 )  .
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4 . 2 .  W e  n o w  t u r n  t o  a  d i s c u s s i o n  o f  T h e o r e m  ( 4 . 1 . f )  .  L e t  V ( n )

deno te  t he  exac t  power  o f  5  d i v i d i ng  n  .  To  es tab r i sh  (4 . )  . 2 )  f o r

the case F = 5 we wi l l_  f ind.  a lower bound for  the fo l lorv ing

m l n  v ( t ' , _ ( m ) )  =  m i n  V ( p . ( n ) )
m :  

- - K  
n ,  

' ' - k '

z 4 m = K  n = O  k
f r d

nloo 5 . _Grioo 5

From (4  .1  .4 )  we ha . "ze

( 4 . 2 . I )  m i n  v ( p _ ( m )  )  ) m i n  v ( x  . )
m :  

-  - k  
i > l  

0 '  i '

24mlk
- - r y

mod 5*

Suppose n = 6 k mo, l  5o then for  cer ta in k
0,

(n  + (5cx -  rSo)k)  /sd > t  for  ar l  n  ,

so  tha t  f o r  sma l l -  i  * ^ ,  =  0  Fo r  i ns i -ance ,  i f  g  =  t  and  k  =  6
e ,  f

then 6 = 6. = 4;; n = 6 t< = 4 nod 5 and
C X I - 0 ,

( n  +  ( 5 o  -  6 ^ ) k )  y 5 d  ) -  1 4  +  ( 5 - 4 ) 6 )  / 5  =  2

so that  xa ,  = 0"  We shal l  now cal -culate the f i rs t  non-zero enfr ' ,2
I , I

o f  the vector  
Ia  This depends on the smal lest  power of  q in

the  expans ion  o f  e j - t he r  s i de  o f  Lhe  equa l i t y  i n  (4 .L .4 ) .  So  we  a re

interested in  Lhe s;ma. l lest  non-negat ive in teger  n for  which

a9
n i 6^.]< mod 50 sr:ppose n = k6^ - 5*m then we want to find thecx 0,

largest- possible m such that

k d  -  5 0 m l o

k 6 -  -  5 q m ) 0  a n d  k d  -  s 0 ( m + 1 )  ( o  ,a v d

kd k6
c t  - . 1

^ d

1 a

S o



ko
I  0 r
' - 0 '

I t  fo l lorvs that

, .  (n+ ( l r0

I  P  , - ( n ) q
nl6 t< 

-Jl

- - 0
mod 5

- J -  )  k )  / s *
u , f

- ! h

L v
n)0

. ,  .  
o 6 o .

- k6 
n+K_l 

;_j

-u[50' , . , rx6^-sni* ]Jq 
s*

J

( 4 . 2 . 2 )  I  n - o  ( s 0 n + x 6 ^ -  s o t * t j q "
r l2( l  

' -  u 
5*

so tha t  (4 . I  .4 )  re rd .uces  to

which impl ies

. O
KO

i -k+[-_.c- l  6 i - r .
n  6 *  r  / ^ - \
)  x  . g  

-  " \ Y  /  _ -  ^
i l t  

0 , r t  
E ( q ) 6 i  

'  u

ko
r C Xi -k+[  -# ]  

.  6 i
r  5 *  r  ( o - )
,  x  . o  d

i ) ' l  
0 , r '  

E ( q ) 6 i * k  

'  e

k6
:  < ' t -  f  0  tr  \ ^  -  

t - ; l

\

i s  t he  f i r sL  non -ze ro  en l r y  o f

x
0 r a

l

d  - k
al

for

and i f i - - r -r - - ^ - then

the vector

k6
y 0 ,

x_.
G r l

x-cI,

I f  we now def ine

( 4 . 2 . 3 )

then

( 4 . 2 . 4 )

I  -  f  f o r  a > L  ,
k6

1 0
t - ;

f,

x0,, 
i+do for i < r  ,

T h e o r e m  ( 4 . I . 3 ) .and the  fo l low inq i lherc rem is  equ iva len t  to



- k 6
(4 .2  .6)  I  n_u [sun+r+6^ -5o1-=Q1 nn =

n ) n  0 ,  
- - 0 -

f

T h e o r e r n  ( 4  . 2 . 5 ) I ' o r  o )  L t

where the

\ 4 . 2 . , 1  ) .

v ( n i . .  . , . )  2  [ ! ( s t i + j l  -  6 i  -  1 ) ]
h l  f  4 r

V ( n r ^ , _ r r .  i r - i )  > l l ( S t i + i 1  -  ( 6 i + k )

h <

I  t  t - ,  . . 1
t  1 ( ) l - ] - t ) j  I

r ) l  =  [ t t s j - k - i - l ) ]

are def ined b y  ( 4 . 1 . 5 )  -  ( 4 . 1 . 8 ) a n c t  r h e d
CT

are  de f i ned  i n

o  6 ( i + d . , )
n  i - ]  r . / ^ - \  

' "
-  ! \ y  , /

. Z - " o . i + a  Q  .  
- 0 6 + a  

l + r .i > l  
* r - ' * 0  

r y
E  ( q )

\  ( . ,  . \4  m l n  l v ( x ^  i _ ;  ) J
i > l

, 0  even  ,

x
,0,

Now

( 4 . 2 . 7 )

P r o o f .

'  v ( a .  . )
a r l

v ( b . , )
r t )

The following

( 4 . 2 . L )  l S e c o m e s

r  . \mrn v lp_u (m) J
m :

Z4m=R

- _ G
moct 5

Before we can calcr : rate a lower bound.  for  the r ight-hand s ide of

(4 .2 .1 )  we  need  some Lemmata .  The  fo l l ow ing  i s  Lemma (4 . f )  o f

Hirschhorn and Hun1r- , ts  paper.

L e m m a  ( 4 . 2 . 8 )  .

v ( m .  - j  > l L ( s j - i - 1 ) l  ,
L t f

w h e r e  t h e  R ;  .  a r e  d e f i n e d  b y  ( 4 . L . 7 )  a n d  ( 4 . 1 . 8 ) .
t r  - J

As an immediate col'rse,quence we have the following Lernma.

L e m m a  ( 4 . 2 . 9 )

v ( a . ,  . )  ) [ + r s j - i - t ) ] ,
r r ]

B y  ( 4 . f  . 6 )  a n d  l . e m m a  ( 4 . 2 . 8 )  ,

v ( b i ,  
l " >  

t  ! ( s j - k - i - 1 )  l

is  Le:mma (  2 .  11)  of  l { i rschhorn and Hunt 's  paper .



moCul-o5 0  o f  2 4 ,

o d d ,

o + .

^ - + . i , - t . :  ^ ^L e n u n a  ( 4 . 2 .  I 0 )  .

a n d  f o r  d 2  L ,

cx+l

t - h o  r o n  i  n r a c r ' l

t
I
I

t

A- 0 '

li. ,1

A'CI1-1

4 x 5 0 * 6 0 ,

3 x 5 0 * 6 - o ,

v g u ,

L e m m a  ( 4  . 2 .  1 1 )  . F c r r  a 2 t ,

d
I  0 i
t ; - J  ,)

, ]

I

I

t " a

I
_ l

l
. J

) k5
c)

A
()

0.

A )

5

5 -

d

f,

x 5

/1

e

L X

e

3 x

e

4

- k n  - l a  r - l \

c x l l_ _ | = | _
_ d , t l' 5

4 . 2 . I O )  w e  h a v

t '  av +]

I  .  ( )
l r -  (= 1 7

I '

; 1
t o l
t 0 l

= l - l
l - l  .
t J l
b

\ / + . t . L v )  w e  n a '

€  n + l
I  ,  ( 5
l r (= l ;

l f ,
L

a t - a
i  l d  + k  I

I  I  l n  I
| | = t--:- r' l i 5 l

t t l
) J

cx even,

b y  ( 4 . 2 . 3 )

]  = k +

rom Leruna

\  1 _  1  |

r y r t  I
I

! ' l  I

I
J

1
. l

, K  -  I  I
0 , t l

I
a t / l

I

From Lemma

q' |  L - ]  I
,  1  

,  J L  +  
I

1 l
I

J

f,

r
I

L

(

t -

ned b

'1

It -
.J

Fr

^ *
5

-Ct r) - o

=

l
t ^

_ 0 +
- cx+l
f,

)  - o
(f,

3

where the drY

( 4 . 2 . I 2 )  d  -
rl

Now suppose 0,

d
(}+I

Now suppose c[

9 , . ,  ,  .
u+-L

d +.k
t  0 - t

5 J

are def in

r k 6
, 1 0
K  -  l - -

| -cx

i s  o d d .

r ,  - 0 *1
1 , "
t-

l t  , ( t= l ; l _ -

L:
i s  e v e n .

r  . v+ l

l *
t -
t.
f"
l '  ( 5

. _  l i  (' -  t ;  t _ -r \

I
) j



we wi l l  noh '  in ' ! , /es t iga te  v (x . , ,  .  , .  )  fo r  the  f i rs t  few va lues  o f  g
u,  1 l -oct

From Lerruna ,4 . .1 . B) we have

5 ( i + d . )  -  k  -  I  5 i  +  5 d - -  k  -  1
u(*r , i+dr)  -  ' (mk, i+dr)  > ' t - - - - ! -  

2- - - l  
=  t - -_-_-r t - - - ;

S u p p o s e  k = l 5 r * s r  w h e r e  0 { s ( 5 ,  t h e n f r o m  ( 4 . 2 . 1 2 )  w e h a v e

d : . : :  t g + - ;  = , * ; t ,  = t A : ; *  = r ,

5 k I * k  =  5 r - ( 5 r + s ) =  - s

and

v(* r , i *u r )  -  v ( \ , i+ar )  >  t !# r

so that  th is ;  lower bound depends only on i  and the res ic lue of  k

modulo 5.  Put t in ,g i  = I  we obta in

Y(x1 ,  *^ )  u '  *u* {0,  t+ l  }  .
. r r r r u l  '  Z

The r ight-ha.nd s idr :  o f  th is  inequat i ty  is  equal  to  I ,  when k = I  or

2  m o d  5 ,  d r r c l  O ,  w h e n  k  =  3 ,  4 t  o r  5  m o d  5 .  S o  i f  w e  d e f i n e

( t  i r  9 . = - L

( 4 . 2 . 1 3 )  e ( ! , )  =  . i
I
I o  i f  L = 3 ,

or

4 o r

? mnzl tr,
9  l l l v u  J  ,

v  r l . v v  J ,

then we have

( 4 . 2 . 1 4 )  1 , r ( x 1  r . r _ a ) > 0 ( k ) ,

o r

( 4 . 2 . 1 5 )  u l * .  
r k + 4 r l > 0 0 . 1  ,  s i n c e  l + d r = 1 . + f + l  = f T o f

t  K , l .  - ; - - l  I' 5

L a t e r  w e  w i l l -  i n ' , r e s ; t i , q a t e  w h e n  w e  h a v e  e q u a l i t y  i n  ( 4 . 2 . L 5 )  .  S u p o o s e

k l s m o d 5  a n d  0 . 1  s ( 5  t h e n i f  s = 1 o r 2 v , ' e h a v e
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v(*l,i+d,) > Jlf----:-:11 = 1 + f 1---r-1jf > e(k) * 1i.'_:_!1
t z 2 '

and i f  s  ,= 3,  4 or  5 we have

Hence

( 4 . 2 . l - 6 ) v (x,1 
, ir .ar) 

> 0 (k) * max {o , t  l- f ;  61 
}

N o w  f r o m  ( 4 " 1 . 5 )  a n d  ( 4 . 2 . 4 )  w e  h a v e

x 2 , 3 . + d . ,  =  
r i a  

* r - , i  t i , ) * d . 2  =  
r l ,  

* l , r - * d , . i + d r , j + d 2

v ( " 2 , j * u r )  t  
T l i  

{  u ( " r , i * a r )  *  . 2 [ . 1 + d 1 , j  
* u r J  ]

) min (O tt) + *.*{ 0,f 11-;i l  }
i >1

+  * - * { 0 ,  [  ! ( 5 j - i  +  5 d ,  -  d r  -  r ) ]  ]

The min imurn is  at t ; i i -ned at  i  =  1 (s ince i -ncreasing i  by 1

increases the secorrd i :erm by at  least  2,  and decreases the las i :  t .erm

by at  most  1)  ,  so thei t

' u ( x 2  
i  . ,  )  )  o t x )  +  * u * { 0 ,  [ ] : ( 5 j  +  5 d 1  -  d ,  -  2 ) ]  ]: r - )  t  < t 2  -  

2  I  
- "

Suppose d ,  =  5 r  +  s  where  O (  s  (  a  then f rom Lenma (4 .2 .11)

i t  fol l -ows that

d r
5u,  -  d I  = 5[ t r ]  da = 5r  -  (5r+s)  = -  s

and

V ( * ,  - . ,  _  . .  )  > -  0 ( k )  +  * . * { 0 ,  I r : ( s j  *  s  _  z ) ] ]
z t J  +  r a ,

so that  th is  lower .bound depends on11,  en i  and the res id.ue of  d_

modulo 5.  I ,u t t ing i  = I  we obta in
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The r ight-har :d s ic le of  th is  inequal i ty  is  equal  to  l_ ,  when s = 0 o i . .  r ,

and  0 ,  when  s  =  i 2 ,  3 ,  o r  4  so  t ha t

u ( * 2 , 1 + d 2 1 ,  )  g t r l  +  u ( d l + t )

Suppose d,  -s  mod l i  ancr  0 (  s  (4 Lhen i f  s  = 0r  or  1 we have

u ( * r , i + d " )  ) 0 ( h )  + [ r r ( 5 i - s - 2 ) ]  ) O f r . l  +  I  + [ t ( s i - s - + ) ]

)  0 ( h )  +  0 ( d t + t )  +  [ ] i ( s i - 5 ) l  ,

and i f  s  =  2 ,  3 ,  o r  4  we have

v ( x 2 , i ; a r )  > 0 ( k )  + [ L ( 5 i - s - 2 ) ]  ) O t r l  +  0 ( d r + r )  + [ l ( s i - 6 ) ]

Hence

( 4 . 2 . r 7 )
, ( * r , i + a _ )  )  0 t t )  +  0 ( d 1 + t )  +  m a x i o , I r r ( s i - o ) ]  ]- r - , * l

I f  we now def ine A^ as fo l lows

A r = 0 ( k )  a n d f o r  2 x 2 I ,

f  
A o * 0 ( d 0 + l )  ,  0  o d . d ,

I
( 4  . 2 . I 8 )  A  -  : =  {0,+I I

it  no  *  0 (d0+k+ l )  ,  c t  even ,

then  we  have r  j r , r s t  ve r i - f i ed .  t he  f i r s t  two  cases  o f  Le rnma  (4 .2 .2o ) ,

s tated beIc,w.  Br : fore we can prove th is  for  generar  o rve need oni

more Lemma.

Iemmi l4 .2 .19)  .  l l o r  a  )  t ,  do  sa t is f ies  the  fo l low ing  inequa1 i t ies

(  2  0 ( d ^ + 1 )  -  4 ,  c x  o d d .
l c [
I

s d  - d  ; > l
o + 1 u I

I
\  2  0 ( d , + k + 1 )  + k -  4 ,  c t  e v e n

fr

w h e r e  0  i s  d e f : L n e , C  b y  ( 4 . 2 . 1 3 )  a n d  t h e  U o  a r e  d c f i n e c l  b y  ( 4 . 2 . 3 )  .
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P r o o f .

. S u p p o s e  C t  i s o d d a n d  d ^ = 5 r * s  w h e r e  O ( s ( +  t h e n

from Lemma (4 .2 . l l " )  rqe have

t u o * r - d s -  2 0 ( c 1 o + 1 )  =  s i + ]  - ( 5 r + s )  -  2 | ( 5 r + s + r )

i f  c  =  ?  ?  n v , :' L  ' t  J '

N o w s u p p o s e  o  i s e v e n a n d  d , r * k = 5 r + s  w h e r e  0 ( s < ( 4

then  f rom Le runa  (4 .2 .1 I )  we  have

5 d ^ , , ,  -  ( d - * k )  -  2 0 ( C ^ , + k + l )  -  5 [ t 1 * "  I  -  ( 5 r + s )  -  2 e ( 5 r + s + l )cx+t_  0 ,  0 ,  
- -  - '  

5  
,  \ r !

=  - .  s  -  2 0  ( s + 1 )

> /  - 4  r  d s  r e q u i r e d .

L e m m a  ( 4 . 2 . 2 1 . O ) .  p o r  0 ,  i > I

(4 -2 -2r)  'e(xo, i+a )  2 oo * * .*{o ,  t2 l ;91} ,

where  the  A-  a  re  da  f  i  nor t  h ru  (4  .2  .LB)  .- -cx

P r o o f  .  F r o m  ( 4 . . 2 . 1 6 )  w e  h a v e  t h a t  ( 4 . 2 . 2 1 )  i s  t r u e  f o r  0  =  L

We now proceed by : lnduct ion on o .  Suppose o is  od.d,  and

" l ( x  
. )  ) -  A  I  r -  '  5 i - 6 "

' l i , r l  C r  
I  max tu '  '  ,  t  t

We have

[ - ' -
_ l

I
l - q ,

2 , i f s = O o r l

xcr+ l , j ' |dcr+L = 
,1 ,  

*c , i  a i , j+do+r  = 
r l ,  

xG, , i+do a i+do, j *do*r  
,



so f rom Len$. ia (4.2. I9)  i t  fo l_ lows tJ :at

u[*o*r , : i+q i * r )  >  
I r ' i  

{ " I t , r *%) + v(u i+do,  j *q*J  ]

Further ,

t l l l  i o o  * * ' * { o , l \ 9 }  + - f . z ( s r l + a o * r l -  ( i + q l - r )  l }

= ,l,rl ifo * *.* {o,t ff } + t ,. (si-i+s O*r-6-r)J }
I ' I

: :  ,5  +  [  \ (51  +  s%+r  -  do  -  2 ) ]

> >  ; r o  + [ L ( s j  +  z o t % n r l  -  e l ]

=:  ; t r  +0 (do+ t )  - t l J f
=: rb*:_ + tI# t .

v [*o*t,t*do,*t) ]  min { {ao * v (ur+do,l 
+ du,+r) },  * i ,r{ao* t }f ]

+ [  ! (a_ i+sao* r_ao l1  ] ]

or

(4 '2 '22)  u [ "o* r , r *ao* r )  )min{ {  ao  +  u( *u ,uo* r - ) ,  
do*do* ,  *2 ) } ,  T i : i  r  ^o* i -s - : -q ]

B y  L e m m a  ( 4 . 2 . 1 I )  ,

6 (d^+1 )  + .  4  5d^  +  d -  +  10  d
[ - - - u - - - ]  =  J - - e - - - - - ! L - l  = d o * t f l  + 2 =  d q , * d * * t * 2 ,

so  f rom (4 .2 .L5)  i i :  f , c l lo r .vs  tha t  the  f i rs t  te rm in  (4 .2 .22)  i s  g rea ter

than or  equa l  to  ao  +  0(  6 (c io+1)  )  =  oo  +  0(do+1)  .

The minimum of the lettter term is attained when i = 2 so frorn

L e m m a  ( 4 . 2 . 1 9 )  w e  h a v e



u ( * o * r , r * d o * t )  )  m i n { A s  *  0 ( c 1 o + t ) ,  o o  *  z  +  [ \ ( z  *  s a o * l  -  d o ) ]  ]

7 0 .

m:-n{ iao *  v(br*do,r*uo*r) t ,  
TrT 

{ao + t I#t

)  : m i n { a o  +  O ( d d + t ) ,  A 0  *  0 ( a o + f  )  +  I }

.= .Ao + o(do+l)  = A.,+L

H e n c e ,

, , f . .  r  ' 5 - i  - 6  
"v [ *o* l , j * . io * ' J  

"  
oo* r -  +  * t * {o '  t l f -9  11

Now suppose 0 j -s  r :ven,  and

u(*o, i*aoJ = oo *  * .*{0,  ITt  i

We have

xo,+t , j+dcx+r  = 
, l r_  

*o, , i  b i , j+do+r  = 
r l ,  

xcx, i+do b i*do, j+d*+l  ,

so f rom Lernma (4.2.19)  i t  fo l lows that

u [*o*r, j*do*r) ' t  
] ' ] i  

{u (*o, 
i*ao) * v [bi+ds, j*uo*r) ]

, "  
T l l  

{oo  *  *u * {0 ,  f  T l  }  *  t }  s ( j+dcx+r ) -  ( i +do ) -k - l ) l }

= 
l l l  {oo * * .*{o,try l  }  *  t  r(s j  -  i  -  5do*r_-ao-r<-r l l  }

=  Ao  *  [ r t s j  *  
?dc r * r  

-  dcx  -  k  -  2 ) ]

>  ao  +  [ t ( r l  +  20 (d0+k+1)  
. -  

6 j ]

, = i o * o ( a o + r + r )  - f = = 9 f

'= A0*r . t=tgl

F ' r r r { - T r a r
r  g A  9 . . v ! ,
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( 4 . 2 . 2 3 )  ' r ( " ^ , r  
r , j ,  J ) m i n { {  n  + v [ *  l l.  r f . { . I  ,1+cl0+1r 

-"---  r  .  . -0 '  "  r . , ,6 (1+d0) +k, c lor.do* 
I*r ,  

t  ,

B y  L e m m a  ( 4  " 2 . L I )  ,

- 6 ( l - + d ^ )  +  k  +  4  S d  +  d -  +  k  d .  + . k
t----:f . = 2 +l 

ry -1-_-1 = 2 + d. , J-'(Y 
"1 

_ r'  
5  t -  z ' r L  -  - c !  *  t  

s  
j  =  d o  *  d a r o ]  *  2 ,

s o  f r o m  ( 4 . 2 . 1 5 )  ; t .  f o l l o v r s  t h a t  t h e  f i r s t  t e r m  i n  ( 4 . 2 . 2 3 )  i s  g r : e a t e r

than  o r  equa l  t - o  ao  +  0 (6 ( f+dcx )  +  k )  =  Ao  *  O(ao+ f+ t ) .  The  m in imum

of  t he  l aL te : r  t e rm  i s  a t t a i ned  r vhen  i  =  2  so  f r om Lemma (4 .2 .19 )

we have

u [ *o * r , t+ao* r )  2  m in {As  ] -  0 (do+k+1) ,  Acx  +  2  +  [L (2+5do ,+ ]  -  dcx  -  k ) i ]

) : m i n { a o  +  O ( d c } + k + I ) ,  a o  +  O ( d c , ,  +  k + I )  +  t }

:= .eo + O(do * k + 1) = A0+l

l lence,

u [*o*., j*dcr*r) ) 'Aa+l + *t*{o ' tT] }

Th is  comp le tes  t he  p roo f  o f  Lemma (4 .2 .2O) .



72, . .

4  . 3  .  B y  ( 4  . 2  . 7 )  a n d  L e r n m a  ( 4  . 2  . 2 O )  w e  h a v e

( 4 . 3 . 1 )  r f  2 4 m = k  m o d  5 0  
A* 

then p_k (m) = 0 mocl 5 
0 

.

we  a re  i n te res ted  v r i r en  t h i s  i s  bes t  poss ib le .  unde r  ce r ta in  cond . i t i ons

we wil-l show that.

u (**, 
r+d 

'l 
= f,

0 c r
and s ince

t ' { r ' o , i * a ^ )  ) a o  f o r  L > 2  ,

t h i s  imp l i es  t ha t  t : 4 .3 .1 )  i s  bes t  poss ib le .  To  do  th i s  we  w i l - t -

carculate the exact-  power of  5 that  d iv ic les;  the f i rs t  non-zero

element  of  each rovr  i t ' t  the matr ix  M.  I t  can be shown that  the f i rs t

non-zero e l -ement  in  t i re  i - th  ro iv  is  m :  ,  A
i , I j ;a ]

f

The fo l lowing LenrmeL is ;  an improvement  on (4.2. I5)  .

L e m m a  ( 4 . 3 . 2 ) .  r f  j  =  t + l  r h e n
5

v [ * *  , l  >  O ( i )  i f  i  =  1 ]  o r  1 1  m o d  2 5 ,'  1 r  l "

v [* .  . ' ]  = 0 (  i )  otherwise .
L t  )

Proo f .

F o r  L > I ,  d e f i n e  M .  =  m  : , A'  i , [  * r t ]

We wiLl now :;how that,

( 4 . 3 . 3 )  t 4 -  .  =  l -  f  t Z S , - r n  +  5 0 n 3  -  3 0 5 n 2  +  1 7 B n  -  2 4 ) ,-5n-4  
24

( 4 ' 3 ' 4 )  t 5 . , - 3  =  
;  

( 2 5 n 3  -  t 9 n  +  6 )  ,

( 4 . 3 .  s )  M s . , _ 2  =  
,  

( Z S n 2  -  5 n  - 2 )  ,

( 4 . 3 . 6 )  M 5 r , _ t  =  5 n  -  1

and

( 4  . 3 . 7 )  M -  =  I
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F r o m  { 4 . 1 . 8 )  i t  c a n  b e  e a s i l y  s h c w n  t h a t

(4 '3 'B)  M5 '+4  =  25M5. ,  *  2 t *5 r , - r  *  15*5r , - ,  *  5*5r , -3  *  *5 . , -4  ,

(4 '3 '9) M5n-r3 = 250'5.,  *  15t5,. , -r  *  5ro5r,-2 * *5r,-3 ,

(4 .3 .1 -0 )  M5r . , n2  =  15Mr r . ,  *  
.S rSn_ f  *  *5n_2

( 4  . 3 . 1 1 )  M s ' + I  =  5 M 5 n  *  * 5 r , _ 1  ,

( 4  . 3 . I 2 )  M _  _  =  M
5n+5  - ' 5n

I t  i s  e a s i l y  v e r i f i e < l  t l , a L  ( 4 . 3 . 3 )  -  ( 4 . 3 . 7 )  h o l d  f o r  n  =  l .

W e  n o w  p r o c e e d  b y  i n < l u c t i o n  o n  n .  S u p p o s e  ( 4 . 3 . 3 )  _  ( 4 . 3 . 1 )  h o l d

f o r  n .  T h e n  f r . o m  ( 4 . 3 . 8 )  -  ( 4 . 3 . 1 2 )  w e  h a v e

*5n*5 = *rr ,  = t ,

M 5 n + 4  =  5 M 5 n *  M 5 ; r , - 1  5 + 5 n - 1 - 5 ( n + 1 )  - 1 ,

t 5 n * 3  =  1 5 * 5 r , * 5 t 5 , . , - l *  M 5 r r - 2

=  1 5  +  5 ( 5 r r - I )  +  \ ( 2 5 n 2  _  5 n  _  2 )

I  _ 2=  
l Q S n '  + 4 5 n + 1 9 )

=  
| .  O t ( n + t ;  

2  -  5  ( n + r )  -  2 )  ,

M5n+2 = 25t5r,  *  l5t5rr-1 * 5t5r,-2 * *5r,-3

=  2 5  +  t 5 ( 5 n - r )  *  
Z  

( 2 5 n 2  -  5 n - 2 )  * ' *  , 1 2 5 n 3  -  9 5 n  +  3 0 )

= 
t tr-rt,-, 't + 375n2 + 2aon + 6o)

i  t r s  ( n + 1 ) 3  -  r e ( n + r )  +  6 ) ,

M 5 n + r -  =  2 5 t 5 r , *  1 1 5 t 1 5 r , - 1  *  l 5 * 5 . , - r * 5 t 5 r , - 3 * * 5 r , - 4

=  2s  +  25(5n- -L)  .  
f  t  25n2-5n-T  *  

?  
(125n3 -  95n +  30)

* . f i  rez: ; . ,4 + 250n3 -  1525n2 + 890n -  120)

=  
f i { u r r , n o  + 2 7 5 0 n 3  + 2 9 7 5 n 2  + 1 0 9 0 n + 1 2 0 )

=  
f i  . r u ( n r - t 1 4  +  5 c ( n + 1 )  ' -  a o r ( n + r ; 2  +  1 7 8 ( n + 1 )  -  2 4 ) .
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H e n c e  ( 4  .  3 . 3 )  -  ( , { .  3  . 7 )  a r e  t r u e  f o r  a I 1  n .

Now suppose i  = [ ]J$5 ,  I f  i = 3 , 4  o r  5 r n o d  5  t h e n

f r o m  ( 4 . 3 . 5 ) ,  ( 4 . 1 . 6 )  a n d  (  4 . 3 . 1 )  w e  h a v e

v ( m i  - t )  =  0 ( i )  =  Q .
L '  J

F r o m  ( 4 . 3 . 3 )  w e  h a v , e

t 5 r , _ 4  =  5 ( 2 n - l )  m o d  2 5 ,

or

v ( m i  . )  >  0 ( i )  -  I  i f  i  =  1 r  m o d  2 5L t J

a n d v ( m ; . )  = 0 ( i )  = ] i f i = l m o d 5 a n d i / 1 1  
m o d 2 5 .L t J

F r o m  ( 4 . 3 . 4 )  w e  h a . v e

Mi5r ,_ .3  !  5 (n+- I )  mod 25 ,

or

u ( * r ,  , )  )  o t i l  -  1  i f  i  =  1 7  m o d  2 5

a n d  u ( * i , j ) = 0 ( i ) - l  i f  i = 2 m o d 5  a n d  i Z r l m o d 2 5 .

l q r y q a  ( 4 . 3 . 1 3 ) .  r f :

( 4 . 3 . 1 4 )  n o n e  o f  k ,  6 d o  * -  6  ( o  o d d ) ,  6 d o  +  k  +  6  ( c r  e v e n )  a r e

congru,ent to 11 or 17 mod 25

then for cJ > 1

V ( : r  , . .  )  =  A
Lt, J_+q,^ cL

Proo f  .  f n  Lemmt r  (4 .2 .2O)  we  showed .  t ha t

V ( x  .  - ) 2 a(I, 'I+cto r]

f he  p roo f  o f  Lenuna  (4 .3 - f3 )  f o l l ows  ana l cgous l y  excep t  i f  cond i t i on  (4 .3 .14 )

i -s  sat is f i -ed we harre equalr ty  instead of  inequal i ty  at  a l l  s tages of  the

argument-  ive wi l l -  now suppose that  th is  condi t ion is  sat is f ied.



, J .

The  case  r )  =  I  f o t rows  immed ia te ry  f r om Lemma (4 .3 .2 )  s i nce

v ( x r , l + d l )

suppose o is rcdd, and the statement is true for o rhen by

remma (4 -3 -2 )  t h r s  f i r s t  t e rm  on  the  r i gh t -hand .  s i de  o f  ( 4 .2 .22 ) : - s  esua l  t o

A ^  +  0 ( 6 d  + . 6 )  =  A  +  0 ( d  + 1 )  =
u 0 G o ' A c + l

We also have

u [ * o , i + d ^ .  a i - r - d ^ ,  . , .  )  2  e -  +  0 ( d ^ + 1 )  *  I  =  A ^ , + r  +  I  f o r  r ; z  2 ,
cr 61, '  

t*q0+1' 0 cl 0

but

v f x  ^  \  =" \^0,, r+do t:L+d,r, 
r*do*r) 

= Aq,+l '

so that

vfx  
' ]  

A\  0 ' + l_ r :L+d . . , , , /  " 0 ,+ t
( t r f

Now suppose 0 is even, and the statement is t rue for o.  Then by Lemma

(4.3 .2)  the  f i rs t  te rm on the  r igh t -hand s ide  o f  (4 .2 .23)  i s  equar  to

A  + O ( r r ( f + d ) + h l  =  A  + O f a  + k + l l = [ : 1  .  W e a l s o h a v e0  \  0 .  t  - - 0  

. " \ * 0  

- )  
C X {

v [ * ^ , .  b  ) > e ^ + 0 ( d ^ + k + 1 ) + 1  f o r  i 2 z ,- \ - - 0 r i + a l  ' - i + d o , , f * d c r * ' ,  '  w \ u c f , r ^

but

t t f *  ] r  I  =  A'  \ ^0 ,  l+do " l+do,  l *do , * l j  
:  ^c t+ l  ,

so that

t -  
)  _v l.xo,+l-, r+d - -l 

= Acr+I
cl,+L

lemma (4 .3 . f  3 )  f o l . l ows  by  i nduc t i on  on  s  .

From the r:enLarl.:s at the beginning of this section and the Lemma

above we have the fol_lowing Theorem.

/^J

T h e q r e m  ( 4 . 3 . 1 5 ) .  t " f  o , k  )  0  a n d  2 4 m  1  k  m o d  5 *  t h e n
A.'

e_n(m)  =  0  mod  5  *  
,

w h e r e  t h e  A -  a r e  d e f i r r p d  h r r  ( 4 . 2 . r 8 ) .  F u r t h e r ,  t h i s  c o n g r u e n c e- - g
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is  bes t  pos ;s ib le  i f  none o f  k ,  6do +  6  (o  odd) ,  6do +  k  +  6  (o ,  even)

are congruent to 11 or 17 mod 25, where the do are def j .ned by

G . 2 . 3 )  .

4 .4 .  We  a re  no \ ^ /  i n  a  pos i t i on  t o  p rove  Theo rem (4 . I . 1 )  f o r  p  =  5 .

rf 24 m =' k mod 50 then from the previous Theorem we arready. have

A
p-u (m)  =  0  mod  5  

0

In th is  sect ion we wi l l  show that

( 4 . 4 . I )  A ^  =  B  0 ,  +  s  ,u t

where B = B(k) depends onry on the residue of k nodur-o 24 and.

e  =  e ( k )  =  0  ( I o g  . k )  .

r f  o  i s  o d d  t h r e n  U o  =  
#  

( 1 g  x  s o  +  t )  s o  i l r a r  ( 4 . 2 . L 2 )  b e c o m e s

f ( s o  -  6 ^ ) k  -  r r  r . . - c r + ] .  .( 4 . 4 . 2 )  d  = l -  o  |  =  l k ( s ' . * ) - l )  _  1 - l
0 '  L  s o  J  |  z 4 x s c r  s c j

or

( 4 . 4 . 3 )  d  _ [ - : ; x - t r < + z a l z s o l =  [ s x - r l  _ v
c l  L  2 4  J  L  2 4  t  > d r t

provided * *=4 <( r  or o 2 loq_ (k + 24\ = 1n(k+24)

5 0  
-  - - r 5  

] n  5

n r n r z i A a A  ^  =  1 n ( k + 2 4 )
y l vv fusu  *  -  - I ; - t -

I f

( 4

or

( 4

E0, is even

4 . 4 )  d  =
0,

4 . 5 )  d  =
rl

( 2 3

l ' i- l
- l

I

J

I
I

I

I
z q

. _ (
/ 5

=

o  ) K

^
)

A

A

( t<
)

l r ,

5

he

t \
I
I

f-
I t a
t "

L_

x  S 0  +  i )  s o  t h a t  ( 4 . 2 . I 2 J  b e c o m e s

f 0 , -
_  l k ( 5 - ' - r )  r  l

-0  1L  2 4 x  5 a

l - , -  ,  J  r - - 1=  l ? l = l ? l = 1 ,  s d Y ,
b E J
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Be fo re  p roceec r i ng  we  no te  some  e r r c r s  i n  sec t i on  2 .5  o f  A i_k i . n r s

paper '  At ]< in 's  k '  and &. ,  are re lated to do by

k =
n

( 4 . 4 . 5 )

nd

ds o  f r o m  ( 4 . 4 . 3 )  a n (

k n

prov ided 2n  -  I2

u ^ q
zn

A t k i n r s

\ K + 2 4 )  / 5

a - .
t .  -  I  t s  r
l K  -  l l  | t  I=  t - - t  =  |  : :  |  _  r
|  . A  I  t  r  

|  

-  L  tL  ' A  J  L ] ^ , ,

,  , - 2 n) / )2 4
A

+
;
z

- t v

l -n  (k+24)

l n 5

I
L

+i

5

=

1n

f

t"
n

equa

/ n -  |

n r
l = d

n  / n -  |

t ions should read

n t f " ' r

I  l 5 K  -  I l
l = l - - ) A l = K ,
t t l

l 5 K  -=
L

1 A

l .n  (k+24)
l n 5

and

provided 2n

We now define

B  =  B ( k )  =  0 ( K + t )  + 0 ( r ,  +  k  +  1 ) .

Since increasj -ng k by 24 j_ncreases K + 1 by 5 and

L + k + 1  b y  2 5 , ,  t h e v a l _ u e s o f  0 ( K + 1 )  a n d  0 ( r , + k + l )

remain the same, sro that  B depends onry on the res idue of  l<

modulo 24;  examinat ion of  cases g ives the ] is t  for  p = 5 in

T t r e o r e m  ( 4 . 1 . 1 ) ,

In  our  notat iorr  Atk in deduces thar

_  - _ *  0o o o u i  +  0 ( l o g k ) ,

but i t  is as easy to show that

A  = 8 9  +  o ( f o g k ) ," 0 ,  -  
2  

'  v \

wh ich  i s  (4  -4 .L )  .  Le t  o0  be  the  sma l - l es t  i n tege r  t ha t  sa t i s f i es

^  >  l n ( k  +  2 4 )-u  I n 5



Le t ,

so that ,

or

( 4 . 4 . 6 )

Since

( 4 . 4  . 7 )

0 0 + l

t t J .

r 2 r
U

r

s " o + 2

In  e i ther  case f rc ,m r : 4 . 4 . 3 )  a n d  ( 4 . 4 . 5 )

.i- 2 r - 1 and

AzB-r

oo even

it  fol lows that

N o w  f r o m  ( 4 . 2 . 1 8 )  i r  i s to  see that  for

A
z r L ,  p rov ided

B r t o ,

R - l
A r r  \  fu ( 1 ( )  +  I  u ( d r - _ r  + 1 )  + o ( d " _ + k + r )

y _ . 1  L L _ !  Z t

=  0 ( k )  +

B ( B  -  r o )

K

f ^ t
v - f

I
r=I

0(dr . - t * I )  +  0  (d2r+k+r )  *u l tu  (K+r  )  +0  (L+k- t )
t=to

to -1

+  0 ( k )  +  [  0 ( d z . _ t * 1 )  +  0 ( d 2 r + k + t )  ,
r=1

, ,  (  or '_,  -  B(B -  ro)  ^(  zro -  t

l o r ' _ r - B B l <

A2B == '\zB-r * o(urB-r- *

lAze -  uB l

2 r O  - -  I

1 ) r w €

+ Bro

also have

* R r" - 0

C o m l c i n i n g  ( 4 . 4 . 6 )  a n d  ( 4 . 4 . 7 )  w e  h a v e

A ^ , = B t  + l  1 e ,q 2

where

l e  t t < )  I  (  ( e ( L ) * 2 ) r o  < ( ' z ( e ( k ) + 2 )  ( c r o + z ) = ' r t r _ i i l r 4 B ( k ) + z ] ( [ . Q , n ( k + . 2 4 ) , 4 . n 5 ]  + : )

w h i c h  i m p l i e s  ( 4 . 4 . 1 ) .  T h i s  c o m n t e l r . s  r h a  n r o o f  o f  T h e o r e m  ( 4 . 1 . 1 )

f o r  p  =  5 .



(4 .5 .1 )  

f  
none  o f  k ,  6dC I  +  6  (o  odd )  ,  6dcx  +  k  +  6  ( c r  even )

1

I  a re  cong ruen t  t o  1 l  o r  17  moJ  25 ,

d = A ^ = B *  + 0 ( I o g k ) .( \ )

t v

4 '5 '  We  now r :e l i u rn  t o  f u r t he r  c l i s cuss ion  on  the  bes t  poss ib le  na tu re

o f  l l heo rem [4 .1 .1 )  .  LeL  d  =  c l ( k ,  s )  be  the  l a rges t  power  o f  5

which d iv id.es p , -  (n)  for  a l l  m wi th 24m 7 l -  mod 5o From

Thec ' rem (4 .3 .15 )  ! ! , e  ; t ave

u > ,  Z  +  o ( r o s  k )  ,

and i f

Atk in has found that  for  each res idue c lass modulo 24 there ex is t .s  a k

s a t i s f y i n g  ( 4 . 5 . 1 )  .  I f  w e  d e f i n e

r  cL  odd,

+ 6  t  d  e v e n ,

t hen  we  requ i re  k ,  eo  /  1 l  and  17  mod  25  fo r  u2  t .

Thre r ;mal lest  such k in  each res idue c lass mod 24 are

k  =  | L ,  2 ,  3 ,  4 ,  5 3 ,  e , t  7 ,  g ,  9 ,  l - 0  ,  5 9 ,  1 2 ,  1 3 ,  L 4 ,  f 5 ,  1 6 ,  4 1  ,

1 8 ,  - L g ,  2 0 ,  2 I  ,  2 2 ,  2 3 ,  2 4 .

We h.rve the fo l lowing.  table:

I  o a  + 6
l o

( 4 . 5 . 2 )  e  = ,  {c x l

|  6 d c t + k
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( 4 . 5 . 3 )  c o n t r d . . .

rv

o.=l 0,=2 0'-3 aa-4 0'=5

e  ( m o d  2 5 )
fl

0,=l 0=2 0'-3 0-4 0,-5

10 10  10  10  10
1 0  1 1  1 6  1 7  1 6
t 0  1 2  1 6  1 8  1 6
1 6  1 9  1 6  1 9  1 6
1 6  2 0  1 6  2 0  1 6
1 6  2 L  2 2  

' 2 I  
2 2

1 5  2 2  2 2  2 2  2 2
1 6  2 3  2 2  2 3  2 2
2 2  2 4  2 2  2 4  2 2
2 2 0 2 2 0 2 2
2 2  1 3 1 3
2 2 2 3 2 3
2 2 3 3 3 3

3 4 3 4 3
3 5 3 5 3
3 6 9 6 9
3 7 9 ' 7 9
3 8 9 8 9
9 9 9 9 9
9 1 0 9 1 9 9
9 1 1 l s 1 1 1 5
9 1 2 1 5 L 2 1 5
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Now fo r  t  ( zz  r9g (k124)
rog  5  log  5

S o  f r o n  ( 4 . 4 . 3 )  a n d  ( 4 . 4 . 5 )  v r e  h a v e  f o r  o  >  3

r  5k - I '
t _ lI  a A  t  I 0  o d d ,

( 4 . 5 . 4 ) d =

r?r , fl, even I

and fo r  cond i t ion  (4 .5 .1 )  to  ho ld  we need onry  checo . *  (mod 25)  fo r

f  (  o (  a .  This;  g. ives us the required values for k

When

k  =  1 2 ,  1 3 ,  l . 4 ,  r ' , 1  ,  1 8 ,  1 9 ,  2 2 ,  2 3 ,  2 4  m o d  2 4  w e  h a v e  B  =  0  a ' d  ( 4 . 4 . 1 )

is

o o  =  o ( r o g  k )

This tel ts us very l l t t le about the power of 5 dividing p_O(m)

when 24m :r k mod 5i0 we would rather find a l0vrer bound fo' the

oo '  The smal l-est k in each resid.r . ie crass nod 24 that sa.Lrsfy

( 4 . 5 . 1 )  a n d  A _  =  O  f o r  a l 1  0  ,  a r e0,

k  =  1 3 ,  l - 4 ,  6 5 ,  1 9 ,  7 O ,  2 3 ,  2 4 .

These  a re  t he  va lues  o f  k  marked  by  an  as te r i sk  i n  A tk in , s  pape r .

The  l as t  l i ne  o f  $age  74  o f  A t k in ' s  pape r  shou l_d  read  ( i n  cu r

notat ion)

(4 .5 .5 )  f o r  k  :  1 .2  mod  24  ,  A^  ) -  I  f o r  su f f i c i _en t l v  l a rqe  . y

a l t h o u g h  B = 0 ,

( see  Lemma (4 .5 .8 )  be row) . .  No te  t ha t .we  d .on , t  necessa r i l y  have  oo  )  1

a lways .  Fo r  i ns tance  i f  k  =  60  then  A ,  =  0  ( k )  -  0 .  we  w :L l i  now

v e r i f y  ( 4 ' 5 ' 5 )  f o r  t h e  f i r s t  f i v e  c a s e s  o f  k .  F o r  e a s e  o f  c a l i : u l - a t i o n

we def ine



8 3 "

( 4 . s . 6 )

Note that
a Y d

J. 
'l

v g u ,

+ k + 1 , 0  e v e n .

m o d  5 - F r o m  ( 4 . 2 . 1 8 )  i t  i s

( .
I d

t q
I

- l

f = {
0 l

I

I
t .
l o\ ^

H e n c e  ( 4 . 5 . 5 )  i s ;  e q u i v a l e n t  t o

f o r  k = 1 2 m o c l  2 4 ,  f o - I o r 2  m o d 5 for c ^ m 6  R
v t o r  e ( k )  -  1

+  |  0 ( f ^ )
B<s P

clear  that

o ( k )  +  |  0 ( e ^ )
3<s P

( 4 . s . 7 )

F o r  w  =  0 r l

F o r  1 ( w ( a

T p m m a  1 4  q  R \

r r K = l z m o d

where the A
cx

A o :  0 ( k )

R - l

3

J

2

2

2

N o w s u p p o s e  k = 2 4 w + L 2

We have the fo l lowing table

for some w h e r e  O ( w ( a

tB  (mod 5)

w

0

I

z

3

4

p - 4

3

3

n = <

J

5

?

J

Q - A

J

3

3

3

J

?

3

5

Proo f . IE  k  = ,  l l l we a1r:eady have

f o r  .  a >  I

a n d  A  > e ( t - )  =  1
^ l

. > .
4  L  f o r  su r f i c i en t l y  l a rge

I  A  A  I  A \

\ . i . z . I o /  .

=  1  f o r  C I " > L .

f o r  J . > 2

0 ,

I

5f- 1

A

by

. \ A

= "  0  ( k )

= 2  m o d

then

def ined

Now suppose k = 12 mod 24

posi t ive in teger  r  wi th

a n d  k  >  1 2 ,

k = 2 4 r + 1 2

then there ex is ts  some



8 4 .

where

that  sat is fy

- 0 *
l :  = w5 + v for  some integers 0,  ,  wr  V

* ?lt

o  2 0 ,  1 ( w ( a ,  0 ( v . i 5 0

= Q  s o w e m a y
we have a l ready shorv '  the statement  is  t rue for

assume g* )  1.  suppose 0,*  is  odd.

F r o m  ( 4 . 4 . 2 . t  w e

l
*

k / q *  
' '  

-  ' t \  / " ; t t- r / - -  -  L

have

I- t- l

l\ / )  -  r  - ' l
r-_
l (
L_

=  5 r +

,t

*
d  a ' l( r+ t ' )  (  s *  ' ' -  r ' r  -  1\ _  . l  \ J  L '

r^v *

f,

*
n  + ]

f,

)

*
A  - ' l

L Z . J

*
a v  - l

+ ( S *  - - L ) / 2  - r - I
n :k

f,

s i n c e  , o - + 1 - 1 =  ( 2 4 + r ) s 0  
- 1 - t

* *
Rc +1 ,  ^ , *  .  . f l  _1

o r  
J  - L  

=  l ?  t r u  - 1 ,  )  - t

2  
-  L z . )  n  - - t -  ,

r
I

L
( 2 - w )  5 0

* *
a r  - l

+ ) \ t

=  { 2  -  w )

*

Now, i f  
"  

q 5"--_--L - . I  then

a n d  i f  - 0 *.v > :_1.
2

so that mod 5 we have

2 ,

1

t ,

- l ) / 2  -  v  -  I 1  , _
J  

m o o 5
( 5 0r

, l '
I

mod 5

- I then

d t <

f,

o = ( ( s d - t ) / 2 - v - t ( s 0

* *
-5c  (  (so  - r ) /2  -  v  -  1  <o

I=1 i f  w = ]

i f  w = L

i f  w = 2

and v  (  (sG - : - )  /2  -  r
*

a n d  v ) ( s 0 - t ) / 2 ^ L

a n d  v ( ( s o - t ) / 2 - L

T = d + l-0*  *c l *



8 5 .

H e n c e  f r o m  ( 4 . 5 . 7 )  w e  h a v e

o o ) t  f o r  0 ,  ) o , * + 1 ,

f o r  w = z  a n d  , ( ( s o - L ) / 2 - l  o r  w = f

For the other  values of  w and v we consid.er  do,*+ l

F r o m  ( 4 . 4 . 4 )  w e  h a v e

r
r + ] q = l

P

k ( 5 0  + 1 -  r ) / 2 4  -  r
cx, *+

o ^ + l
f,

+ k

5 -  - '  ( 2 4 r + I 2 )  +  ( r + \ l , t o  * 1  - -  r )  _  I
d ^ J l

r k *
.l- ^ -L'l

|  1 2  . 5 *
a a f  +

d  + l
-  1 \  / )  -  r  -  ' l

5

r t *

=  2  +  [ -  r z . s 0  
- 1 *  

. ( s 0  
- r  - r ) / z  -  ,  -

a J  - J - ' l

f

=  2 +
- 0 *  c l * - l  

" r * - t5  +  2 . 5 - -  * +  ( 5 *  * _ i \ t t  _  \ ,  _  r l  - ^ ,  .-
a Y ^ r ' l

3

^ , *  ^ . *
I  r ^  ' - L l  . - L l  r \  / ^  -  

- . I
= . 1 ( r - w ) 5 + ( 5 - _=  2  +  

I  
\ -  . . , -  \ "  _ - - r / / r  _  v  _  f  

I  m o a  S .
I

.f, +-L )

*
- 0

N o w r i f  w = 2  a n d  . , r ) t - - - l  - r  o r  v r = 3 , 4  t h e n2_
* * *

.d. +I - ry. at- 5  \  ( 2 _ w ) 5 *  +  ( S *  _ I ) / 2  _  v _ l  . (  o  ,

so that

f g * + l  =  d , ] * + 1  + k + I = 2  m o d 5

and

A ^  > 1  f o r  o . ) - d . *  +  2
CX

Hence the st ,atement  is  t rue for  o*  odd.



8 6 .

Now suppose 0,

d _ x , ,
f t  - .

Now, i f w = 2 and

so that

and

For the other values of

F r o m  (  4 . 4 . 4 )  w e  h a v e

d o * + k

( t  L )

k ( s *  ' "  -  1 )  / 2 4  -  r----;=;---
f

*

( 4 . 4 . 2 )  w e  h a

f o r  u 2 a *  + 2

F
I

- l- ,
I

t-

Frorn

*

I
I

_t

o r  w = 3 , 4  t h e n

f o , * + l  + 1  =  d o * * l  * 1 z  m o o 5

w

> I

and we consider  d *
av

l- 1 ) - r

t
r

L

k ( s o  -  L ) / 2 4  -  I  I---F-.-J + K
* *

5 a  Q q r  +  1 2 )  +  ( r  +  L )  ( 5 s

f,

*
+  t l L ) / 2  -  r  -  125r +

l ' r 2  c *
l _ -
L

f  , - c L  + 2
l ( 5  -  I ) / 2  -  r  -  t - l5 r  +  i  :  i ' : -  

-  -  
i

I  n  + t  I
, a 5 * J

r Y A

I  t z . s *  +  ( s *  - r t / 2  -  r  -  1 - lr  r  m o d 5|  . / ^ + l  Il . 5 *

1 r  [ p - r l s 0  + ( s 0 -  r ) / 2 - v - 1 JZ J  
L  J

E 1

v ) -  
- { -  

t
2 -

-  , o n + l  1 ( z  *  w 1 5 0 *  +  ( 5 0  -  L ) / 2  -  v  -  1 (  o

m o d 5 .

f,



As before we f ind that

2 . 5 4  +  ( 5

*
, ^  t  - 0
\ z  -  w i . 3  +

( 2  -  w )  + I  t u o  -  r ) / 2  -  v  -  1
I 

--- 
_d

mod 5 we have

i
r
I

L

8 7 .

mocl 5

m a A  (

)

f- 0 * d O * + k + l -

t (  ( s o

t  )  ( s o

, ,  (  (s0

f o r  1 < k ( Z a .

A
. - 0= U m O O 5

o d d ,

and

^ - tq l l u

and

( ' '
I

= J ' l- l L '

I
[  1 ,

r r  w  -  l .

I ! W _ I

i f  w = 2

*

*

*

- 1  \  / )  -  |
n t  f  u  L ,

- t )  / 2  -  I ,

_ 1 ) / 2  _  i

H e n c e  f r o m  (  4 . 5 . 7 )  w e  h a v e

A  ) t

*
f o r  w = 2  a n d  v ( ( s 0 - t ) / ? - r  o r  w =

Thj-s completes the proof of Lemma (4.5.g) .

We now determine some exact  resul ts

24m = k mod 50 then p_O (m)

*
f o r  o l c r  *  1 ,

f o r  a > 3

I f

Th i s  bes t  poss ib le  un less  k  =  5 ,

Now 
log_ (k  +_24 )

l .og 5 log 5

So  f rom (4  . 4  . 3 )  and  ' : , 4  . 4  . 5 t  we  have

L 7 .
'l 'l

f 4
I  a K  -  |  |
t . ' - t
|  . A  |  |
t L a la

-'1
t K - l . 1
I - l
I  n r  |  ,
l z + l

( 4  . 6 .  r )

even.



t , U .

I n  f a c t  f r o m  ( 4 . 5 . 3 )

H e n c e  f o r  a >  2

( 3 . 6 . 2 )

Hence from

when 24m

For

k

l{.

k

k = l C t

w e  o b s e r v e  t h a t  ( 4 . 6 . 1 )  h o l d s  f o r

\ $ . f , .  / J  l - s

a >  2 .

0 ( k )  +  0 ( e . , )  +  I  0 t . o l  ,* 2<3<s P

g ( k )  +  0 ( e r )  . Y  ( 0 ( e r ) ' a  Q ( e r ) )  ,

0 ( e r ) o ( e r ) . T o ( e r )  ,

. .  = {

0 ( k )  +

0 ( x )  +  O ( e a )  ,  i f

0 ( k )  +  o ( u r )  . t ? t  ,

0 ( k )  +  0 ( . r )  - t  $ t

0 ( k )  +  0 ( e r )  +  c l "  -  2

(4 .5 .3 )  we  have  the  fo l l ow ing  bes t

- .-cI: K  m o d 5  :

cx, odd,

0 ( e 2 )  -  0 ( e : )  =  o  ,

i f  0 ( u Z )  =  0 ,  0 ( " : )

i f  e ( u Z )  =  1 ,  0 ( e r )

i f  O ( u Z )  =  0 ( e r )  -  I

possib le congruances

,  0 -1, -t

ct

- f , ,

=  1 ,  6

=  l r  I

=  3 ,  4

p . ( m )  =- - K

p  , - ( m )  =

,  8 r 9  p  , - ( m )  :

) ,

- l  a /21+t
f , -

- l  a /21

_ 0

r o,+1r
L - ' _ J

J ,

P_o (m)

0 mod

0 mod

0 mod

mod

mod

0 = ' 1  t

g > I  I

I o
= l

l
I o

k = 1 6 1 2 1

k  =  L 2 ,  2 2

k  =  1 3 ,  L 4 ,

p . ( m )- -]<

n_o (m) =

1 8 ,  I g ,  2 3 ,  2 4

tdlr' )
moo 5

- - 1
m o d 5  |

p . ( m ) : Q- - K

I  0 - 1 1

P_* (m) ftk = 1 5 , 2 0

, _ 0m o o 5  ,
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N o w f o r  k = 5  w e f i n d  A o = 0 , _ 1  a n d

(4 .6 -  3) p_, (rn) = 0 mod 5o-1 when 24m = 5 mod 50

but f  rorn (  4 .5 .  3) we have

" o  
6 d . , + k + 6  =  1 1  f o r  0 "  e v e n

s o  t h a t  ( 4 . 6 . 3 )  i s  n o t  b e s t  p o s s i b l e .

The fo l low ing  resu t t -  i s  s ta ted  in  A tk in ,s  paper  w i thout  p roo f .

r f  24m 7  5  mod 50 then p_r (m)  =  o  mod 5  [ t : c r - : l / z ]

and th is  i s ;  bes t  poss ib le .

This fol ]ows from the Lemma stated below.

L e m m a ( 4 . 6 . 4 ) .  F o r  k = 5  a n d  0 > 1  ,

" ( * r , 1+d0)  
=  1 !q :11

and

Proo f .  Fo r  k

F r o m  ( 4 . 1 . 7 )  a n d  ( 4 . 2 . L 6 )  w e  h a v e

u ( t a , l + d l )  =  u t * t , r ' = u ( * 5 , 1 )  = v ( 1 )  - o  ,

'(*t, i+a, ) > tffl '

u(*,r,i+a ) > J!9:!-1 + f}{f ror i )- Z
a

- 5  w e f i n d t h a t  d 1 = 0  a n d f o r  A 2 Z ,

i o  r  c r  e v e n ,
I

d  - " i
0 l

I t r  
0  o d d

so tl:at the statement. is true for 0, = L



9 0 .

We have

< n

s]-nce

We have

" l l l  { * " * { o , r r y l  }  * t t ( s i - i - r r l  i

2 l , s t - z t  =  1 +  t f r * l

N o w  - f r f  =  ^ 6 , 2 =  6 3  x  5  s o

v ( x 2 , r + a r )  -  I ' r ( x l  
, r -  

t l  
, 1 )  

=  u ( * r , 1 )  *  u ( u r , r )  -  1  ,

v ( x . ,  *  d .  , )  ) m a x { 6 .  J ! i : 6 r t  r 4 - i '' l , i * i , r  -  z - l l  +  t  ? J  > 3  f o r  i ; z

Hence the statement i.s true for ct = 2

We now procered by induct ion on 0,  Suppose 0.2 2,  a is  even and

u(**,1*{o) = r#r '

' ( *o , i *ao)  >119: - |  - r ryr  ror  i2z

x0,+1,  j+d0+1 = xo,+ l ,  
i+ t  

=  
, l r "o ,  i  b i ,  

i+ t

u( *o* r ,  j r -uo*J  )  
H  

{v (xo ,1 )  *  v (b i ,  j * r ) J
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=  m i r  
r  r  3 0 ' - 3 1  r  r  5 i  - 6 "  '

i _ t r l r - 2  
|  + m a x t 0 , i ? l  j + l l ( s j _ i _ t ) l  

]

J  3 c r _ t l  r  5 i _ 6 r-  , - - z - - t  + r t r

_  I  3 ( s + 1 )  -  3 ,  r  5 j _ 6  I=  , . - - l t - l  +  L - - - J  ,  s i n c e  0  i s  e v e n .

N o w  b ,  ^ = R -L t t  J I , 3  
= =  7 ' l  x  5 -  s o

= f #l + z = 1t191lt __J.1

s rnce

u(*o, i  b i ,z )  ; "  tYt  *  * ** {0 ,  tT t i  -  r?

; > : 1 [ l E ] 1  =  r * t 1 ! 9 1 f 1  ,  r o r  i ) z

Now suppose o ) 3, g is odd and

u(*o,r*u ) := t#r ,

u (*o, r*u )

We have

.  
xo+l-, j+do+l xo'+1 

, j  
= 

,1, "o, i  
oi,  j  

= 
, lr .  

xct, 
i+r ai+l, 

i

so u[*o*r , j *do*rJ 
"  T] l  { ' [ *o,r*r )  *  . ' ( " r*r , r )  ]

" T ] l  i r r y t  +  * . * { o , t ! # l  }  + t b ( s j  -  ( i + 1 )  -  1 ) l  J

" t t ? ' t . t T t  
=  r * t # t  . L 5 i ! . 1



= [  3-(cx+11 -  3J + ma*{0,  t3:qr ;  s ince o is odd.

N o w  u z , r =  * 1 2 , 3  =  1 0 4  x  5  s o

. , f -  \  - .  ru f * o * r , t * u o * a )  =  v [ * a  
, z  

u z , y )  =  u ( * o , r )  *  , ( u r , r )

= 1*1-19: : l  =  111&$__:1
si-nce

u ( * o , i + 1  a i + r , r - )  , " t # f  + * . * { o , t f J  }  - f ?

) >  3 + [ S f  =  2 + [ ] . . 1 * 3 l l  r o r  i 2 z
This completes the p: :oof  of  Lemma (4.6.4)  .

Similarly for k = lLl we can obtain for cL )_ L ,

v(*o,rnuo) = z t$r

and

u(*o,r*u Jr  zt$ l  a 1! i :s1 ror  i  2 z ," r - ' * c !  1

so that

i f  24m = :  1 l  r nod  50  then  n_ r r (m)  =  o  mod  52 [@+t l  / z )

and  th i s  i s  bes t  poss ib le .

For  k  = 17 we easi ly  f ind that

i f  24m i  17 mod 50 then t r>_rr (m) = O mod 52

and th is  is  best  poss" ib le.


