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Winquist  [17J and Atk in and Swinnerton-Dyer

el -ementary proofs of

9 3 .

L .* I nave gil_ven

( s . 1 . 1 ) f ( l l n + 6 )  = 0 mod  11 .

In this chapter we show how the methods of Chapter 1 can be exten,Ced to

de r i ve  (5 .1 . f ) .  Ou r  p roo f  depends  on  an  i den t i t y  i n  A tk in  ano

Swinnerton-Dyer 's  paper,  which we prove using no more than i lacobi rs

t r ip le product  iderr t i ty .  us ing ideas f rom Atk in and Hussain t  s  I  we

give an erementary proof  of  the for lowing Theorem, due to Newman Lr3 l ,  for

the case p = 1I  and r  S 10.

T h a n r o m  | | q  I  ? \
\ J .  L .  - t Suppose that r is one of the numbers;

14, 26. Let p be a pr ime > 3 such that

Le t  A  =  r  (p2- t )  / zs  and de f in "  p r (o )  as

non-negat ive integer.  Then

P t ( n P  +  h )  = '  , - r r ( r / 2 )  
I  

n r { n 7 P 1

t  1p+1)  =  0

zero i f  0,

A A
z r  1 t  o ,  6 ,  J _ L t r

(mod 24)  .

i s  no t  a

W e  s h o w  t h a t  ( 5 . 1 . 1 )  f o l l o w s  e a s i l y  f r o m  T h e o r e m  ( 5 . 1 . 2 ) .

rn sect ion (5.5)  we g ive an e lementary der iva. t ion of  the modular

eguat ion of  e ' l  eventh order  due to r ine [  8  ] ,  f rom which we are able to

obta in the R.rmanujan- type ident i ty ,  s tated be1ow, for  the g€,nerat ing

func t i on  ) l  p  (11n+6)  qn  .
n)0



> 4 .

r l ' h o r r r o m  I q  I  ? l
\  J  .  ! .  J '  .

(s .11 . .4 )  [  t (11n+6)qn =  11q4( r r3  +  8BA*  +  r r *2  *  11s* )  qdr ] l
n ) O  n ,  - r I 2  

t

* *
whet.e A ,  B are power ser ies in q with integer coeff ic ients

d A t l  h a d  h l t

( ] O A *  +  r 1 2 )  r (  q l l ) s  =  I  n . t r l n  +  z s ) q n
r t ) - 2 '

and

*  3  l ' l  7  ^  n( 1 4 B  + I t 2 A  + 1 1 " ) E ( q " ; ' =  I  p " ( t 1 n + 3 5 ) q
n) -3

We note  here  tha t  (  5  . . I  .4 )  i s  (  3  ,25)  in  F ine '  s  paper .

5.2. . -  f  n  th is  sect i r rn we spl i t  Euler ,s  funct ion n (c l )  ; rccord. ing to

the res idue of  the ex.ponent  (mod 11)  and obta in re lat ions analoqous Eo

(L.21 .2)  .  These are r :onta ined in the fo l lowing Lemma.

L e m m a  ( 5 . 2 . 1 ) _ .

p(e)  = u(qr2 l )  -eo q er  -  n 'e ,  -  n tunn *  q5 *  Je;  ,

t  j  _L2In-44, , . ,  --^L2In-77,
v;here Qn = Tl- il-ST-- ,, \r-9 i

'  
, , ' . t  ( t -q t21n-22r { t -n l21n-oo,

Q l =  T T
1  ) 1  n - ) )  1  ? 1  n - Q Q

( r - q - l - "  - - )  ( 1 - q - - ' "  - " )

n>1  ( t -n12 rn - ta )  { r_n t r1n -110 ,  
r

(  t -o12tn- tu)  {  t -o t ' ln-66,
Q 2 =

" ' - ' t  
( t -n121n-")  ( r .n t '1n-88,  

'

Qn = Tf
(  t - n l2 tn - t t )  t  r -n t ' t n *110 ,

"= t  
( t -q I2 ln - t t )  { r -o t '1n*65,  

f

(  t - q l ' 1 t - t ' )  {  r - n t ' 1 n - 8 8 ,
,

.ffi

il
n2l"

Y 1



Q L Q 2 Q 4 - 2 Q o Q z  =  o

- 2QoQrQT + 2QrQ, = o

- 2QoSzQt

Here we assume Jacobirs  t r ip le product  ident i ty

( r  +  tq2n- t )  ( t  *  a- ln2n- t )  { : -  -  o"1

deduced

and these

( s  . 2 . 2 )

( s . 2 . 3 )

q r t i  q f v

n n 2voYl  -

- . , . ' 2  -- L - 2

2
QoQz *

z z 2q QoQa

)
aiaz

zn22erene,

,nlleoeren

a|a,, * a33af; *

n"t,rn| * ,3 *

,"t-n 1 . a:,
I T 2-  q  Q r Q n +  t '

ttt'orof, * ol

Qo Qr Q2 Q4 Q7

,nttn, e7 = o

,r"ene, = o

'l 
1

-  2n ' - ^  r - t  -  n
Y n Y l  v  '

I

^ 1 1zq

11()2
- 7

TT
t t

n)L

L ^

c0
I.= )

n n

from which can

E (e )
c o )
r  n  L ( 3 n - - n )
)  ( - r )  q "  ' (Eul-er) ,

e ( q )  
3  : :

and lriatson' s quintuple:

I  t -  l ) n ( z n  +
n)0

product ident i ty

L ( nr ) q
2*rr)

(Jacob i )  ,

TI (r+rqn) , ( r+t-1qn t)  ( r - . 'n"- t )
n21

- )  ) n - 1  ? r
( l - t  - q * "  ^ )  ( 1 - q " 1

= Tf t r - t3n3n-1,  (1-r ' -3q3t- ' )  { r -n")  *  t - l  f f  t r - t3n3n-2,  ( r - t -3q3t- t )  t r - -nt ty
n):1 n)l

(For  an

Wr i t e E  ( q )

where  E .
a

congruent to

S i n c e  I  ( : r

elementary proof of

10
= I

I

the  qu in tup le  p roduc t  iden t i t y ,  see  Ba i ley '  t0  J . )

a f  F  f n \  i  n  u ' h i  n h  f h a  n n w o r  n f!  \  Y 'contalns

i mod

2 * - r +
-  L t  f

thosb terms

I I .

3 ,  6 ,  B ,  9 , 10  mod 11,  E3 =  E6 =  EB == E,  =  ErO =  0

and E (s ) E o * E I + 8 2 + E 4 * U 5 * E 7

I : '



uo (q)

Simi lar ly  we

n, (u)

"z 
(n)

ua (q)

b (  363n2+t In )

T
L

121
v ? O  , 4
nod 1l-

,  , ,  l l n * 4
t  - f  ,

n
z ) 5  l

^ t
z l- q )

(  - .1)  r  
n t  

(  3r2-r )

\ ( ' l 6 z n 2  + 2 5 3 n + 4 4 )
Y

n
r  J b . J )

I  2 - l
l a  I
\'1 )

1 +

1 +

r  r  \ ( 3 r 2  - r )
I  ( - 1 )  -  q  - ' - -  ^ '  +

r)1
L  (  3 1 2 - r )  = O

mod 11

F  r  t f  l - 2 r * ' l
)  f - l ) -  ^ " " '  +L  \  L '  Y

r > l

: r = U ,  I

mod 11

r '  r  b ( : r\  /  - 1  \  
-

L  \ - - L l  q

r ) l
L ( 3 1 2 + r )  = o

nod 11

+r' l

F

-@

(
T I

1
.l

' l r

: - t' l' l

( - 1

t .-;
z

I n
6

, fr L

o l

) l

-O

Y,

n  ^ - -  n
/  J O J  \
t - . tt a t
t z l

I

J

z z
J - d. . 1

-T-T ( -  363n-176r  r -  363n-187r  r -  363nr
l l  [ r - q  J l r - s  J [ r - s  )

n)1

22 - r r  ( -  363n-55r  r -  363n-308r  r -  . l63nr+ q  I l  l - r - q  J t r - q  J [ r - s  )
n):I

T-r
il

n>1

= 
" tnt" l  Tf

n):f

= n(q1211 Tf

( t-nl2rn-t '  )  { r-r" ln-9e,

,  r_o l2 ln -  
nn  

)  (  I _o I rLn -7  
7 ,

\ r  y  /  \ r  \ 1

(  t -q l  
21 t -  

"  )  { r -n t ' ln -99 ,

,  r_o121n-  r ,  
)  e_ ot r ln-99,\ +  a  ,  \ 4  aTT

t l
rI>1

Tf
n ) ' l

.ff

il
n)1

( r -q121 t - t t )  t t - n

, r -o121n- t t )  ( t - o

1 2 1 n - 1 1 0 ,

1 2 I n - 6 6 ,

( t -n l2 tn-" )  {  t -n

( t -q l21 t - t t )  ( t - o

I 2 I n - 8 8 ,

1 2 l n - 1 1 0 ,

q7 E (s121) Ti
n21

{ t -n l2 tn - tu )  t t - n

( r -q l21 t - " )  t t - n

1 2 l n - 6 6 ,

I 2 l n - 8 8 ,

( .  .  L2Ln-22t  r -  121n-99r  r .  242n- I65 t  r -  24 ' .2n-77 t  r -  12 ln r
t l - + q  l l t + q  l l l - - q  t l J - - q  t l l - o  I

/ \ r / \ r / \ 3 / \ f

( t -q242n-nn  )  ( r -o tn2n -198 ,  ( r -a242- ruu )  {  r_ -o 'n2n -7  7 ,

n):1

ob ta in :

- en (q12:r)

= - q2'(nu'r)

1 5 _ .  1 2 I .-  - q  - u ( 9  )

a -  ( q )

{ t-n1ztn- nn 
) tr-rt'rn- 

7 7',
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Now,

E -  ( q )
5 - I  t - r )  

t '  q%(3r2- r )
\ ( Z r ,  - r )  = 5
mod I l

T  r  . . f  L ( 3 r 2 - r )
I  t - r l  q :

t = 2
mod 11

@

r  ,  , . I I n + 2  h ( : O : n 2 + t 2 1 n + I 0 )
l  ( - r l  q - '

i  ,  , . D  1 - I 2 \ L ( 3 n 2 + n )
I  ( - r ,  L q  )

_  r  I 2 I r
E [ q  )

Combining these results we obtain

E(q)  =  p (q121)  [ao  -  qQr  -  , ' e ,  -  u lse , *  *

where the Qi are defined as in the statement

crearlv Qo gr ez ea e7 = r

Now,

n(e )3  -  (uo  - r -  E f  +  E2  *  u4  +  E5  +  E7)  3

= te j  +  6u2u4us *  .zr lu ,  + 6EoE4r i7  +

+ (E;  -F 6E1E4E7 *  : " fu ,  + 6EoEsrT +

+ (:norii * zuf,u, * zf,u, * 6u2u.1u7

+ tnl -F 6EoEtE2 * :uoul * 6"zu:;u7

+ (snoul * =ulu, * rufr"n * nlu., *
+ (errnl * ruj", * .,rrl * 6uou:L"a

+ G] -F 6E.E2E4 * zu2run * 6uou.Lu5

+ (3Eirrs * =uf,u- * runul * 6Elu:zu4

+ :lr.2ir4 * .uou! * zurtl * 6u1",2"s

+ (:nrnl * tu'ru, + nlx, * 6EoE,rEs

+ tul  + 6E1E4E' * t  rr f ,  *  6uL"2"7

d r ^ r \ l' 1  ' Y Y j )  ,

of the Lemma.

? F  E . - \

?r .  T r - \
z a

r  a r  r  -  \
I  v D l u _ u _ t

I f , I

I  a r  h - \
,  J u ^ ' _ l

+ f

.o .  .2  *  r l l t' - L " 1  " : i '

'  a f ,  r  r  \
I  v D  a D F u - t

4 )  I

'  . h - -  \

I  J D r D a t

r A E . E . F \' " " o " 2 " 5 '

|  / f  r  f  \,  " " o " I " 7 ,

'  ! ! ^ ! ^ ! _ /

u z t
a

r  ?r :  l ' -  \'  J D ^ L r t

U f



I  t - u n
n)tJ

1 r  l n
( 2 n + I )  q ' " '

2
+n)

o o

= u

S i n c e  l ( n r  n \  a  aI  t L t  t  L t

( 5 . 2 . 4 )

we have

z l t

6E^E .  E  ,u r 4

r f t

+ 6EoEzts +

AI. r' F
4 t )  I

" " 1 " r "  n

+ 6"o"tuz + 6utuz"s

+ 6E}E2E.7 + 5oc,uau5

ao. 2o'
' "o" 

2

^^2-
U 5

a".2.,"' "o"7

t

o 1 +

a'. 2t
' " L " 7

v t

)
+  3E;E_

. t f ,

*  a o o . 2'  ' "2 "7

)
-L ?F T;!-

4 t

a

a  ? n - r
I  J D ^ b -

z )

1 1

a"- 12
" "0"1

ar  r ,2' " r "2

. r  2r ,
t 5

ao.2"'
z . +

ao, ',2
L +

Subst i tut ing EO =

n  - - - r 5  o  ' t ^ 1 2 1 r
" l  

- - . 1  Y , r - \ Y  ) ,
= B

o b t a i n  ( 5 . 2 . 2 \  .

e ( q 1 2 1 ) Q o ,  E f  =

E u  =  q 5 E ( q 1 2 1 )

-qQlE (q1 '1 ) ,  E2  =  -q2ezE( , r12 t )

and E7 = q7 e|u (e12'1) we

The proof of ttre

L e m m a  ( 1 . 2 . 5 ) .

L e m m a  ( 5 . 2 . 5 ) . .
'l 't

- ' l r . r J ' l-  L t  w  f  L ,

foJ-lowing Lemma is cornpletely analogous to that of

I f then

10
l l

i=0

I  r ' ' . I 1 2
n  tq - ^  |

'I

n (to--q)
,  . ' l  ? 1 .

r r  ( ^ - - *  t



o o

5 . 3 .  r L  a p p e a r s  t l : a t  t h e  i d e n t i t i e s  i n  ( 5 . 2 . 2 )  a n d  ( 5 . ? . . 3 )  a r e  n o t

suf f ic ient  to  prove

( 5 . 3 . I )  l ( l l n  +  O ;  =  0  m o d  1 1  f o r  n  >  0

In th is  srect i r :n  we wi l l  der ive fur ther  ic lent i t ies involv ing

Qa '  Q1  ,  Q r ,  Qn ,  Q . ,  due  to  A tk in  and  Sw inne r ton -Dye r  [  . 4  ) ,  v rh i chu J _ z 4 l

wi l l  la ter  ena] : r le  ur i  tcr  nrcr \ ,o  (5.3.1)  .  FolJ-ovr ing Atk in and Swinnerton-

D1'er  we def ine

( 5 . 3 . 2 )  p ( a , x )  =  T f  t r - . * t - 1 ) ( r - a - t * t )  f o r  a l o ,  l " l . r .
n> l

F i r s t  we  need  some l? rope r t i es  o f  p .

L e m m a  ( 5 . 3 . 3 ) .

( 5 . 3 . 4 )  p ( a - I  x , x )  =  p ( a ,  x )  |

( 5 . 3 . 5 )  P ( a x ,  x , r  -  a - l  . p ( a , x )  |

( 5 . 3 . 6 )  P ( a - 1 , : r )  =  -  a - l  p ( a , x )  ,

P r o o f .  ( 5 . 3 . 4 ) ,  ( 1 1 . 3 . 5 )  a n d  ( 5 . 3 . 6 )  f o l l o w  e a s i l y  f r o m  ( 5 . 3 . 2 ) .

Jacobi 's  t r ip le product  ident i ty  is

c o )
.  2n.- l  - l  2n-1 ?n r  n n n( I - a x - " - ) ( l - a  x  

* ) ( 1  - x - ' ^ )  =  I ( - 1 )  a  x  ,

r
l l  ( 1  -  a x ( x - ) "  * ) ( 1  -  ( a x )  -  

x - . . ) ( 1  - x - " )  =  I  ( -  I ) - - a  x
n 2 1  s

) r * 2
P ( a x ,  : < ' )  n ( x ' )  =  I  t -  r l t  . t  * t  I

so that

2 ? 6
P ( a , x - , )  E ( x - )  =  I  ( -  r ) n  u t  * t ( n - I )

( 5 . 3 . 7 )  p ( a ,  x 2 )  n ( x 2 )  =  i  ( - r ) n  a t  x n ( t - " l )
- @

TT
n21
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L e : m m a  ( 5 . 3 . 8 )  .

p ( - x ,  x 2 )  p ( b c , x )  p ( , b c - l , x )  -  p 2 ( b , * )  p ( - c 2 x , * 2 ) +  b " - 1 p 2 ( c , x ) p ( - b 2 * , * 2 ) =  o .

Proof .  We def iner  G by ,

G ( b , c , x )  =  p ( - x , x 2 )  p ( b c , x )  p ( b c - r , x ) -  p 2 ( b , x ) p ( - . 2 * , * 2 ) +

*  o " - t  p 2  ( " , * )  p ( - b 2 x , x 2 )

Fr,om (5 .  3 .5) we have

G ( . b x , c , x )  = =  P ( - x , x 2 )  p ( b c x , x )  p ( b c - l x , x )  -  p 2 ( b x r x )  p 1 - c 2 x , . , x 2 ' 1  +

+  b . - 1 *  p 2 ( c , x )  p ( -  b 2 " 3 , x 2 )

)  - 1  - ' l  - 1  - ' l
=  P ( - x , x - )  ( - b  * c  - )  

P ( b c , x )  ( - b  * c )  
F ( b c  

- , x )

-  n - 2 p ( b , x )  p ( - c 2 x  , * 2 ) +  b c - 1 *  n ' ( " , * )  ( n - 2 * - 1 ) p ( - t r 2 x , x 2 )

=  b - 2  G ( b , c , x )

l l o 'w  we  expand  G(b rc , x )  as  a  Lau ren t  se r i es :

@

G ( b , c , x )  =  I B _ ( c , x ) b n
J l l

We have

. c o
r n n ^/ 1  r L - -  -  - - \  \  *  r \  r r  

b - "  G ( b r C r X )G ( - O X , C ' X )  =  
I B n ( C r X )  X b  =

r  -  ' n - z  =  I  B  ( c , x ) b n  I=  l b n ( c ' x )  D  :  L  o n + 2 \
-co -o

so that

.  
B n + 2 ( c r x )  =  * t  B r r ( c , x )  f o r  a l l  n  .

It follows that for n 2 I we have

B2r ,  =  x r l ( n - l )  
" o  

'  B2n - r  =  x  
(n - l )  2  

" r  
'

2

"_2 . ,  
=  x r ) (n+ l )  

"o  
,  B_ (2n_ r )  =  * t  

" r -
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Hence f ronr  (5 .3 .7 )  we have

W e  w i l L  n o w  s h o w  t h a t  B O ( c , x ) ,  t h e  c o e f f i c i e n t  o f  b 0  i n  G ( b , c , x )  ,

i s  i den t i ca l l y  ze ro . .  Now f rom (5 .3 .7 )  we  have

p(bc,x21 = -+ 
{ .  "  .o- t . - , * t ,  *  b-2"-2*6-b- lc-1x2 + 1 -  h ,c  + b2.2x2

n  ( x ' )

-  b 3 " 3 * 6  +  b 4 " 4 * 7 2  +  . . . . ]  ,

p (bc - I , x2 )  =  -+  { .  . . .  b -3c3x l2  *  b -2 "2*6  -  b -1 .  *2  +  r  -  b . - t
E  ( x - )

+  b 2 " - 2 * 2  -  b 3 . - 3 * 6  *  b 4 . - 4 * 1 ' * . . . ]

an ,c .  t he  coe f f i c i en t  o f  b0  i n  p (bc , x2 )  p (bc - I  ,  *2 )  i s

G(b,c,x)= *0(" , .1 
[ r  

*  
, ,1,  

*" , " - t ,  b2.  + *n(n+l)  o-r"  
. i

*  Br(c, :x)  
[  

" i ,  
* (n-1)  

2 
ozn-r  *  *n '  o-(2n-1) i

= Bo (c , :x)  p  ( -b2 ,x2)  e  (x2)-  +  bBt , . , * ,  
[J r*  

(n-1)  'n2 ( . - t ) ** . 'o- r , r j  
,

=  Bo(c, ' * )p( -b2,*2)  n(x2)+ bBl t . , * l  
[ r  

* , . ,1ro"  * " ' *  o-2"  * r ' ' l

=  B o ( c , : < )  p ( - b 2 , x 2 )  r ( x 2 )  +  b B f  ( c , x )  p ( - b l * , * 1 1 )

so that  the coe f  f  ic  j .ent  of  b0 in  p (bc .  x)  p (bc- l  ,  x)  is

I  1  - 6 t g  - 4 8  - 2 2  -  2 2  4 B  6 1 8 ,- - - ; - ^  =  1 . . .  c  x  +  c  x  +  c  x  +  I  +  c  x  +  c  x  +  c  x  
-  

f
n  ( x ' )

@ 2
l s 2 n 2 n '----; ) c x

n  (x ' )  '  " *
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Now,

) ) 1pz  (b , xz )  =  
4 -  J i . . .  r -a * ro  -  b - r *L2  *  b -2 *6  _  b - t x2  +  I  _  b
n  ( x - )

* b2*2 - b,3*6n rr4*r2-. .  . l '

so  tha t  t he  coe f  f i c  j - en t  o f  b0  i n  , 2  (o , * ' )  i s

r t  f o l l ows  tha t  t he  coe f f i c i en t  o f  b0  i n  p2 (b , * )  i s

' 1  
? 2 ' )
1 * t -  = '  Fl+ P(-x,  x2)

E ( x ) -  - 6  E ( x ) '

an r i  t he  coe f  f i c  i en t  o f  b0  i n  G  (b ,  c ,  x )  i s

B o ( c , x )  =  L & 1 -  i  n ( - * , * ' )  p 1 - c 2 * , * 2 1  -  p ( - " 2 * , * 2 )  p ( - x , x 2 )  l  =  o
"  E ( x ) '

Hence

c ( b , c , x )  =  b  B r ( c , x )  p ( - b 2 x ,  * 2 )

Now,  f r om ( ,5 .  3 .6 )  we  have

G ( 1 r c , x )  =  p ( - x , x 2 )  p ( c , x )  p ( c - l , x )  *  r - t  p 2 ( c , x )  p ( - x , x 2 )

)  - ]  - t
=  P ( - x , x . - )  p ( c , x )  { p ( r - ' , * )  +  c  

'  p ( c , x )  }

/1
v ,

but  we a lso have

G ( 1 r c , x )  =  B .  ( c , x )  p  ( - x ,  x 2 )
I

)
H e n c e  B . , ( c , x )  -  O  s i n c e  p ( - x ,  x ' )  I  O  f o r  l " l  <  I

I

a n d  G ( b r c . x )  =  0  a s  r e q u i r e d .

TLre fo l l -owi .ng Lemma is  (3.7)  in  Atk in and Swinnerton-Dyer 's  paper.

Their  proof  reLies on propert ies of  complex funct ions.  In le g ive an

e lemen ta ry  p roo f  depend ing  on  Lemma (5 .3 .8 ) .
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L e m m a  ( 5 . 3 . 9 ) .

- 1 2 - 1
P - ( a , x )  p ( b c r x )  p ( b , : : - ' , ; ;  -  p ' ( b , x )  p ( a c , x )  p ( a c  r x )

+  b " - 1  p 2 ( c , x )  p ( a b , x )  p ( a b - l , x )  -  O

Proof .  We def j -ne F by,

F ( a , b r c , X )  =  p 2 ( a , x )  p ( b c , x )  p ( b c - 1 , x )  -  p 2 ( b , * )  p ( a c r x )  p , 1 3 c - 1 , x )

+  b " - 1  p 2 ( c , * )  p ( a b , x )  p ( a b - l , x )

F rom (5 .3 .5 )  we  eas . i _ l y  f i nd  t ha t

l l ( a x r b ; c r ) r r )  =  a - 2  F ( a r b r c r X )

I f  w e  w r i t e  F ( a , b , c r x )  a s  t h e  L a u r e n t  s e r i e s :

r ( a . b r c , X ) = i A r r ( b , c , x ) * t

we find that

F ( a , b , c , X )  =  A o ( l : r , c , X )  p ( - u 2 , * 2 )  n ( x 2 )  +  a A r ( b , c , x )  p ( - u 2 * , * 2 )  ,

by us ing methods an;r logous to tho.se in  the proof  c f  Lemma (5.3.8) .

We  w i l l  now  show th t r t  AO(b rc rX )  ,  t he  coe f f i c i en t  o f  . 0  i n

F ( a , b , c , X )  i s  i d e n t i c a l ] y  z e r o .  A s  i n  t h e  p r o o f  o f  L e n m a  ( 5 . 3 . S )

we find thtrt

?

t h e  c o e f f i c i e n l  o f  r O  i n  p 2 ( a , x )  i s  q C +  p ( - x ,  x 2 )  ,
E ( x ) '

t h e  c o e f f i c i e n t  o f  . o  i n  p ( a c , x )  p ( a c - l , x )  i s  L ! 4 -  p ( -  
" 2 * ,  

* 2 )  ,
E (x) " '

the  coef f i c ien t  o f  .0  in  p (ab ,x )  p (ab- I ,x )  i s  
"a1  

p( -b2x ,  *2 )
r;  (X'

Hence, fron Lerrna ( 5 . 3 .8) we have
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r ] t  
2

A o ( b , c , x )  =  U +  { n ( - * , * ' )  p ( b c , x )  p ( b c - r , x )  -  n 2 ( b , * )  p ( - " 2 * ,  * 2 )
"  E ( x )  "

,  +  b c - l  p 2 ( c , r )  p ( - b 2 x ,  * 2 1  ]

so tJrat

F ( a , b , c , X )  =  a  A r ( b , c , X )  p ( - . 2 * ,  * 2 )

Now f rom (5 .3 .6 )  we  have

F ( l , b , c , X )  =  -  p 2 ( b , x )  p ( c , x )  p ( c - l , x )  *  o " - t  p 2 ( c r x )  p ( b , x )  p ( b - 1 , x )

= . - 1  n ' ( o , * )  p 2 ( . , * )  +  b " - r  p 2 ( c , x )  ( - u - 1 1  n ' ( o , " )

nv t

but we also have

)
F ( 1 r b , c , x )  = :  A r ( b , c r x )  p ( - x ,  x - )

H e t r c e  A r ( b , c , x )  =  0  s i n c e  P ( - x ,  * t )  I  O  f o r  l " l  <  I  ,

an< l  F(arbrc ,x )  =  0  as  requ i - red .

Fol lowing Atk i .n  and Srv inner ton-Dyer we def ine

(s , ,3 .10)  p ( r )  =  n [n t t r ,  n t , t )  =  T I  ( r  -  n1r t t ,+1r r - r211 ( r -n r21n-1 i r '  ,
n )]

where r  is  any n.on-zero in teger .  We easi ly  f ind that

( 5 , , 3 . 1 1 )  P ( 1 1  -  r ' )  =  p ( r )

Ttre fo l fowing Lemma is  Lemma 4 of  Atk in and Sv.r inner ton-Dyer 's  pt rper .

L e m m a  ( 5 . 3 " 1 2 ) .  S u r p p o s e  t h a t  n o n e  o f  r , s , L ,  r  t  s ,  s  1  t ,  r  i  t

is  equal  to  zero.  Then we have

2  )  
' l l / ^  ! \  .

P ' r l r )  p ( s + L )  p ( s - t )  -  p ' ( s )  p ( r + t )  p ( r - t )  +  q " \ 5 - u , , p ' ( t ) p ( r + s ) p ( r - s )  -  0 .

P r g o f .  r f w e s u b s t i . t u t e  x = q 1 2 1 r  d = q r l t ,  u = q l l t , . = q l 1 t  i n

Lernma (5 .3 .9 )  we ob t .a in
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p 2 ( q r 1 t ,  q r ' 1 )  p ( q r 1 ( s + t ) ,  q t ' r )  
" ( q l l  

( = - t ) ,  
q t r t )

-  n ' ( n 1 1 " ,  n t " )  n , : t t ( r + t )  ,  n t " )  n ( n l t ( r - t ) ,  . r t , t )

*  q l l  
( s - t ) r  

n ,  (n t r . ,  n r r r ,  n  (n t ,  
( r+s )  

,  q121 )  n  (e l  ]  t . - r l  
,  n r r t )  -  0

or

, '  ( r )  p ( s + t )  p ( s - r )  -  n '  ( s ) p ( r + t ) p ( r - r ) *  q l l ( s - t ) n 2 ( r ) p ( r + s ) p ( r - s ) =  0 ,

as required.

L e n u n a  ( 5 . 3 . 1 3 ) .

Qz - QoQz * q22 aralo, o ,

2  1 1
a o a ; a - t  - Q o Q r * q - - Q t  =  o ,

ezQt -  a lars ln* nt t  en = o,

Q o  - a ? , a o r > r * n t t e r e n  =  o ,

2 1 ' l
A ; 4 1 4 4  -  Q t  +  t " - Q r Q n  =  o ,

w h e r e  Q g ,  Q r ,  Q 2 ,  Q 4 ,  Q j  a r e  d e f i n e d  i n  L e m m a  ( 5 . 2 . 1 ) .

P r o o f .  F r o m  ( 5 . 3 . I 0 )  a n d  L e m m a  ( 5 . 2 . 1 )  w e  h a v e

( s . 3 .14 )  n ,  = f , $ f  , e r= t+  , e2=  i l +  , e4=  #+ ,e ,  = i l #

T a k i n g  ( r , s , t )  =  ( 5 ,  3 ,  1 ) ,  ( 5 ,  4 ,  3 ) ,  ( 5 ,  2 ,  1 ) ,  ( 4 ,  3 ,  2 ) ,

( 4 ,  2 ,  1 )  i n  L e m m a  (  5 . 3 . 1 2 )  w e  o b t a i n

n ' ( u )  p ( 4 )  p ( 2 )  . -  p 2 ( : )  p ( 4 )  p ( 5 )  *  r "  n ' ( r )  p ( 2 )  p ( 3 )  =  e  ,

n 2 ( s )  p ( 4 )  p ( r )  -  r ' ( + )  p ( 2 )  p ( 3 )  *  n t t  n ' ( r )  p ( r )  p ( 2 )  =  e  ,

n ' ( r )  p ( 3 )  p ( 1 )  -  n ' ( r )  p ( 4 )  p ( s )  *  q I l  
" ' ( r )  

p ( 3 )  p ( 4 )  -  0  ,

, ' ( n )  p ( 5 )  p ( I )  -  p 2 ( 3 )  p ( 2 )  p ( s )  *  q l r  p 2 e )  p ( r )  p ( 4 l  =  e  ,

n 2 ( a )  p ( 1 )  p ( 3 )  - , ' ( z )  p ( 3 )  p ( s )  *  n t t  o ' ( r )  p ( 2 )  p ( s )  =  0  r



" ' ( u )  
n ( n )  , ( r )

n ' ( r )  P ( 4 )  P ( s )

n ' ( t )  g ( n )  , ( r )
n ' ( n )  P ( 2 )  P ( 3 )

" 'g l_ .GL 
p(r l

n ' ( r )  P ( 3 )  p ( r )

" ' ( o )  
n ( r )  n ( r )

, ' ( r )  P ( 4 )  P ( 1 )

, ' ( n )  n ( . )  n ( r )

" ' ( t )  
P ( s )  P ( 2 )

n ' ( , )  n ( n )  n ( r )

" ' ( r )  
P ( 4 )  P ( 5 )

2
P  ( 4 )  P ( 2 )  P ( 3 )

; ' , - )  
" , r ,  " , r )

n ' ( t )  P ( 4 )  P ( s )

; ' - , r ,  
" , r ,  

* ,

n ' ( r )  n ( r )  n ( s l
p 2  ( z )  P ( r )  P ( 4 )

n ' ( r )  n ( r )  n ( u )
n ' ( t )  P ( 2 )  P ( s )

1 0 6 .

n ' ( r )  n ( r )  P ( 3 )

n ' G )  P ( s )  P ( 4 )

n ' ( r )  n ( r - )  n ( ' r )

, ' ( n )  P ( 3 )  P ( 2 )

n ' ( r )  n ( r )  P ( 4 )

n ' ( r )  P ( 3 )  P ( 1 )

n ' ( r )  n ( , - )  P ( 4 )

, ' ( r )  p ( 1 )  P ( 4 )

n ' ( t )  n ( r )  P ( s )

n ' ( t )  P ( 2 )  P ( s )

+ d' a

o

n

u ,

1 1
+ d' a

1 1
+ q

1 1+ q

1 1
, Y

z
Q2 QL Q4

^2 . ,2 ^
u2  u7  uO

I

2
Qo Q2 Q7

n2 ,r2 ,,
X 6  X 1 1  Y 1

v t =

n" ,3 pl q,

r  * o 1 1 o ?'  - t

Qo QI  Q2+

QL Q2 Q7

o', o-o a,

t h e  f i t z a  a a r r r . | - i a-* -ns above by

and noting that QOQLQ2Q4Q.

Q N  Q -

n
z

n=o

l - +

x . A

' r  Y4

2 2o n' o  t 7

t 7

Q 2

1 1

Q r = 0 ,

2
Q n Q o Q r =  0 ,

1 1
d

Y - v ,

^ 1 r - ^\ 4 - v

Y

+

Mult iply ing

respect ivel .y

V
ẑ

c)-,t2

n- 2

-0

Qo Qz

Qo Qr

al a, on

o?, ao o,

Qr

n  a 2 . t
Y ^  Z A  Y . -

z . t I

Q7

Y A.+

Q7

a\..7

QO

2 2
Y

1 1
q

1 1
'l-

n n n n a \ r )* o - J ,  r o r l ,  , 2 v J ,

- I we obtain

Q 1 Q n ,  Q " Q n

= 0 ,

= Q r ds recluired.
2

Qo l ^ l n
x . r  Y A

I I

nt t  Q,  en

1 t
q  Q z Q a
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5  .4 .  We norv  p ror :eed as  in  1 .3  and de f ine

( 5 . 4 . 1 )  o  =  q  5 Q o ,  
B  =  -  n - , * Q r _ ,  \  = -  n t o n n ,  6  =  -  n - t Q r ,  . t  

=  q 2 e 7

From Lemma (5 .2 .1 )  r ^ re  have

( 5 . 4 . 2 )  6 ( q )  : =  - F g q o - -  =  o + B + y + 6 + e + 1
Y  U \ Y  I

From (  5  . 2  . 2 )  ,  ( 5  . 2  . . 3 )  and  Lemma (5  .  3 .13 )  respec t i ve l y  we  ob ta in

o"2 + 2ye + Bd2 + 6e2 + 2uB\ - o

92 + 2dq, + ye2 + rot + 2By6 = o

\2 + 2eB + 6cr2 + og2 + zy6e - o

d2 + 2ay + rB2 + By2 + 26ecr - o

e2  +  2Bo  +  ay2  +  yd2  +  2€s ,g  =  o ,

( s . 4 . 4 \ a 8 y 0 e  -  - 1  ,

( 5 . 4 . 3 )

( s . 4 . 5 )

0 + f l y + a g e 2 = O

B + ' \ , 6 + 3 y o ' = e

y + { i e + y d $ 2 = o

6  +  € : 0 ,  * ' o e y 2  =  o

e + c t B + e o 6 2 = o

We note here that  eeLch of  the three sets of  equat ions,  above,  is  invar iant

under any power of  the cyc l ic  permutat ion 161$y6e) Mul t ip ly ing

t l r e  f i ve  e< lua t i ons  i . n  (5  . 4 .5 )  by  y6 ,  6e  ,  ec r ,  o8 ,  By  respec t i ve l y

and not ing that  oFiyde -  -  1r  w€ obta in
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( 5 . 4 . 6 )

- 0  +  B d e  +  y e 6 2  =  o

- B  +  y e C I  +  d o , a 2  =  o

^ 2- Y  +  0 0 , [ 3  * ,  e S Q  -  0

- 6  +  e p y  +  s \ g 2  =  o

- s  +  o y d  *  B 6 y j  =  o

We shall us;e I t.o denote a sum obtained by permutinq the typical

term by powers of  the cyc l ic  permutat ion (o.By6e) .  For  ins; t .ance,

we have

Ioo '  =  o62 +  Be2 *yo2 +  dB2 *  ey2

We define

( 5 . 4 . 7 )  Y  =  ; o 2 8 3  ,  z  =  I o y u

Later we wil l  show that for 1 < i  < 10 ,

i
H ( E - )  =  P ( Y ,  z )  '

where P is  a polynomial ,  quadrat ic  in  y  and l inear  in  Z ,

wi th in tegr :a l  coef f ic ients and H is  the operator  that  acts on

a ser ies in  powers of  q p ick ing out  those terms in which the power

of q is; congruen.t to 0 modulo 1I .

L e m m a  ( 5 . 4 . 8 )  .

r  " 2I 0 d  
-  - 4 ,

c  ^ 2
I q E Y  =  3 ,

) o , y e -  =  1 - Y  r

w h e r e  c t , f l  , y , 6 , e  a r e  d e f i n e d  b y  ( 5 . 4 . 1 )  a n d  Y  i s  d e f i n e c l  b y

( s . 4 . 7 )  .
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Proof ,  Mu l t ip l l z ing  rhe  f i rs t  equat ion  in  (5 .4 .5 )  by

a ^ , A -  -  ^ - 1  n 2pIwL -  ,  o  ,  respec t ive ly  and s tunming we ob ta in

- s  +  I B ' y ' 0 .  -  l g r ,  =  e ,

I o o "  +  I g y o ' +  [ s B 6 2 e 2  -  o  ,

so that

n ? - , 4

I c r g y '  =  ) ' B 6 y z  =  _  I o o ,  _  l o 8 o 2 e 2

I B . 2 - l B , y r O .

v  ̂ 2)  -  z L s e

= - s - z I o 6 2 ,

or

( s . 4 . s )  z  l o d 2  +  l a B V 2  =  - s

Mult ip ly ing the four th equat ion i r  (s .4.3)  by o,  and summing we obta in

[  - . n 2  
"  f  - - - . 2  r  ^ 2  r  ^  2I  o 6 '  +  2  L \ t  +  )  c r e g  +  ) , 0 6 y  +  z  [  6 e o , 2  _  o

or

( s . 4 . r o )  :  [ , 1 6 2  +  + l a | l 2  =  O

From (  5  ,4  .9)  and (  5  . ,4  .10)  i t  fo t lows thar

I r O ' =  - . 4  a n d  ; o 8 v 2  =  3 ,  a s r e q u i r e < l .

Mult ip ly ing the thirr l  equat ion in (5.4.3) by crB and summing we obtain

[ , r g v 2  +  2 l s e g 2 + [ B e o 3 *  l o 2 B 3 - r o  -  o

[ , r y . 3 =  I 8 6 o 3 =  1 0  -  I o ' B t - 3 I o B ^ r 2

=  I O - Y - 9

=  f - Y ,  a s r e q u i r e d .
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Lemma (5 .4 .11) .  Any  express ion  o f  the  fo rm I  ou3by" i ;deu in

which each term has powers of q congruent to O mod lL and

a + b  +  c  + d +  e  <  1 0  c a n b e w r i t t e n a s  a p o l y n o m i a l  i r r  y  a n d

Z of the form

r Y " + s Y + t Z * u ,

w h e r e  r ,  s ,  t ,  u  a r e  i n t e g e r s  a n d  y ,  Z  a r e  d e f i n e d  b y  ( 5 . 4 . 7 ) .

P r .o f -  r r r om (5 -4 .1 )  i t  i s  c rea r  t ha t  any  exp ress ion  o f  t he  f o rm

a ^ b  c ^ d  e
o t t  Y 0 e has pews;5 3;  q congruent  to 0 rnod r -1 i f  t rnd onry i f

( 5 . 4 . 1 2 )  6 a  + .  7 b  +  l O c  +  B d  +  2 e  =  O  m o d  I l _  ,

whi.ch is ecluivalent to

2 9 a + z 1 b + 2 5 c +  z 3 a +  2 e 7 o  m o d ] l -

r t  fo l lows that  ougbytddau ha= powers of  q congruenr ro

0 mod 11 i f  and only i f  any one of

o a ^ . b " c -  d -  €  ^ . d . b ^ c ^  d . e  n a - b  c ^ d  e  a  b ^ c  d  ̂ ep y o E . o  ,  y - d - e - o - g - ,  6 - e " o " B - v " ,  E * o " B " y * 6 "  ,

has powers of q congruent to 0 mod tl r

so that und.er the cond.it ions of the Lemma I clagbrc5dre is well-

def ined.  r t  is  easy to ver i fy  that  the only non- t r iv i -a l  sums of

degree at  most-  5 are I  s62,  I  o$y2,  I  
"o283 

and I  aye 
3

Hence  f rom (5 .4 -7 )  and  Lemma (5 .4 .9 )  i t  f o l l ows  tha t  t he  s ta temen t  i s

t rue for  the degree,  a + b + c + d + e < 5

we 'need  some more  equa t i ons .  F rom the  second  equa t i on  i n  (5 .4 .5 )  and

t l r e  t h i r d  equa t i on  i .  (S .4 .6 )  we  have

( s . 4 . r 3 )

( s . 4 . 1 4 )

2 ^
o - B y  =  - B - y 6 ,

2 ^
o - B , e  =  y - s B 6
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F r o m  t h e  t h i r d  e q u a t . i o n  i n  ( 5 . 4 . 3 ) ,  a n d  t h e  f o u r l h  e q u a t i o n  i n  ( 5 . 4 . 6 )

a n d  ( 5 . 4 . 5 )  w e  h a v e

, r 2 y d  =  - o y g 2  - z 6 e y 2  - y 3 -  2 e B \ ,

, r 2 y d  -  ( - 6 + e B y )  -  2 ( - d - e o ) - y 3 - z g y . ,

or

? ^ o  ^  3( 5 . 4 . f 5 )  r ] - ] 6  =  6 + 2 e c r - B y e - y "

FrOm the  th i rd  3nd f : i  f  { -h  on : r :  t -  i  ans  in  (  5  .4  .  5 )  we have

-  " 2 ^ 2  ^ 2' - I  +  Y 0 0 , F  - 0 , 0  =  0 ,

' y a 2 + 6 e o 2 + y 6 o 2 g 2 = 0 ,

so that

( s  . 4  . 1 6 ) a 2 6 e  =  - f  - \ a . 2  - 0 6 2

We now proceed by induct ion.  We assume the statement  is  t rue for  a l l

va lues  o f  a ,  b ,  c ,  d ,  €  w i t h  a  +  b  +  c  +  d  *  e  <  n  whe re

5  <  n  <  9 ,  a n d  c o n s i d e r  a n y  I  o t g b y " 6 d e "  .  s a t i s f y i n g  ( a ; . 4 . L 2 )

a n d  a + b + c + d + e  =  n + 1

wi thout  1os;s b:E general i ty  we may suppose a 2 2 .  There are two cases:

Case  (1 ) :  I l ach  te rm has  a t  l eas t  t h ree  fac to rs .

Suppose  b  >  I  and  c  >  1  t hen  f rom (5 .4 .13 )  i t  f o l l ows  thac

I  ougb^ i "ddr"  = I  o 'By(ou- ' *b- l tc-1ud ,u)

r  a - 2 ^ b  c - I " d  e  r  a - 2 ^ b - 1  c " d + l  e= - 1 c [  F y  o c  -  l 0  b  y 0  € .

But  the r iqht-hand s ide of  the equat ion above has terms of  degree less

t h a n  n + 1  s o w e h a v e

r  a ^ b  c " d  e
)  o - B - y - d  

- e  -  =  P  ( Y  , z )
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T h r o u g h o u t  w e  d e n o t e  b y  p ( y , Z )  a n d  p .  ( y , Z ) ,  f o r  1  <  i  <  5 ,

polynomials of the :form

ry2 -r sy + tz * u ,

where  r ,  s ,  t ,  u  a re  in tegers .

s i m i l a r l y  f r o m  (  5 - 4  ' L 4 ) ,  ( 5 . 4 . 1 5 )  ,  ( 5 . 4 . 1 6 )  ,  r e s p e c t i v e r y  w e  o b t a i n

t h e d e s i r e d r e s u l t l l o r  b > l  a n d  e > I ,  c ) _  1  a n c l  d , z l _ ,

d > I  a n d  e > l /  r e s p e c t i v e l y ,

Now suppose b > I and d > I. We may assume c = €: = 0 .

If d > 2. we haver

I  otBt '6d = I  ou6oy. = P(Y,z) ,

for some polynomial p . So we may assume d = 1.

F rom the  th i rd  equa t i on  i n  (5 .4 .3 )  we  have

d.g2 =: - o26 - 2y6e - y2 - zg. ,

so that i-f b > 3 we have

I ot8bo = ), too2l oa-l ub-2 u

= - i ,  o " *18b-2d2 -  2 l  oa- lUb-2rd2e -  |  aa- lgb-z . rzu

- 2 |  oa-1ub-1u.

= - tr  o2ra+1ub-'* r l  oa-2ub-3u - I  o"-tBo-'"r '6-r l  o"- lgn-ru.

=  P ( Y r Z ) ,  f o r  s o m e  p o l y n o m i a l  p .

W e m a y a s s u m e  b = 1 ,  s i n c e i f  b = 2 r d = l r c = e = O  t h e n

f ron  (  5 .4 . I 2 )  we  have

6 a + 1 4 + B  =  0  m o d l l

a  =  0  mod 11,  wh ich  is  imposs ib le .



I l 3 .

F o r  b = d = 1 1 c = e = 0  w e f i n d  a = 3  m o d I I  r v h i c f u i m p l i e s

a  =  3 ,  bu t  a  +  b  *  c  *  d  +  e  =  5  =  n  +  1 ,  con t rad ic t ion .  Hence

we have shown that 'the statenrent is true for b > I ancl d > l.

Now suppose suppose c > I and e 2 I . we may assume b = d = o.

I f  c 2 2  w e h a v e

I ou.rtr" = I o"yudt = p (y ,z) ,

for some polynomial p

I f  e 2 2  w e h a r t e

I  ou. f " r "  =  I  o"Bt , j "  =  p(y tz)  ,

for some polynomial p

So we may assume c = e = I  .  In  th is  case we f ind that  d = 9,

which is  impossib le.

CASE ( I I ) :  Each  i : e rm  has  on l y ' two  fac to rs .

We have the fo l lowing table:

Terms with two factorsDegree

6

7

z  ^ . t
C L O

5 ^ 2
0 p

6 "
c L o

^ 7
r t K

a
0 l J

3 ^ 6
cr, o

0 , b

7  " 3

^ 2 4
K '

^ 5 2
F Y

^ 6K r -
y e

F Y

^ 8
F Y

^ 3  6
K t r

^ 4 6
F Y

^ 7 .  3
K f
P v

z . *
Y 0

5 " 2
Y 0

6y 0 .

" 7Y 0

" ( 0

3 6
Y o (

. l  
" oY o

7 3
Y 0 ,

" 2  ^ 4
N K

" 5 2

" 6 ^

r ^ 7

R

" 3  ^ 6o F

^z t  o

" 7  ^ 3

2 4e Y

5 2
s a t

6
t r ^ v

c d

3 5
e Y

4 6
t r d

t 5
e Y

8

9

IO



1 1 4 .

We wi l l  now show tht r t  each of  the expressions,

I o ' o n ,  I o t g ' , ,  I o u o ,  I o g t ,  I o r B ,  I o 3 6 6 ,

I o n B u ,  I o ' 6 t ,  
'

can  be  wr i t t en  as  p (y , z )  ,  f o r  some  po l ynomia l  p

We have

I o ' o n  =  [ i o o 2 ) ' - ,  I o 6 6 2 e 2  - z l o 8 2 6 3

=  P (Y ,Z )  ,  f o r  some  po l ynomia l  p  ,

s i nce  f rom Lemma (s .4 .g ) ,  (  I  oO ' ) '  =  16  ,  and  the  l a t t e r  rwo

expressionsi are of d.egree 6 and. they have terms with at least ttrree

fac to rs .

T  ^ . 6 o  r  6
1 0 0  =  l o y -  =  l ,  b y d e f i n i t i o n .

Mul t ip ly ing  the  th i rd  equat ion  in  (5 .4 .3 )  by  o4  we ob ta in

o4y2 * zct4ge * o6d * o5g2 + zcr,4y6e = o ,

so that

I o t B ' = - [ o 6 6  -  z l o ; y o ,  L o n y '  -  2 ] . o a 8 e

=  -  z  +  P ( Y , Z ) ,  .  f o r  s o m e  p o l y n o m i a l  p ,

s ince the last  three expressions are e i ther  of  degree less than 7 or

are of  degree 7 wi th terms consist ing of  at  least  three factors.

Simi lar ly  the desi red resul t  for  I  oB7 fo l lows f rom

_ \ 2  6  )  q  ?  q ,
B " \ ' + z ! " e  +  o , ' 9 ' 6  +  a B '  +  z $ ' y 6 e  =  o ,

wh ich  i s  t he  t h i rd  equa r i on  i n  (5 .4 .3 )  mu l t i p l i ed  by  85

Mu l t i p l y i ng  t he  f i r sL  equa t i on  i n  (5 .4 .3 )  by  oUB we  ob ta in
e .  c .  R  )  ) .  6 .  )  . t ^ 2

o " B  + 2 o " B y e - r c t " 8 ' 6 '  * o o B 6 e ,  +  2 a ' b , Y  =  e ,
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so that

.  r  B .  -  A  |  6 ^ 2 ^ 2  
"  

6 _ -  ?  r  7( 5 . 4 . 1 7 )  ) . o " 9  = =  -  2  [  o o B v r  -  l  o  b  o  - ;  o o B 6 r ' t  -  2 , .  I  o r g r ,

we wi l - r  now show th; r t  each expression on the r ight-hand.  s j .de of

(5 .4 .17 )  c ,an  be  wr i t Len  as  a  po l ynomia l  i n  y  and  Z  ,  o f  t he

desi red type.  Now,,  I  o63ye = p l  (y ,z)  for  some polyrromial

t I  ,  s ince i t  has the same degree as I  oBB and i t  consis ts  of

terms wi th at  least  three factors.

We have

( s .4 . r8 )  (  [  o3soJ2  =  [  o6B2o ' ,  -  2  Lo ' ,B '  *  z  I  o4Bv3e ;2

From (  5.4 .  13)  i t  fo l - lows that

q  _ 4 ^  : 3 . 2  r  2 ^  2 " 2  r  2  3 " 3
l o . F Y $  = - 1 0 5 Y 0  - I o y o

= P 
2(Y ,z )  ,  fo r  some po lynomia l .  n  

Z  ,

s ince each expression has degree less than 9, the degree of I  o8B

Now,  f rom Lemma (5 .4 .8 )

and

( [ c , 3 e o J  2  -  [ I " y r ' ) ' =  1 - - 2 y + y 2

I o68262 = p 
3ft ,z) , for some polynomia]- n3

N o w ,  f r o m  ( 5 . 4 . I 3 )  v r e  h a v e

r  b ^ "  ! l  r  2 ^ 6
l c I F o e  =  L  0 F Y e

e ^ 6  r ^ 5= - I F e  -  I b y o e

= '  
P 

4(Y ,z) ,  for some PolYnomi;r l  nq

- ^
S imi la r ly ,  I  a 'B-y  =  Ps(y ,z )  ,  fo r  some po lynomia l  n5

r B
Hence,  )  c r -B  =  p  (Y  ,Z)  ,  fo r  some po lynomia l  P
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l , lu l t ip ly ing  the  th i rd  equat ion  in  (5 .4 .3 )  by  0 ,65  we ob ta in

o y 2 d 5  +  z * B 6 5 e  *  o t 6 6  *  o ' B ' 6 t  +  z o y 6 6 e  =  0 ,

so that

I  o ' o u  =  -  I  o 2 B ' 0 5  - ,  I  o y o 6 e  -  I  o y ' o u  -  z \ o 8 6 5 r :

= P (Y ,Z)  ,  for  some polynomial  p ,

s ince each expression on the r ight-hand s ide is  e i ther  of  deqree l -ess

than 9 or  is  of  deg: lee 9 wi th terms consist ing of  at  leas.L three factcrs.

We can arg 'ue s imi la: :J-y to obta in the desi red resul t  f , - r r

r  4 ^ 6  -  F  7 3
1 0 5  a n d  ) o ' y "

Th i s  comp le tes  t he  p roo f  o f  Lemma (5 .4 . f I ) .

As an immediate consreguence we have the fo]lowinq Lemma.

Lemna  (5 .4 .19 )  .  I r o r  each  j _ ,  I  <  i  <  lO ,  t he re  ex i s ; t  i n tege rs

f  r  s ,  t r  u  such t l ia t

H ( E i )  , Y 2  +  s Y  +  t z  *  u  ,

w h e r e  Y  ,  Z  '  a r e  c l e f i n e d  b y  ( 5 . 4 . 7 )  .

P r o o f  .  ( 5  . 4 . 2 )  i s

E  = - 9 ! 4 " '  =  c x + B + Y + 6 + e  + 1  ,
q-E  (q " ' )

w h e r e  o ,  3 ,  y ,  6 ,  e  a r e  d e f i n e d  b y  ( 5 . 4 . 1 ) .

Now,

- i  ^  i
t ,  -  (c  + g + y + t j  +  e + 1)  

-  
is  a sum of  expressions

of the form

1  ^ a o b . , c ^ d - e  -  ^ , a . o b ^ . c r d ^ e  o a - . b " c ^ d - e  -  a " b  ^  I  ^
L *  t ,  I  v  c :  = cr- '8"y"6*e-  + B*y"6"e*cr-  + y*6"e 'o"B=

" a b c ^ d e  a b ^ c d " e
+ 0 e o F Y  + e o F Y c  f

w h e r e  a + b + c + d + e < 1 0
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From the remarks at  the beginning of  the proof  of  Lemma (5.4.11)  we ha, .ze

that

H(E-)  is ;  a  sum of  expressions of  the form

1 ^aob^,c^d,-e
l u p Y o u  ,  w h e r e  d , b ,  c , d , e  s a t i s f i e s  ( 5 . 4 . 1 2 )  a n < l

a  +  b  +  c  +  d  +  e  <  10  .  Hence  f rom Lemma (5 .4 . f I )  we  have

H ( E i )  =  r v 2  + s Y + t z + u ,

fo r  some in tegers  r ,  s ,  t ,  u  .

5 . 5  I n  t h i s  s e c t i . o n  w e  p r o v e  a  s p e c i a l  c a s e  o f  f h e o r e m  ( 5 . 1 . 2 ) ,

fron which we are ab,Ie to show that

n ( l l n  +  6 1  =  0  m o d  1 1 ,  f o r  n  >  0

We also der:ive the rnodular equation of eleventh order due to nirre I g ]

We define

( 5 . 5 . 1 )  A  =  - 1 6 - y ,  B  =  2 - 2 ,

w h e r e  Y ,  Z  a r e  d e f i n e d  b y  ( 5 . 4 . 7 )  .

we now int roduce the operators Hi ,  0  < i  < 10 ,  which act  < ln a

ser ies of  powers of  q and s imply p ick out  these terms in which

the power of  q is  congruent  to i  modul_o 11,  so that  H^ = H

L e m m a  ( 5 . 5 . 2 )

H ( E )  =  n t E 2 )  =  1 ,  H ( 6 7 )  =  1 4 B + r 1 2 A + 1 1 3 ,

H ( 6 3 )  H ( 8 4 )  = - 1 r ,  H ( 6 8 )  =  - r 1 3

H ( 6 5 )  =  I o , n + t t 2 ,  u ( 6 9 )  = - 9 A 2  + 1 3 8 6 A - 9 9 B + 1 1 4 ,

H ( 8 6 )  =  1 1 2 ,  n ( g l o ) =  r 1 4



1 t a

Sfgef_.  From Lemma (5.4.8)  we easi ly  f ind that

H ( 0 , +  r - e )  =  O ,

H ( ( c r  +  . . :  +  e ) 2 )  = ,  o

H ( ( o  +  . . .  +  e ) 3 )  =  3  I  c r 6 2  =  -  1 2 ,

H ( ( o +  + e ) 4 )  = r z l a B y 2  3 6  ,

H ( ( o  +  +  e ) 5 )  = 1 0  I  o 2 B 3  *  z o  I  o y e 3  +  1 2 0  c r F y d e

=  l O Y  +  2 0 ( I - y )  -  1 2 0

= - 1 0 0 - 1 0 Y

S i n c e  H  i s  a  l i r r e A r  o n a r ; f . .  w e  h a v e

H ( E )  = H ( s +  + e )  + r i ( l )  - l  ,

n E 2 l  = H ( ( s , + . . .  * d 2 )  + 2 H ( ( c r , + . . . + € ) )  + H ( 1 )  - l  ,

H ( E 3 l  =  -  1 2  *  t  =  -  t r  ,

H ( q 4 )  = 3 6 - 4 8 + 1 = - r t  ,

H ( 8 5 )  =  ( -  1 0 0  -  t o y )  +  5  x  3 6  -  t 0  x  l - 2  +  I

=  -  I O Y  -  3 9  =  -  1 O ( -  1 6  -  A )  -  3 9  =  1 O A  +  1 1 2

F r o m  ( 5 . 4 . 3 )  w e  h a v e

H r ( o + . . . + e ) = 0 . ,

H r (  ( a  +  . . .  +  e )  
2 )  =  c r 2  

' +  
2 \ e  ,

H ,  (  ( c t  +  . . .  +  e )  
3 )  =  3 8 6 2  +  : 6 e 2  +  6 0 B y  ,

s o  H r ( E 3 )  = H r ( ( o + . . .  + e ) 3 + 3 ( o + . . .  +  e ) 2  +  3 ( r + . . . + e ) + 1 )

= 3a.2 + 6ye + :862 + :6e2 + 6CI,g] = Q

Simi la r ly ,

H 3 ( q 3 )  =  2 3 2  +  6 6 a  +  t y e 2  + : e c l 2  +  o g y 6  o  ,

" a ( g ' )  
-  3 e 2  +  6 8 6  +  : o y 2  +  : y 6 2  +  6 e o B  =  o ,

n s ( 8 3 )  =  : 6 2  +  6 o y  +  3 e B 2  +  : B y 2  +  o 6 e o  -  o ,

H9(83)  =  :y2  *  6eg +  36o2 +  :c rB2 +  ey6e -  0

H e n c e ,  n ( g 6 )  =  ( H t g 3 l  l 2  =  L r 2
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We cou ld  use  s imi - la : :  methods  to  eva lua te  H(E l ) ,  fo r  i

but this wr:uld be e><tremery tedious. we now calculate tLLe
. i

t e rms  o f  H (g t )  as  a  se r i es  o f  powers  o f  *  =  n11 ,  f : o r

us ing  l . I ewman 's  I I q ]  t ab le  f o r  t he  coe f f i c i _en ts  o f  E (S ) i

Now,

i l  ( q )
= - 4

C  1 ^ i
L Z L .

q  e ( 9  )

n  ' - u  
/ F / ^ \ ' \

: 1  r r . r \ L r Y /  I

= I 4 x -  + I L 2 x '

> 1

f i r s t fi-ve

> 7 ,

Q A

'7
( s .  s . 3 )  H  t : 6 ' )

u  ( q l 2 1 )  7

-40, R
q  

-  - H 7  
( E  ( q )  

- )

-  
-  1 r 1 . 8
r , ( q  )

- 4 q  q
q  ' * u r ( E ( q )  - )

- ^
- 0 x - + 0 x - +

- ' l
+  z J S x  -  l g l + 5 9 5 x + . . . .  I

- l

0 x  
-  -  1 I ' +  O  +  . . .  ,

( s . s . 4 )  H ( q B )

( s . s . s )  H  t  E e ) L56€:x-2 + 3015x

( 5 . s . 6 )  u  ( 6 1 0 )  =

- 4
=  - 9 x 1 3 5 x  

- + - t
-  / U  /  1 +

_  - e e ,  .  i  .  
I1 ) 1  g

r  ( q - - - )  -

- q n  r  n
a  " " r t  1 r .  / ^ \ ' " r. 1  1 1 6  \ !  \ Y /  )
-  

-  1 2 1 . 1 0
s ( q  )

- 4  -  {= 0 x - * O x - - )  - l

+ 0 x - + 0 x t + ' t l -

o f
2

v v ?L t
We have calculated the f i rs t  e l_even cerms

se r i es  o f  powers  o f  *  =  q l l

( s . s . 7 )
L * P

- 2  ^ - 1=  - x  -  z x

- lox6 + 12x

4 5 4

A

+

- 5 x

x

I TJX

^ z  5  _ 4-  8 x  -  x  - ' 7 x  + l - 1 x

( s . s . 8 )

( s . s . e ) a

Y

- 3  ^ - 2  - 1
x  + u x  - x

16x'  -  18x- + 46x

+ I 2 x -  + 2 6 x ' +

+ lo6x4 + r4x5 -

- 2 x -

3l-x7 +

+ 14x -t- .107x

/ a

zx  -  J -bx
r 6
I rlY + 1 4

+

- , f

x - * 4 x -

J

+  y 4 x

,

z
5 2

6

From Lemma ( 5 .4 .19) \f, 'e have

' 7 2
H ( g ' )  =  r l r - + s Y + t Z + u



' l  t n

fo r  some in tegers  t€ t  s ,  t ,  u ,  so  tha t

r = 0 ,  t = - 1 , 1  7  s = - J . I 2 ,  J 4 t  - 4 s * u  =  _ 1 U l

a n d  u  =  -  4 3 3  .  l F h e r p f o r a -

'7

H ( E ' )  =  -  1 1 2 ( -  r o  -  A ) . -  t 4 ( 2  -  B )  -  4 3 3

=  l4B  +  l l 2a  +  r r3

Sim i l a r1y .

. * 8  zH ( E - )  =  r Y - + s y + t Z + u ,  s o t h a t

r  =  s  =  t = 0  a n d  u  =  -  l I 3  r  d s  r e q u i r e d .

s 2
H ( 8 " )  =  r Y ' + s y + t z + u ,  s o t h a t

r  =  -  9  ,  4 r  -  L  =  -  1 3 5 ,  1 2 r  -  s  =  1 5 6 6

and 52r  +  I4 t  -  4s  +  u  =  -  2423.

H e n c e l  T  -  - 9 ,  t =  9 9 ,  s = - 1 6 j 4 ,  u = - 1 0 0 3 7  a n d

s ( 8 9 )  =  -  9 ( A + - 1 6 )  
' -  

r u r n ( -  t 6  - A )  +  9 9 ( 2  - B )  +  1 0 0 3 7

= - gA2 +- 13864 - 998 + 1t4

- 1 0  2H ( E * " )  =  r Y -  *  s i Y  *  t z  +  u ,  s o  t h a t

r  = s = t = 0  a n d  u = 1 1 4  r  d s r e q u i r e d .

T h e o r e m  ( 5 . 5 . 1 0 ) .  S u p p o s e  r  i s  o n e  o f  t h e  n u m b e r s  2 ,  4 ,  6 ,  B ,  1 0 ,

and def ine pr(o) as zero i f  o is not a non-negat ive inteqer,  Then

n r ( l l n  + '  5 r )  =  ( -  1 r )  f t / 2 )  - r  
n r ( n / 1 1 )

Proof .  F rom Leruna (5 .5 . I )  we have

H ( E r )  = :  ( -  r r )  k / 2 ) - r  ,

H ( q - 5 t  E  ( q )  t )  = '  ( -  , r ,  
( r / 2 )  - 1  

E  ( q 1 2 1 )  t  
,

c  . _ _  . r . r n  ( r / 2 ) _ I  r  ,  I 2 I n
I  p - ( l l n + S r )  q - - "  =  ( - t I )  '  

) .  p  ( n )  q
.io t 

.,!o- t
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or  
I ^  n r ( l1n+5r : )  qn  =  ( -  t t ,  

( t /2 )  - t  
I  n - (n , /11)  qn  r  ds  requ i red .

n)0 -  
,eO 

r

Simi l-ar ly we also f j -nd that 
I

I  n . ,  ( l } n  +  5 ) q n  =  I  p . ,  ( n / 1 1 )  q n  ,
n)0 -  

n2O i

I ^  n = ( 1 1 n  +  t s ) q n  =  -  1 t  I  n . ( n , / l 1 ) q n
n ) 0 " n 2 O '

Furthrer,

I  n . ( l l n  +  , ) n t t t * '  =  e 2 5 ( t o o  +  t t 2 )  n ( q 1 2 1 ) 5  ,
n>0

or

( s . s . 1 1 )
\-
I  n ^ ( 1 1 n  +  z s ) q n  =  ( 1 O A  +  t t 2 )  n ( q 1 1 ) 5  ,

n> -2

where  o*  (n )  =  o (q l l I1 )

S imi la r ly

( 5 . 5 . 1 2 )  I  n r ( l l n  +  3 5 ) q n  =  ( 1 - 4 B *  +  r 1 2 A  +  t t 3 )  
" ( q 1 1 )  

7  
,

n>-3

*  1 / ' l  1
w h e r e  B  ( q - ' * * )

He re  'we  no te  t ha t  A* ,  B *  a re  respec t i ve l y  o rB  i n  F . i ne , s  pape r .

A l s o  i f  w e  c o m p a r e  ( 5 . 5 . 1 r ) ,  ( 5 . 5 . L 2 )  r e s p e c t i v e l y  t o  t h e  b h i r d  a n d

fou r t . h  equa t i on  o f  ( 46 )  i n  A tk in  [  1 ]  we  f i nd  t ha t  A tk in , : s  G? ,  G3

are  re la ted  to  A* ,  B *  by

* * *
G Z  =  A  ,  G "  =  B  - 3 A

T h e o r , e m  ( 5 . 5 . 1 3 )  .  F o r  n  )  O  ,

" l _ r n r ( l 1 n  

+  z s ) q I l t  =  ( t o a  +  t t 2 )  u ( q 1 2 1 ) 5

p ( l l n + 6 )  = 0  m o d l l



so that

Now,

Proof-

u l  r

I  P ( "1
n)0

I  P ( l rn
n>0

I =
E  ( q )

n (q) ro

E  ( q )  1 1
n (e)  10

I l_ ,
^ u ( Q  )

-= 0 mod 11,

1 1  ,

r 2 2 .

nod 1I ,

where

From Theorem (S.s . fO)  we have

P. ,  ̂ (1 -Ln  +  6 ;  =  114 p .  ̂ ( (  n -a)  ,211)t-u - 10

' l n

H _ ( E ( o ) * " r  =  O  m o d  1 I- ' 6 ' -  
" 1 ' ,  t

q  1  n d < )

It follows th,at

== ( t  -  S) - t  nod 11

I ln+6 -
+  o J 9  = r o n r l i  r a . l

! v \ a g f  !  9 g  .

p  (e l ] )
o 5

L e m n e L  ( 5 . 5 " 1 4 1 1  ( F j . n e ' s

T r . , - l r \  l 2
( 5 . 5 . 1 5 )  ; i " 1  : ' = =  . -  =

^ 5 5 F  / ^ l 2 l \  l _ 2
Y  ! \ Y  I

M o d u l a r  E q u a t i o n ,  F i n e  I  I  ] ,  ( 3 . 2 1 )  )

Et l  -  t r q lo  +  s  x  r t qe  -  11268  -  t t 2E7

+  r r ( 1 r 2 - 2 N E 6  -  L r 2 ( r r - z a ) q 5

t t ( t t 3+ tz6A+28)  14  +  t t 21s  x  t t 2+  38A  +  38 )E ;

t r ( t r 4  +  7 2  x  t r A  -  a 2  +  g  x  t m ) 6 2

t r2 ( t : -3  +  B  x  l 1A  +  a2  +  t re )E

F o r  0 < i < 1 0

then

P =- 1

P =- 2

P =- 3

d e f i n e  E .  ( q )  =  6 ( o i s ). L

\ T J
L e i

H { E J ) I El tcutvl
i=0

Therefore from Lemma. ( 5 . 5  . 2 )  w e  h a v e

1=
1 1

I
=l

1 1

= 1

. 2  - 2
9'o * 91

. 3  _ 3>  + ,= 0  t l

-L. J.

+ = 1 1  ,

= - I i t 2

t' 10

> z
9to

t--10+ +
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n a  =  g 3 r . E t *  * E i o  =  - r r 2 ,

ns = q l  t .  , i  .  . . . ,  *  Eio = l l ( loa + r r2)  ,

n e  : :  g 3 + . g i  . . . . * e i o  =  r 1 3  ,

, t  = :  e l  .  e l  .  . . .  *  g lo  =  11 (148  +  L r2A  +  r r3 )  ,

" s : :  
q ;  6 i . . . . * q i o  =  - u 4 ,

ng  = :  g3  E i .  " '  *  E?o  =  r t ( -  go2  +  1386A -  eeB + . t t4 )

Plo =, 6*o qlo * .  . .  .  813 = rr5

From rstandard formul,ae it fol_lows that

t l  =  I E ,  =  1 1 ,

s z  = r l r " ' t '  =  5 x 1 1  '

' :  
, .1* 

i ; iEjgk = 112 ,

ta =r.r lo.n 6i6j6kg[ = :  Lr2 ,  '

t 5  =  - 1 1 ( : t t 2 - z o )  ,

so  =  -  11 l l (  11  -  2A)  ,

t z  =  t r ( r l 3  +  1 2 6 A  +  2 8 )  ,

s e  =  1 ] 2 ( 5  x  1 1 2  +  3 B A  +  2 8 )  ,

t n  =  I 1 ( r t 4  +  7 2  x l t A  -  o 2  *  g  x  1 1 B ) ,

s r o  =  r r 2 ( l r 3  +  B  x  1 l a  +  a 2  +  t t e )
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From Lemma ( 5 . 2. 5) vre have

1(l 'l o
c - - f f - - 1 - r io l 1  =  l l  L ,  =  l l  6 ( t l t - q )

i=0  -  
,  i=0

= Itll -F+b-=- = ==u'o11ltl=
i =o  q t  r t t  n (e12 r )  u55"  {n r r t ,  

t ,

Hence the q i  are the roots of  the equat ion

xl l  - .  r tx l0+ s *uxe'  -  r r2x8 +. . .+ r - r2(rr3+exl1A+A2+r-rB)x-  ,* f f i -  = o,
q  E ( q  

- )

but 6 = 6O and the Lemma is proved

5 . 6 .  W e  a r e  n o w  i n .  a  p o s i t i o n  t o  p r o v e  T h e o r e m  ( 5 . I . 3 ) .

F r o m  L e m m a  ( 5 . 5 . 2 )  a n d  ( 5 . 5 . 1 5 )  w e  h a v e

- - .  - - r .  n  r . , r1 ;  12
H ( E  

* )  
. ; " ' Y ;  ;

q 5 5 E  ( q 1 2 t )  1 2

=  H ( q 1 0 )  -  r r g ( 6 e )  +  s s u ( 6 8 )  - : - r 2 n ( 6 7 )  -  r r 2 H ( 6 6 )

+  11(  t t2 .  za)  i r (6s l  -  L r2(11-2A)  H(g4)  -  l t ( r13+r26a +  2 l ; )  u (E3)

+  1 1 2 ( s  x  t t 2  +  3 8 A  +  z e )  H ( E 2 )  -  1 1 ( t t 4 +  7 2  x  r r A -  o 2  *  n r " )  H ( q )

+  112(113  +  BgA +  a2  +  t l s )

=  1 1 4  -  r r ( - g e 2 +  r - 3 8 6 A -  9 9 8  +  t t 4 ) -  5  x 1 r 4  -  l t 2 ( t a e +  1 r 2 A +  r 1 3 )

-  114+  r1 ( r12  -  2A)  (1oa  +  t : -2 )+  r t3 ( r r  -  za )  +  t t 2 (1 t3  +  t26A  +  28 )

+  t t 2 (5  x  r l 2  +  3gA  +  2 l , )  -  1 r ( t t 4  +  72  x  1ys -  o '  *  ng " )

+  r t2 ( t t 3  +  BBA +  a2  +  1 te ) .

=  11 ( r r3  +  B8A *  o2  *  t t " )  ,
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or

(5 .6 ,1 )  H(E- l )  : :  t r ( r r3  +  88A +  a2  +  r te )  n r ,  
##

Now l l r om (5 .4 .2 )  we  have

I  r ( r ,1qn =:  +.  = = 6- l^=
n)o  e  (q )  

q5E (qr21)

Pick ing out  those p 'wers of  q congruent  to 6 mod r - r  we obta in

.  r  1n+6
)  p ( r r n  +  6 ) q *  =

n>O qsE (q12r)

= rrq5o (1r3+ 88A + a2+ rre) p tq131t - i i  ,
E  ( q - * )  - -

I ptrtn + o)qllt = ttq44(1r3 + B8A + e2 + rln) ta4:#
n ) O  n  / ^ r r r  r z

so that

( 5 . 6 . 2 )  I  p t t l n  +  6 ) q n  =  1 r s 4 ( t t 3  +  , r o *  *  A * 2 +  1 r - B * ,  l , n t t ] 1 1
nio n (q) t2

W e  n o t e  h e r e  t h a t  ( 5 . 6 . 2 )  i s  ( 3 . 2 5 )  i n  F i n e ' s  p a p e r .
* *

A lso ,  A  and B are  un ique ly  de termined by  (5 .5 .11)  and

( s . s . 1 2 ) .

1

qr.l .\


