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CHAPTER V

AN ELEVENTARY PROOF OF »(11n+e) =0 MOD 11 AND SOME FURTHER IDENTITIES

5.1. INTRODUCTION.

Winquist [17] and Atkin and Swinnerton-Dyer [4 ] have given

elementary proofs of

(5.1.1) p(lln + 6) 20 mod 11.

In this chapter we show how the methods of Chapter 1 can be extended to
derive (5.1.1). Our proof depends on an identity in Atkin and
Swinnerton-Dyer's paper, which we prove using no more than Jacobi's
triple product identity. Using ideas from Atkin and Hussain [ 5 ] we

give an elementary proof of the following Theorem, due to Newman (133, for

the case p =11 and r £ 10.

Theorem (5.1.2). Suppose that r is one of the numbers 2, 4, 6, 8, 10,

14, 26. Let P be a prime > 3 such that r(p+l) = 0 (mod 24).
Let A = r(pz-l)/24 and define pr(u) as zero if « is not a

non-negative integer. Then

_p)(r/2)—l

Pr(np +A) = pr(n(p).

We show that (5.1.1) follows easily from Theorem (5.1.2).

In section (5.5) we give an elementary derivation of the modular
equation of eleventh order due to Fine [ 8 ], from which we are able to
obtain the Ramanujan-type identity, stated below, for the generating

function by p(lln+6)qn .
nz0
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Theorem (5.1.3).

11,11
* * *
(5.1.4) } p(in+6) " = 11q°(11° + sea” + a"2 + 1187 Eii——%g—
nz0 E(q)
* *
where A , B are power series in g with integer coefficients

defined by

* 5 A
(102" + 11% B( ¢'H” = ] p(11n + 25)q"
-2

nz
and

7

* *
(148" + 1123  + 117)E(q'Y) ! p,(lin + 359" .

n=-3

We note here that (5.1.4) is (3.25) in Fine's paper.

5.2. In this section we split Euler's function E(q) according to

the residue of the exponent (mod 11) and obtain relations analogous to

(1.2.2). These are contained in the following Lemma.

Lemma (5.2.1).

121, - 2 15 5 7
BE(@ = Elg gy -a9Q -a9,-a7g +a +qo],
121n-44 121n-77
(1-g ) (A-g )
where -Q = TT. ,
1 -22 121n-99
0 n21 (l-q 21n-2 ) (1-q n )-
121n-22 121n-99
o, = TI a-a217?? q-g 2%
> 21n-11 121n-110, '
P (1M (gt
121n-55 121n-66
o, = TT (1-q-“"77°) (1-q )
- -33 121n-88 !
2 n>1 (l-q121n ) (1-q nTEE
-11 121n-110
o - T (1-gi2ln-11y ;_ 121n )
B =55 121n-66 !
4 . (l_quln ) (1-q n )
. 121n-33 121n-88
_ TT- (1-g " ) (l-g )
Q7 121n-44 121n-77 !

nl (l-q ) (1-g )

1
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and these satisfy

( 2 2 33 2 22 11
909 7 Q9 t a7 t 29 0,00, - 2570, Q=0

2 11 2 2 11 22

2 22 2 2 11
5.2.2 - - - =
( b} Q97 - 4 TR0, + Q] - 29770,0,0, -~ 20,0, 0
22 2 11 2 11 2
2 22 2 2 . 11
\ Q1Q7 - g QlQ4 +Q, - 2QOQ2Q7 - 29 QOQ4 =0,
5.2.3 = .
( ) Q0 Ql Q2 Q4 Q7 1
Proof. Here we assume Jacobi's triple product identity
on-1, . 1 2n-1 2 ot 2
T a+e™™a+e ¢ Ha-¢M = &
n=1l -0
from which can be deduced
[} 15 3 2
E(gq) = Z -1n" q (3n"-n) (Euler),
-0
3 n % (n%+n)
E(@~ = )} (-1)(2n+ lg (Jacobi) ,
n20
and Watson's quintuple product identity
- - 2 2n- -2 2n-1
T (red™ e 1Y (1-62¢7 Y (-¢72¢% ) (=™

n=1

- - - -1 3 3n-2 -3 3n-1 - 3
- TT (l-t3q3n l)(l—t 3q3n 2)(l—q3n) + TT-(l_t q n ) (1-t g n ) (1-q n).
nx1 ° nzl

(For an elementary proof of the quintuple product identity, see Bailey [6 l.)

10
 Write E(q) = ) E, ,
. i
i=0
where Ei contains those terms of E(q) in which the power of a is

congruent to i mod 11.

I+

Since %(3r2 r)y Z 3,6, 8,9, 10med 11, E_=E_=E_ = =E._ =0

and E(q) E. +E. +E_, +E, + E% + B

o T17 27 Ta 7.
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1 2 2
Eo(q) - 14 2 (_l)r q1(3r —r)+ | 2 (_1)r q%(3r +r)
r>1 r>1
%(3r?%-r) 20 L(3r°+r) 20
mod 11 mod 11
: r %(3r2+r) W\ T 1(3r2~r)
= 1+ N (-1)" g + ) (-1F g°
r=1 r>1
r=0,7 . r=0,4
mod 11 mod 11
T 11n %(363n°+11n) s 11n44  %(363n°+253n+44)
= ) (-1 g + ) (-1 q "
00 =0
2 2
17. 0 n n n

- ‘[E (l B q363n—l76)(l _ q363n_187)(l _ q363n)
nz

- 4 q22 TT— (l _ q363n—55)(1 _ q363n—308)(1 _ q3631’1)
n21

1]

TT-(l+q121n—22)(l+ql2ln—99)(l_q242n—165){l_q242n—77)(l_ql2ln)

n21
42n-44 242n-198 242-165 242n-77
! (1-g>227%) 1-2*2 7198 (1g ) (1-g~ 2477
- 1n—
N (1-qt21n-22) (| 121n-99,
121n-44 121n-77
o e il N e C il
-22 121n-99
n>1 (l_q121n ) (1-q n )
Similarly we obtain:
‘ 121n-22 121n-99
O S N = 7Y (1-g7 )
- - 121n-110 !
1 1 (l_ql2ln ll)(l—q In-1 )
- 121n-66
B = - qle(t? (1-q 21723 (312106,
T 121n-33 121n-88 !
2 n2l (1-q- 21733 (-8
- 121n-110
E g = —rt?h (1-g 207ty (g g121n110,
I S -55 121n-66 !
4 n>1 (l—qlzln > ) (1-g n )
- 121n-88
E () = q El@H T] EE- el YO it
o= 121n-44 121n-77
7 n2l (1-g~ ) (-



Now,

oL 2
Bl - It
%(3x2-r)=5
mod 11
- z ( l)r q:1~5(31:2-r)
r=2
mod 11

(e o]
[ (opline2 q%(363n2+121n+10)

n 121y%(3n%+n)
(q J

Combining these results we obtain

121, 2 15 5, 7
Bl) = Bl [Qy - a@) - a'Q, - a g, +a +q'Q] ,

where the Qi are defined as in the statement of the Lemma.

Clearl =
early Qo Ql Q2 Q4 Q7 1
Now,
E( )3 = (E.+E. +E_+E, +E_+E )3
&= Ay PR AR, HE, FESHE
= (E3 + 6E_E E_ + 3E2E + 6E E.E_ + 3E_E 52
0 245 27 07477 1” 5
+ (E3 + 6E_.E E_ + 3E2E + 6E E_E_ + 3B E2)
4 17477 071 0577
2
+ (3EOLl + 3E0E2 + 3E4E5 + 6E2E1E7 + 6E1E5 7)
3 2 2
+ (El + 6E0E1E2 + OE7 + 6E2 7 + 3E4 5)
2 2 2 2 2 3
3E_E » s
+ (~EOIZ + 3El 5 + 3EOE4 + 3E4 7 + 3E1E7 + EB)
2 2 2 ,
+ (3Elh2 + 3EO 5 + 3E2E7 + 6EOE1E4 + 6E4E5E7)
3 2 2
. +
+ (E2 F 6EOE2E4 + 3E1E4 + 6EOE1E5 5E7)
2 2 2
+ (3El 5 + 3EO 4 + 3E4E7 + 6E1E B4 + 6EOE2E )
2 2 2
+ (3132 gt 3EO a7t 3E5E7 + 6E1E E. + 6EOE1E )
+ (3E F2 + 3E2 + 3E2E + 6EE E_ + 6E E )
174 s 177 C07475 0 2 7
+ (E3 + 6E.E,E_ + 3F E2 + 6E_.E_.E_ + 3E E2)
7 17475 T274 127 05

97.
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5( %y )
= ) 1" ensy 2B

n=0

. 2
Since %(n” +n) Z2,5, 7, 8, 9 mod 11  we have

[ 3 g2 2 25 4 =
3 oF] + 3EE, + 3E4E5 6E2E4E7 + 6E1E5E7 0
3E.ES 4+ 3E2E + 3E.EZ 4+ 6GEEE + G6EEE_ = 0
172 0”5 27 07174 47577
(5.2.4) 1 3E2E + 3E2E + 3B E2 + O6E E_E + B6E.E E = 0
175 07 477 07275 17274
3E2E + 3EE° + 3EES 4 GEEE_ + 6E.EE = 0
274 o 4 5°7 0717 17275
3EES 4 3E2E. + 3EE. + 6E EE, + OS2« EE_ = 0
L TT17a 177 25 027 "E0"4 s
C . 121 121 2 121
S t = = e F=J— E
Substituting EO E(g )QO, El quE(q ). E2 q Q2 (q )
15 121 5 121 7 121
= - = E =
E4 q Q4E(q ), E5 g E(qg ) and ;=4 Q7E(q ) we

obtain (5.2.2).

The proof of the following Lemma is completely analogous to that of

Lemma (1.2.5).

Lemma (5.2.5). If w = 1, W #1, then

10 ' 11

1T E(wiq) 2ld
i=0 E(ql2l)
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5.3. It appears that the identities in (5.2.2) and (5.2.3) are not

sufficient to prove

¥
(5.3.1) p(lln + 6) = 0 mod 11 for n2>20.

In this section we will derive further identities involving
Q Ql' Q2, Q4, Q7, due to Atkin and Swinnerton-Dyer [ 4 1, which

will later enable us to prove (5.3.1). Following Atkin and Swinnerton-

Dyer we define

(5.3.2) P(a,x) = TT-(l - axn—l)(l - a—'l xn) for a # 0, lxl < 1.
n=1l

First we need some properties of P.

Lemma (5.3.3).

(5.3.4) P(a_l Xx,x} = Pla, x) ,

(5.3.5) P(ax, x) = - a-l-P(a,X) '

(5.3.6) P(a_l, x) = - a_l Pla,x) ,

(5.3.7) Pla, x3) E(xD) = ) (-1 a0 207D

Proof. (5.3.4), (5.3.5) and (5.3.6) follow easily from (5.3.2).

Jacobi's triple product identity is

© 2
TT- (1 - axzn_l)(l _ a—l x2n—1)(l _ X2n) - 2 (- 1T a0 O ,
n>1 —00
o3 2
T a-axxH"ha- @™l a®™a-x =7 nta""
n=>1 00
‘ 2. 2 p n n n2
oxr P(ax, x ) E(x) = 2 (- 1) a x .
-0
so that
2 2 T A n n(n-1)
Pla,x ) E(x) = z (- 1) a x
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Lemma (5.3.8).

1

2 - 2 . -
P(-x, x ) P(bc,x) P(bc ~,x) - P (b,x) P(—czx,x2)+ bec 1Pz(c,x)P(~b2x,x2)= 0.

Proof. We define G by,

G(b,c,x) = P(—x,xz) P(bc,x) P(bc_l,x)— Pz(b,X)P(-CZX,X2)+

- 2
+ bc 1 P (c,x) P(—bzx,xz)

From (5.3.5) we have

\ 2 - 2 2
G(bx,c,x) = P(-x,x") P(bcx,x) P(bc lx,x) - P (bx,x) P(-c x,xz) +

- 2. 2
+ bc 1x P (¢,x) P{- b2x3,x )

1

P(-x,x2)(—b— c"l) P(bc,x)(—b_lc) P(bc—l,x)

[

- 1 2 2 - .
- b %P (b,x) P(-cx,x9)+ bc Tx P2(c,x) (b °x V)P (-b°x,x)

~2
b G(b,c,x) .

Now we expand G(b,c,x) as a Laurent series:

[e]

G(b,c,x) Y B (c,x) b7 .
_oon

fl

We have
, o 5
G(bx,c,x) = 2 Bn(c,x) ann = b G(b,c,x)
-0
[e o] 2 [ee]
n- n
= %}Bn(c,x) b = .2» Bn+2(c,x)b ,
so that
B (c,x) = n B (c,x) for all n
n+2 ' X Bpey -
It follows that for n=1 we have
(n-1) (n-1) 2
n{n- _ -
B2n = X BO ! B2n—l = x Bl !
( +1~ n2
g = ¥t 4 = x° B

-2n o’ B on-1) ~ 1



Hence from (5.3.7) we have

G(b,c,x)= Bo(c,x)[l +

)

n=1

+ Bl(c,x) [

)

n=1

We will now show that

is identically zero.

2 1 -3 -
P(bc,x) = 5 {.".b 3c 3x12 + b
E(x)
-1 2 : - 12
P(bc " ,x) = 12 { .. b 3c3x
E(x )
0]

and the coefficient of b in

(n-l)2
X

b2n—l

+

X
Bo(c,x) P(—b2,x2) E(xz) + bBl(c,x)[

Bo(c,x)P(-bz,xz) E(x2)+ bBl(c,x)(l + Z b2n X

Bo(c,x), the coefficient of

-2 =26 -1 -1 2
cC X -b ¢ x

101.

xn(n—l) b2n + xn(n+l) b—2n ]

n2 b—(2n—l) J

2 2
z X(n—l) b2(n—l)+xn b—2n
n=1

2

n -2n n2)
X

n21

2 2 2 2 2
Bo(c,x) P(-b ,x) E(x) + bBl(c,x) P(-b x,x)

0

b in G(blclx)l

Now from (5.3.7) we have

222
+ 1 -bc +bcx

- b3c3x6 + b4c4x12 + ....} ,
+ b—2c2x6 - b—lc x +1 - bc-l
+ b2c—2x2 - b;c_3x6 - b4c—4x12+ }
P(bc,x2) P(bc_l, X)) is

- - - 2 2 4 8 6 18
—~33—5'= {... c 6xl8 + c 4x8+ c x2+ l+ecx+cx+cx }
E(x) )
_ 1 o 2n 2n2
= 53 z c X
E(x") ~
.. 0] . -1 .
so that the coefficient of b in P(bc,x) P(bc ~,x) is
o 2 2
BE 2 2
__3;75 E C2n xn - _if_%. P(-c“x, x°)
E(x) -0 E(x)

)

J :
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Now,
2 1 -4 20 - 2 -2 -
P (b,x) = — X - 3x1 + b x6 - b lx2 +1 - b
2.2
E(x)
2 2
+ bx - b3x6+ b4x12—.
. 0 . 2 2 .
so that the coefficient of b in P (b,x) is
1 18 8 2 2 8 18
—55 e x T x e r e e v+ L)
E(x7) -
_ 1 T X2n2
E(X2)2 —00
.. 0] . 2 .
It follows that the coefficient of b in P (b,x) is
[e o]
1 2 R
> X = —— P(-x, x)
E(x) ~00 E(x)
and the coefficient of bO in G(b,c,x) is
E(Xz) 2 2 2 2 2 2
B (c,x) = ——L { P(-x,x ) P{(-c x,x) -~ P(-c"%x,x") P(-x,x )} =0
0] 2
E(x)
Hence
2 2
G(b,c,x) = b Bl(c,x) P(-b'x, x )

Now, from (5.3.6) we have

G(l,c,x) P(—x,xz) P(c,x) P(c—l,x) + c_l P2(C,x) P(—x,xz)

Il

P(—x,xz) P(c,x) {p(c"l,x) + c"1 P(c,x)}
= 0 '

but we also have

G(l,c,x) = Bl(c,x) P(-x, x2) .
. 2
Hence Bl(c,x) =0 since P(-x, X ) #0 for [x} <1
and G(b,c,x) =0 as required.

The following Lemma is (3.7) in Atkin and Swinnerton-Dyer's paper.
Their proof relies on properties of complex functions. We give an

elementary proof depending on Lemma (5.3.8).
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Lemma (5.3.9).

1

2 - . -
P (a,x) P(bc,x) P(bc ~,x) - P?(b,x) P(ac,x) P(ac l,x)

- 2 -
+ bc 1 P (c,x) P(ab,x) P(ab l,x) =90
Proof. We define F by,
2 . -1 2 -1
F(a,b,c,x) = P"(a,x) P(bc,x) P(bc ~,x) - P (b,x) P(ac,x) P(ac ,X)

+ bc_l Pz(c,x) P(ab,x) P(ab—l,x)

From (5.3.5) we easily find that

-2
F(ax,b,c,x) = a F(a,b,c,x)
If we write F(a,b,c,x) as the Laurent series:
[ee]
n
F(a,b,c,x) = Z A (b,c,x) x
& n

we find that

2
F(a,b,c,x) = Ao(b,c,x) P(—az,xz) E(x2) + aAl(b,c,x) P(-azx,x )y

by using methods analogous to those in the proof of Lemma (5;3.8).

. ' . o .
We will now show that Ao(b,c,x), the coefficient of a in
F(a,b,c,x) is identically zero. As in the proof of Lemma (5.3.8)

we find that

2
the coefficient of a0 in P2(a,x) is ELE—% P(-x, xz) ’
E(x)
0 1 . E(x)) 2
the coefficient of a in P(ac,x) Plac ~,x%) is - P(- ¢ %, x)
E(x)
0 -1 . BE(x9) 2
the coefficient of a in P(ab,x) P(ab ~,x) is 5 P(-b'x, x)
E(x)

Hence, from Lemma (5.3.8) we have
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2
E - 2
Ao(b,c,x) = —iﬁ—% {P(—x,xz) P(bc,x) P(bc l,x) - Pz(b,x) P(-c'x, x2)
E(x)
- 2
, T bc = P (c,x) P(—b2x, xz)}
= 0 '
so that
2 2
F(a,b,c,x) = a Al(b,c,x) P(-a x, x)

Now from (5.3.6) we have

- P2(b,x) P(c,x) P(c_l,x) + bc--l P2(c,x) P(b,x) P(b_l,x)

F{(l,b,c,x)

ot Pz(b,x) p?(c,x) + be L P2(c,x) (-p" 1 P2(b,x)

It

= o,
but we also have

-2
F(l,b,c,x) = Al(b,c,x) P(-x, x ) .

2
0 since P(-x, x) #0 for [x[ <1,

Hence Al(b,c,x)

and F(a,b,c,x) 0 as required.

Following Atkin and Swinnerton-Dyer we define

11r 121 121n+11r-121 121n~11r
(5.3.100  P(n) = plg ", ¢ ) = T (1 -4 ) (1-q ),
nzl
where r is any non-zero integer. We easily find that
(5.3.11) P(11 - r) = P(r)

The following Lemma is Lemma 4 of Atkin and Swinnerton-Dyer's paper.

Lemma (5.3.12). Suppose that none of r,s,t, r*+s, st t, rt¢t
is equal to zero. Then we have
11(s-t)_2
Pz(r) P(s+t) P(s-t) - P2(s) P(r+t) P(r-t) + g ( )P (t)P(r+s)P(r-s) = 0.
‘ 21 1lr 1lls 11t
Proof. If we substitute X = ql , a =g ;s b =qg , ¢ = q in

Lemma (5.3.9) we obtain
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2, 1l1r 121 11 (s+t 121 11 (s-t 121
P (g, g ) Plq (s ), q ) P(g (e ). q )

» 9 ) P g ) P

¢

2, 11ls 121 11 (r+t) 121 11(r-t) 121
- P (q a q ra )

11(s~-t) _2, 11t 121 11(r+s) 121
! q q r 9

p2( . g ) B 11 (r-s) 121

+ ) P(q ;9 ) =0
or

P2(r) P(s+t) P(s-t) - P2(s)P(r+0) P (r-t)+ -t 5 P02 (¢)p(ris) P (res)

Il
O

as required.

Lemma (5.3.13).

Q, - 9,9, * A 0,050, = O,
0,000, - 9,9, +a g, = o,

0,0, - 950,0, +a g, = O,

0, - 9290, +a 00, = 0,
00,9, - 9 + alog, = o,

where QO, Ql' Q2, Q4, Q7 are defined in Lemma (5.2.1).

Proof. From (5.3.10) and Lemma (5.2.1) we have

_P(4) . _ P(2) _ P(5) _ P(1) _ P(3)
G330 % vy U Trm R TEe U TEG Y T R@)

Taking (r,s,t) = (5, 3, 1), (5, 4, 3), (5, 2, 1), (4, 3, 2),

(4, 2, 1) in Lemma (5.3.12) we obtain

p2(5) P(4) P(2) - P2(3) P(4) P(5) + q22 p2(1) P(2) P(3) =0 ,
p2(5) P(4) P(1) - p?(4) P(2) P(3) + qll p2(3) P(1) P(2) =0 ,
p2(5) P(3) P(1) - P2(2) P(4) P(5) + q'T P2(1) P(3) P(4) =0 ,
P2(4) P(5) P(1) - P2(3);P(2) P(5) + qll P2(2) P(l) P(4) =0 ,

P2(4) P(1) P(3) P2(2) P(3) P(5) + g Pz(l) P(2) P(5) =0 ,
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2
P°(5) P(4) P(2) 52(3) p(4) B(5) . 22 22(1) p(2) P(3) .
2 - I
P°(3) P(4) P(5) p2(3) P(4) P(5) p2(3) B(5) p(4)
2 2 2 ,
P (5) P(4) P(1) P(4) B(2) B3 | 11 P°(3) B P2 _
p2(4) P(2) B(3) p2(4) P(2) P(3) p2(4) P(3) P(2) '
2
P°(5) P(3) P(1) p2(2) P(4) P(5) Ll B RG) P
2 - 7
P°(5) P(3) P(1) p2(5) P(1) P(3) p2(5) p(3) P(1)
2 2 2
P (4) P(5) P(1) P (3) P(2) P(5) + qll P (2) P(1l) P(4) - 0
p2(2) P(4) B(1) p%(2) P(1) P(4) p2(2) P(1) P(4)
2 2 } 2 \
P (4) P(1) P(3) PT(2) P(3) P(5) + qll P (1) P(2) P(5) - 9
p2(1) B(5) p(2) p2(1) P(2) P(5) p2(1) P(2) P(5)
or
2 22 2 2
2 2 11 2
0,939,992 - 1 +a 9o 0, = 0,
2 2 11 2
2 2 2 ' 11
2 2 2 11
9 9 9 9% 9% - 2799 + a = 0

Multiplying the

five equations above by

respectively and noting that

Qo277

00919,9,49, = 1

22 2
+ a7 0,90,
11
L
11
g9,
11
+ 9409,
11
+ d

we obtain

as required.
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5.4. We now proceed as in 1.3 and define

-5 -4 10 -3 2
(5.4.1) a=q79,B8=-q70,Y=-q0, 8=-q 0, €=q%0,

From Lemma (5.2.1) we have

= —EBl@
(5.4.2) E(q) = z 131 = oa+B+y+8+¢e+1.

g E(g )

From (5.2.2), (5.2.3) and Lemma (5.3.13) respectively we obtain

[ az + 2y + 862 + 682 + 2By = 0
82 + 260 + Yez + ea’ + 28§ = 0
(5.4.3) 1 y2 + 2eB + 6&2 + aBz + 2y8e = 0
52 4 20y + 582 + 8y2 + 26eax = 0
\ e? 4 288+ ayz + de + 2608 = 0,
(5.4.4) afyée = -1 ,
2
(0 + By + aBe” = 0O
B + y§ + Byaz = 0
(5.4.5) 1y + de + YGBZ = 0
S + ea + 8ey” = O
L€ + aB + eas? = 0

We note here that eacﬁ of the three sets of equations, above, is invariant
under any power of the cyclic permutation (aBySle) . Multiplying
the five equations in (5.4.5) by Y8, de. eu, aB, By respectively

and noting that oaBy8e = - 1, we obtain
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2

( —a + Bde + ye§© = 0
-8B + yea + sae? = o
. 2
(5.4.6) { -y 4+ 0B + epa’ = o0
-8 +  eBy + asz = 0
L\ - € + ay§ + Béyz = 0

We shall use z to denote a sum obtained by permuting the typical

term by powers of the cyclic permutation (aBySe) . For instance,

we have

2

2&6 as? + 682 + Yaz + 682 + eyz

We define

(5.4.7) Y Y 0B , 7 = ) o y6

Later we will show that for 1 <i<10,
i
H(E) = Pp(Y, 2) ,

where P is a polynomial, gquadratic in Y and linear in z,
with integral coefficients and H is the operator that acts on
a series in powers of g picking out those terms in which the power

of q is congruent to 0 modulo 11.

Lemma (5.4.8).

2 uéz = - 4,
Jogy’ = 3,
) aYEB = 1-Y,

where o,B,v.8,¢e are defined by (5.4.1) and Y is defined by

(5.4.7).
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Proof. Multiplying the first equation in (5.4.5) by

-1 2 :
Bybe = - o —, &7, respectively and summing we obtain
2 2 2
-5 + ) BYSe - Vg = o,

-~

Jos® + Jays? + T apsle? = o,

so that
J agy? = J 8sy? = - § as? - J apsie?
- 2 882 B z 82Y26€
= - 5 - 27 32
= - 5 - 29 as?
or
(5.4.9) 2 2&62 + ZCLB“{z = =5

Multiplying the fourth equation in (5.4.3) by o and summing we obtain
2 2
2a62+22yaz+2a562+§_u8y + 2 ) 8e0” = 0
or
(5.4.10) 3 Jas®+ a4V opy? = 0.

From (5.4.9) and (5.4.10) it follows that

53%2 = — 4 and 2&&2 = 3, as required.
Multiplying the third equation in (5.4.3) by oB and summing we obtain
2 2,3
) aBy +22a582+286u3+2u8—10=0

or

J oye = J Bsa® = 10 - J o’8> - 3 ) apy?

10 - Y -9

= l -y, as required,
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Lemma (5.4.11). Any expression of the form ¥ aaBbYcﬁdee in

which each term has powers of q congruent to 0 mod 11 and

a+b+c+d+e <10 can be written as a polynomial in y and
Z of the form

2
r¥Y + sY + tZ + u ,

where r, s, t, u are integers and Y, Z are defined by (5.4.7).

Proof. From (5.4.1) it is clear that any expression of the form

a,b c.d e . -
a By §e has powers of q congruent to 0 mod 11 if and only if
(5.4.12) 6a + 7b + 10c + 8d + 2¢ = 0 mod 11 ,

which is equivalent to

.
2% + 27b + 2% + 234 + 2¢ 0 mod 11

It follows that aaBbYC6d€e has powers of a congruent to

0 mod 11 if and only if any one of

BaYbacgdae , YaGbECQdBe , éaebaCBdYe ) EaabBch6e ,

has powers of q congruent to O mod 11 ,

a,b c.d e .
so that under the conditions of the Lemma & o B Y §e is well-

defined. It is easy to verify that the only non-trivial sums of

2, z OL8Y2, £ 0’8 ana = ay€3

degree at most 5 are I ad
Hence from (5.4.7) and Lemma (5.4.8) it follows that the statement is
true for the degree, at+b+c+d+e <5

We - need some more equations. From the second equation in (5.4.5) and

the third equation in (5.4.6) we have

(5.4.13) a2ey -B-v8,

(5.4.14) o Be

Y - aBd
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From the third equation in (5.4.3), and the fourth equation in (5.4.6)

and (5.4.5) we have

azyé = - asz - 268Y2 - Y3 - 2eBy ,
azyé = (-~ & + €BY) - 2(-68 - ¢e0) - Y3 - 2Bye ,
or
2 3
(5.4.15) ayd = 8§ + 2ea - Bye -y~ .

From the third and fifth equations in (5.4.5) we have

2.2 2
-1 + y6a™B8” - a8” = 0,
2
ya© 4+ sea’  + Y6a282 = 0,
so that
2 2 2
(5.4.16) a’de = -1-vya -of
We now proceed by induction. We assume the statement is true for all
values of a, b, ¢, 4, e with a+b+c+d+e<n where
) a,b c.d e . . ,
5<n<9, and consider any ZaByde , satisfying (5.4.12)
and a+b+c+d+e = n+1.
Without loss of generality we may suppose az 2. There are two cases:

Case (I): Each term has at least three factors.

Suppose b 2 1 and c =21 then from (5.4.13) it follows that

z CxaBbchdee . z aZBY(aa_2Bb_lYC_16d €e)

-

- 2 OLa-—28b\{c--16d€e B z ua—sz_chéd+lge

But the right-hand side of the equation above has terms of degree less

than n+ 1 SO we have

Y a28%v%s%® = p(v,2)
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Throughout we denote by P(Y,Z) and Pi(Y,Z), for 1 <1c<s5,
polynocmials of the form
2
Y + sY + tZ + u ,

where r, s, t, u are integers.

Similarly from (5.4_14), (5.4.15), (5.4.16), respectively we obtain

the desired result for b=1 and e21, c=21 and d =1,

d=z1 and e 21, respectively,

Now suppose b=z1 and d=1. We may assume c=e=0

If da=>2 we have

P o?8%% = T %P = pev.z)

for some polynomial P . So we may assume d=1.
From the third equation in (5.4.3) we have

a62

L
!

a26 - 2y8e - Y2 - 2B ,

so that if b=>3 we have
2 aaBbé - z (a82) aa_l Bb—2 5

='20Ca+18b22-22 alsz@E—E alb2(25

2§ ol tee

~-2_,b=3 -1 b-2 2 a-1,b-1
= -§ oy a+l +27 a6 - ) TR TNy 62 o TR s
= P(Y,Z), for some polynomial P.
We may assume b=1, since if b=2,d=1, c=@e =90 then

from (5.4.12) we have

0 mod 11

6a + 14 + 8

0 mod 11, which is impossible.

tt

or a
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we find a Z 3 mod 11 which implies

a= 3, but

a+b+c+d+e=5=n+1, contradiction. Hence

we have shown that the statement is true for b 2 1 and . d =z 1.

Now suppose suppose c =21 and e 21 We may assume b=4d=
If c 22 we have
z aaycse _ z OLcYe(Sa - py,2) ,
for some polynomial P
If e = 2 we have
2 OLaYCEe = Z aeeadc = P(YIZ) ’
for some polynomial P
So we may assume c=e =1 In this case we find that a = 9,
which is impossible.
CASE (II): BEach term has only "two factors.
We have the following table:
Degree Terms with two factors
2 4 4 2 .4 2 4
6 o® §? g% e v o 5% 8 e v
2 5 .2 5 2 5 2
7 o 82 85 Y Yo 8 §” ¢ e” a
6 6 6
a® s 8% ¢ e o 5° 8 e” ¥
7 7 7 7 S
8 o B By Y $ 6 e e a
8 8
9 oc8 R 68 Y Yy 9§ §” € £ o
3 6 3,6 6
a3 58 83 e® Y~ o §” B €
4 6 4 6 4 6 4 6
10 OL4 86 B~ vy Yy 8 § € € Q
4 3 7 ,3 7 .3
a7 63 67 €3 Y o § B €Y
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We will now show that each of the expressions,
2.4 5,2 6 7 8 3.6
Los®, e, o, Ja”, Ta%, Jo%°,
4.6 7
}aB ) o §3 ,

can be written as P(y,z) , for some polynomial P

We have

J o’s (7 as®)® - 27 aps2e? - 2 7 ass?

it

p({y,z) , for some polynomial P,

. 2y 2
since from Lemma (5.4.8), ,( z ad ) = 16 , and the latter two

expressions are of degree 6 and they have terms with at least three

factors.

6 6
2 ad = z ay = Z , by definition.
Multiplying the third equation in (5.4.3) by a4 we obtain

4
a4Y2 + 20 Be + aeé + aSBZ + 2a4yée = 0,

so that

J og? = - J s - 2 7 atyse - ) oy - 2 7 a’se

- 2+ P(Y,2) ,. for some polynomial P ,

since the last three expressions are either of degree less than 7 or
are of degree 7 with terms consisting of at least three factors.

- 4 . 7
Similarly the desired result for L ooB follows from

5 2 6 7 5
BY  + 2R ¢ + a2856 + aB + 287y6e = o0,
. . 5
which is the third equation in (5.4.3) multiplied by B
6 ,
Multiplying the first equation in (5.4.3) by a B we obtain

GBB + 2a6BY€ + a68262 + a68662 + 2a782y = 0,
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so that
(5.4.17) 7% =-2 T oa®Bye - T o®p%s? - ] of8se? - 2 T o’s%y .

We will now show that each expression on the right-hand side of

(5.4.17) can be written as a polynomial in Y and z , of the
desired type. Now, z a68Yé = Pl(Y,Z) for some polynomial

. . 8 . .
Pl , since it has the same degree as I o B and it consists of

terms with at least three factors.

We have

2 6,2.2

(5.4.18) (} aBBG}Z = T af8%% - 27 %% 4 2 7 oteys?

From (5.4.13) it follows that

z G4BY362 _ 2 G28Y262 _ 2 G2Y363

fl

PZ(Y'Z) ; for some polynomial P, ,
since each expression has degree less than 9, the degree of I o B

Now, from Lemma (5.4.8)

(Y u386)2 () aye3)2 = 1-2Y+Y

and z u68262 P3(Y,Z) ' for some polynomial P

Now, from (5.4.13) we have

) a686€2 = 3 a2%ve
- -7 8% - ] 8y
= 'P4(Y,Z) ’ for some polynomial P4
Similarly, 2 a782Y = PS(Y,Z) , for some polynomial P5

8
Hence, 2 a B

[}

P(Y,Z) , for some polynomial P
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. . . . . 5 .
Multiplying the third equation in (5.4.3) by od we obtain

ay265 + 2&8658 + a366 + a28265 + 2ay668 = 0,
so that
o’ - T o’s%s° - 2 7oy’ - 7 ay?s® - 2 ] 088 e

P(Y,2) , for some polynomial P ,

since each expression on the right-hand side is either of degree less
than 9 or is of degree 9 with terms consisting of at least three factors.

We can argue similarly to obtain the desired result for
4.6 7

) o B and ) o Y3 .

This completes the proof of Lemma (5.4.11).

As an immediate consequence we have the following Lemma.

Lemma (5.4.19). For each i, 1 <1 <10, there exist integers

r, s, t, u such that
i 2
H(E") = rY¥ 4+ sY + t2 + u ,

where Y, Z  are defined by (5.4.7).

Proof. (5.4.2) is
£ = —ggig%ij' = a+B+y+8+e+1 ,
g E(q )

where o, B, v, §, ¢ are defined by (5.4.1).

Now,

i . .
= . (a+B+vyv+8+e+1) is a sum of expressions

of the form

~ . d
2 aaBbYcﬁdee _ aaBbYCSdse + BaYbécedae + Ya6b€ca Be

+ éaebachYe + eaubBCydée )

where a+b+c+d+e <10
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From the remarks at the beginning of the proof of Lemma (5.4.11)

that

H(EY

Z aaBbYCSdEe

’

a+b+c+d+e <10

for some integers

5.5

from which we are able to show that

p(lln + 6)

We also derive the modular equation of eleventh order due to Fine [ 8 ]

We define
(5.5.1) A
where Y, Z

We now introduce
series of powers

the power of q

Lemma (5.5.2).

H(E)

H(€3)

H(ES)

H(E®)

is a sum of expressions of the form

where

H(Ei)

r,

=0

a, b, ¢, 4, e

2
rY + sY 4+ tZ 4+ u ,

t, u .

mod 11,

-16 - Y,

the operators

of

q

and simply pick out these terms in which

H

is congruent to

H(Ez)

n(eh

il

10a + 11

11

2

r

2

- 11,

’

1

are defined by (5.4.7).

i

for n

0<i

modulo 11, so that

H(£7)
H(Es)
H(E)

(10

2

<

= - 9A2 + 1386A - 99B + 11

0

10

.

satisfies

14

(5.4.12)

Hence from Lemma (5.4.11) we have

and

In this section we prove a special case of Theorem (5.1.2),

which act on a

H

14B + 112A + 11

1

11

1

4

3

14

0

3

’

H

we have

4

’
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Proof. From Lemma (5.4.8) we easily find that
Ha + ... +8) = 0,
i 2
H((0L+...+€))=,Ol
H((@+ ... +6)%) =37 as® = - 12,
H((@ + ... +8)h) =12 Voogy’ = 36,
) 2 .
H((@ + ... +€)°) =10 Y a 83 + 20 ) ay€3 + 120 aByse

10Y + 20(1-Y) ~ 120

- 100 - 1l0Y .

Since H is a linear operator we have

H(E) =H(a+ ... +¢€) +H(1) =1,

H(gz) =H((a + ... + 8)2) + 2H((a + ... + €)) + H(1) =1,
H(€3) =-12+1=-11,

H(£4) =36 -48 + 1 = - 11 ,

H(ES) = (- 100 - 10Y) + 5 X 36 - 10 x 12 + 1

- 10Y - 39 = - 10(- 16 - A) - 39 = 10A + 11°

From (5.4.3) we have

Hl(a + ...+ €)= O~,
Hl((a +oo.. 4 €)2) = ol 2ye ,
Hl((a ool + 5)3) = 3862 + 3662 + 6afy ,
so Hl(E3) = Hl((u + .+ 8)3 + 3(0 + ... + 8)2 + 3(a + ...+ )+ 1)
= 30 + 6YE + 3862 + 3682 + 6afBy = 0 .
Similarly,
H3(€3) = 382 + 680 + 3Y€2 + 3€a2 + 6BYS = o0,
H4(€3) = 352’+ 6BS + 3ay2 + 3yé2 + 6gaf = 0 ,
H5(€3) = 362 + 60y + 3€62 + 3By2 + 68ea = O,
H9(£3) = 3Y2 + 668 + 36&2 + 3a82 + 6y6e = 0 .

Hence, H(E™) = (H(£3))2 = 11
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but this would be e

C’l

terms of H(E)

using Newman's [14)]
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i
r methods to evaluate H({), for iz27,

We now calculate the first five

11
q

xtremely tedious.

as a series of powers of ple ' for iz7,

table for the coefficients of E(q)l

Now,
£ = — E{q)
5 121
g E(g )
so
- 7
7 3 35H,’(E(q) ) - -2 -1
(5.5.3) H(EY = “121 5 = 14x + 112x + 238x - 1814588x+.... ,
E(g )
-40 8
8 @ H,E@ -3 -2 -1 3
(5.5.4) H(ED) =0x ~ +0x T +0x  -11" +0 + ... ,
121.8
E(q )
~45 9
9 q Hl(E(q) ) _ _ _
(5.5.5) H{(E") = 1315 = -9x - 135x T+ 1566x "+ 3015x -2423+.. .,
E(q )
-50 10
10, ¢ HE@™T) -3 -2 -1 4
(5.5.6) H({ ) = = 0x + Ox + Ox + Ox + 11 +
121 .10
E(qg )
. 2
We have calculated the first eleven terms of Y, Y, 2 as a
. 11
series of powers of x = g
- - 3 4 5
(5.5.7) Y = 2 a282 = -x 2 _ 2x 1 -4 - 5x - 8x2 - %X - 7x +11x
- le6 + l2x7 + 18x8 + . R
- -2 -1 2 3
(5.5.8) z = z uYe = - X 3 + 0x - x  + 14 - 2x - 2x - léx
7
- 16x4 - 18x5 + 46x6 + 31x + ... ,
. _ _ _ _ . 5
(5.5.9)  v% = x4 h 10w ? 4 2ext 4 52 4 7ax 4 107%
+ 94x3 + lO6x4 + l4x5 -'Xx +
From Lemma (5.4.19) we have
7 2
H(E') = rY¥ + sY + tZ + u ,
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for some integers r, s, t, u, so that

r =20, t = - 14, s = ~ 112, 14t - 4s + u = - 181
and u = - 433 . Therefore,

HE) = - 112(- 16 - A) - 14(2 - B) - 433

14B + 1122 + ll3 .

Similarly,
8 2
H(E™) = Y™ + sY + tZ + u , so that
3 .
r = s = t=0 and u = - 11" , as required.
9 2
H(E") = r¥" +sY + tZ + u , so that
r = -9, 4r -t = -135, 12r - s = 1566
and 52r + 14t -~ 4s + u = - 2423,
Hence, r = -9, t= 99, s=-1674, u = - 10037 and
9 2
H(E") = - 9(A+16)" - 1674(- 16 - A) + 99(2 - B) + 10037
= - 9A2 + 1386A ~ 99B + ll4 .
H(glo) = rY2 + sY + tZ + u , so that
4 .
r =s =t =20 and u=11" |, as required.
Theorem (5.5.10). Suppose r is one of the numbers 2, 4, 6, 8, 10,
and define p (a) as zero if a is not a non-negative integer,
r
2)-1
pr(lln + 5r) = (- ll)(r/ ) pr(n/ll)
Proof. From Lemma (5.5.1) we have
r r/2)-1
H(E™) = (- ll)( /2) '
-5 2)-1 121
Hg T E@D = (- 1y D g tthT o,
11 r/2)-1 121
z pr(lln+5r)q - (—ll)( /2) z pr(n)q "

n=0 n=0



or X pr(lln+5r)qn =

nz0

Similarly we also find that

L P (1ln + 5)q"
nz0

It

L py(lln + 15)g"
nz0

Further,

2 ps(lln + 3)qlln+3

nz0

Y pg(1lln + 25)q 1"
n=-2

or
(5.5.11)
pg(1ln + 25)q"
nz -2
* 1/11
where A (q) = Al(q / )
Similarly,
n-
(5.5.12) ] p.(lln + 35)q
; n=-3
! *
where B (ql/ll)

*
B

*
; Here we note that A ,

| Alsc if we compare (5.5.11),

fourth equation of (46) in Atkin [ 1 ]

* *

are related to A, B by
*
G2 = A ’
Theorem (5.5.13). For n
p{lln + 6) = O

121.

(- 1y (F/A-1 p_(n/11)q" ,

n=0

as regquired.

N pl(n/ll)qn /
n=0 .

-1y p3(n/ll)qn .
n20

121 .5

q25(1OA + 115 E(q “T)

121.5

(102 + 112) E(g )

* 2
(10 + 11%) E(qll)5

’

1.7

* * 13 1
(14B + 1123 + 117) E(q ")

L4

are respectively 0,8 in Fine's paper.
(5.5.12) respectively to the third and
we find that Atkin's G2, G3
* *
G3 = B - 3A .
>0 ,
mod 11
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Proof. From Theorem (5.5.10) we have

Po(lin + 6) = 114 py(n-4)/11)
so that
H6(E(q)lo) Z 0 mod 11
Now,
Y p) ¢ = E?ﬁ) = E(q)ii = Eﬁg%;f_ mod 11 ,
n>0 E(q) E(q )

. -11 -
since (1 - q Z (1 - q) 1 mod 11 .

It follows that
10

H_ (E(g) )
1l1n+6 _ _
Z p(lln + 6)g n+6 = —§~—TI————- = 0 mod 11, as required.
n=0 E(g ) -
Lemma (5.5.14) (Fine's Modular Equation, Fine [ 8], (3.21)).
11,12
(5.5.15) —L(d ) =gt st L5 xo1g? - o1a%® o 1%
55 121 .12 .
qg E(g )
2 5
+ 11(112—2A)56 - 11 (11-2n)¢&
- ll(113+126A+2B)<§4 + 112(5 X 112+ 384 + 3B)E3
- ll(ll4 + 72 X 11A - A2 + 9 X llB)E2
11211 + 8 x 118 + 2% + 11B)E .

. . . i 11
Proof. For 0 <1i <10 define Ei(q) = E(wq) where W =1,
w#FL1. then

. 1 . 1 .
HeE) = = Jew = = § &
11 . 11 . i
i=0 i=0
Therefore from Lemma (5.5.2) we have
Pl = go + El + . + Elo = 11 ,
2 2 2
P2 = go + gl + ...+ 510 = 11 ,
.3 .3 3 2
P3—£,O+gl+. +C10 11,



From standard formulae it follows that

10

) gg ! Ei ¥ ¥ gio
I )
S B E A
= By B ..+ ED
- Eg A g?o
= Eéo £i04- oo 4 Eig

Zii = 11,

Eiiezj= 5 x 11,

i<j

; 2
! £gg = 117,
icjax Tk

- 1

£.8.£ 8= - 11
i<i<key 173 k7L

- 11(112 - 23) ,

2
- 117°(11 - 2p) ,

= 11(113 + 126A + 2B) ,

2

14

123.

- 112 '

11(108 + 11%)

e,

11(14B + 112a + 11°) ,
-1t

11(- 9A2 + 1386A -~ 99B + 11

11

= 112(5 X ll2 + 38aA + 2B) ,

2
= ll(ll4 + 72 X 11A - A + 9 X 11B) ,

' 2
= 112(113 + 8 X 11A + A" + 11B)

4

)
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From Lemma (5.2.5) we have

10 10 i
sipo= I & = T7 tw'e
11 . i \
i=0 »1=0
10 i 11,12
- 1Tr E(w q) _ E(g )
M 5 5i 121, 7 55_, 121 12
i=0  q° w”t rR(g ) qa E(q@ )
Hence the Ei are the roots of the equation
11,12
11 10 9 2
= 11X 7+ 5 x 11X~ - 112x8 +o.t 112(ll3+8X11A+A +11B) X- Elg )
55 121 12
E(q )
but g = EO and the Lemma is proved.
.6. We are now in a position to prove Theorem (5.1.3).

From Lemma {5.5.2) and (5.5.15) we have

11 12

55 121 12
q JE(q )

H£™%) - 11m(e%) « ssae®) - 11%mE’) - 1128
ll(llz~2A) H(gS) - llz(ll—ZA) H(£4) - ll(ll3+126A + 2B) H(g3)
112(5 X 112 + 38A + 2B) H(EZ) - ll(ll4+ 72 X 11Aa - A2 + 99B) H(g)

llz(ll3 + 88A + A2 + 11B)

4 4

‘ 2 3
11 - ll(—9A2 + 1386A - 99B + 114)— 5 x 11 - 117(14B + 112Aa + 117)
‘ 2 3
114+ 11(112 - 2A) (10A + 112)+ 113(11 - 2A)+ 117(11° + 126A + 2B)
2 2 ‘ 4 2
11°(5 X 117 + 382 + 2B) - 11(11 + 72 x 11A - A" + 99B)
‘ 2
112(113 + 88A + A 4+ 11B)

11(113-+ 88A + A2 + 11B) ,
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or

55 1(ql?l)12
g 11,12
E(q ™)

- 2
(5.6.1) H(E l) = ll(ll3 + 88A + A + 11B)

Now from (5.4.2) we have

-1

n 1 &€
z p(n)q = m———— = —_—
n>0 E(q) qSE(qul)

Picking out those powers of g congruent to 6 mod 11 we obtain

Y p(lln + 6)qlln+6 = __Egiib__
5 121
n=0 q E(g )
121 11
i 2 E
= llqso(ll3+ 88A + A+ 11R) ( 11 12 ’
E(q ™)
121 11
3 2 B )
2 p(lln + 6)qlln = llq44(ll + 88A + A + 11R) ‘Lq—ll—-ﬁ
n=0 E(g™)
so that
11 11
4 3 * *2 * E( )
(5.6.2) )} p(lln + 6)q" = 11q (11~ + 882 + a 2+ 11B) =4 o
n>0 E(q)
We note here that (5.6.2) is (3.25) in Fine's paper.
* * . .
Also, A and B are uniquely determined by (5.5.11) and

(5.5.12) .



