PART 1

q = 13 throughout this Part

1. We write
- x"3p(2)/P(1), P
- x°p(3)/P(5), B
then by (ASD), Lemma 6 (with g = 13) we have

(1.1) qumﬁxv\mn<duv a4+ B 4 THal 4P+ E 4.

- xlovﬁov\vﬁwv. ¥= xlmvnwv\mﬁav.

x“Tp(4)/P(2), &= x'°P(1)/P(6)}

a

n-

In (1.1) we replace x by WX where w_ (r =1 to 13) are the

thirteenth roots of unity, and multiply together the thirteen

nmwcpwwao equations, obtaining:
13
~7,.14 14, 13 - -7 =2 5 -6 15
(1.2) y £ y)/f T (y'T) = h_HAnEHw+m.eH + Yw, +a'u HPu + T +1),

Now as w  runs through the thirteenth roots of unity so does

Emw. s0 that the product on the right-hand side of (1.2) is

equal to

4 .u
Hﬂ.ﬁne“u+u.emu+ qeuq+n. +ms +q e +Hv.
L}

and is thus unchanged wmyn..u.. ¥, a', mw and %', are inter-

changed o<npunmpw<. The vuoa:nw is thus a linear combination
i i i 1 i
of terms [a L B t2 ¥ 3404 p 5 ¥ ou where i, to 1, are non-

negative integers, and considering the left-hand slide of Apfmv
such terms as occur can only involve x in terms of y = xgw.
Thus 1if 9»4 m.pmxkumw m.wn mwm .q.»o (or any oﬁ:mu term of
ﬁawA m.wn umm p.wb w»m ouv moncnm we must have .

(1.3) =51, = 74, = 21, + 51, - 61, + 151, = 0 . (mod. 13)



hp:nouo:m:opzm iys wm. iqs 140 »u. and 1., cyclicakly gives the
same congruence).
Now, writing
= v2p2¢. LY : _
a = y“Pe(1)/P(4)P(5), a' =y P°(5)/P(6)PLT),
b = -y~ 'p%(3)/P(1)P(2), b' = ~yP%(2)/P(5)R(3),
¢ = -P%(4)/P(3)P(6), et =y P26 }/P(2)P(4),
it is easily verified that
. o132 pe?2 (2 06 7 4 18 P12 02 6 T 4
A?hb ugw = o.au wm U_o oq m.h. w.dm - o;n m_n Uo o.q wa.
‘ f13 2 4012 02 (16 T pid 13 o 12,02 6 T (4

It will be noticed that all of the equations (1.4) im« be

.oua»»:mn from any one of them by interchanging a, b', ¢, ‘&',

b, ¢', and a, B', ¥, a', B, ¥', cyclically.: By (1.4), since

ab' ca' be' = - HL | :
aowd m.wm s3 L mwu q_ﬂou+u _

on o4 o
* be')¥ T2 B %4 B

= (ab' ca b"
. ' N
where o= 21, + 41, + 121, + 181, + 16i, + m»o. an even
integer, and
QJ = bww+qvw+onb+www+4MMo. qw = AHQ+QH&+Oww+MwO+4Nw;-
Qw = hwb+4ww+owo+wwd+awum- QN H.Lum+qwo+oma+www+;wwwu
= + : =

Gy = 41 471,461,421 4121, T »wa+q»m+o»uﬂmwa+Jm»u“
moTeoverd + o to o+ O are multiples of 13 by (1.3), hence

we arrive at the following:




lr&l.

o4 i, 1, 1,
LEMMA 1.1 >:< expression of the mOHa a 'B° ¥° a!

: 3 '} b 3 J
for which (1.3) holds is of the form a ' b' 2 ¢ 3 4i 4 5
where ud to uo are :o::dmom»»<m integers.

By Lemma 1,1 every term OnncuwH:m in the u»c:ﬁ hand side
3y d2 35 34 45 g

of (1.2) is of the form a b' c ~ a b c , and such

terms occur p:.n<npwnmpu<;m<aimnwwnmp.mmﬂm of six terms each.
mcwa:mthm?ov is ﬁsm,nommm»owm:a of xo in 1/f(x) wwmonnmg

as a polynomial of degree 12 in x iwn: coefficients H:<op<»:ox
in terms of y = x4w. $0 that <59mAAh<vﬂhov\mdmﬁ<4uv Hm the
coefficient of x° in <|qmean<v\mmdam<4wVﬁn+w.+.W+9.+m+.ﬂ.+~vh.
This 1is a cyclically symmetric polynomial of degree 12 in

$'s ¥y a'y, B, and ¥'; and the terms which give the
coefficlent of x° occur only in symmetrical sets of six

PRNUEPISE FOUNE A PR

expressible as [a c a’ b ¢’ OM, as before. (This

is not true for the coefficient of any vozmw of x other than
O3 the six terms of [a], for example, do not appertain to

the same power of x.)

Thus <-qmaaﬂ<v\m43A<dmv and <-mmdhﬁ<vmﬁov\mﬁm <dmv are :
_ i, 4, g dg

each equal to a linear combination of nnuam.mm Tpet2 n 3
We now write |
yP(2)P(3)/P(4)P(6), B
~P(1)P(8)/P(2)P(3);

A

Avﬁhvvﬁovmvﬁ_vmﬁmv.
yP(1)P(3)P(4)/P(2)R(5)P(6),

| o

-~
i




Then
(1.5) . ABC = 1.
Aﬁu 24 ;V- <6, 3, ..—V- AU- 4, QV- AO- U- mv- AU- 4, MV‘ and

<6, 2, 1>, give, respectively,

(1.6) to (1.8) a=A-K, b=B-K, ¢ = C =~ K,

A+ 1/K, b'= B +1/K, ¢' = C +.1/K;

hayov to (1.11) a!
all of the equations (1.6) to AA.+AV may be obtained from any

one of them by interchanging n..v.y ¢, a'y b, ¢', and A,B,C,

and 1/K = K, cyclically. Also, <%, 3, 2, 1> gives

(1.12) to (1.14) AB + A + 1 =0, BC +B +1=0, CA+CG+ 1=0,
which equations are equivalent by virtue of nﬂeov. and <5, 2, 1>

ow<mm
a +'b' =.CA,

‘which using (1.6)y (1.10), and (1.12) to (4.%4), becomes

(1.18) A+B+C==/K+K-=-1,

v

- {1.16) AB + BC + CA = 1/K - K - 2.

- This polynomial 'is a linear combination of terms

We are now In a position to prove
LEMMA 1.2 - Any expression of the form [a ‘b' “c “a' "b “e¢*' 7]

is equal to a polynomial in t/K = K with integral coefficients.

j b i, J
- Using (1+6) to (1.41), any [a Tpe 273,074 O6 mu can be

‘expressed as a uon:oswnH in Ay By G H\xe and -K, with integral

coefficlents, cyclically m<asmﬂuww.»= Ay B, C, and pxx. - K.

v




=5 *

mﬁg\xv: + Auxvruﬁ>r g* cV] where h, A, p, and ¥, are non-
_:mamﬁw<m integers, for if a term ﬁa\xv:m>r B* nGu occurs so
does the term Alzv:m>r g* cV], and vice versa., Further, by
Newton's formula for sums of powers of the roots of a

nm~<:osump equation in one <mu»mvpmq.ﬁa\xvs + Aszv: can be
expressed as a polynomial in the coefficients of the quadratic
‘equation 22 - (1/K - K)z - 1 =0 having roots ‘1/K and -K,

i.e. as a polynomial in 1/K - K with integral coefficients.

We now mmmmun that m:<_m>r B* OGH is also equal to a polynomial

in 1/K = K with integral nommm»m»m:em.. Assume ﬁrmﬁ this is
true for all values of A, pyand VvV, z_»‘ﬁ: N + p +9¢ T where T 31,
and consider any H>r gh C¥] with A + p + v = T+ 1. If any ,
two of Ay, p, and ¥V , are non-zero we can mxvnmmm.m>r B* cV]

‘as a linear combination of similar sums swﬂ: A +H: +V&T by
‘using (1.12) to (1.14); and so by the induction hypothesis it
»m.mﬂ:mp to a polynomial w: 1/K - K i»w: integral coefficients.
- Also, using Newton's mouacwmq.m>mu_nmn be expressed as a |
polynomial in 1/K - K with integral coefficients, by

(1.5), (1.18), and (1.16).

Thus if our assertion is true for A + p +Vv ST it is true for
all M, p, and v, rww: A4+ p +V =T+ 1; but 1t is clearly
true for °F = 1, hence it is.true wou all values of <T by

the strong form of mathematical inductioen. This completes the



proof of Lemma 1.2,
Writing
-1 13
F=y te2(y)/e2(v"%),

we have shown that mq is equal to a linear combination of terms

hpua &.um num u.ua Uuu n_umu. and hence, by Lemma 1.2, to a
polynomial in AYx = K with integral coefficients. - Further,
this polynomial is of degree 7 since the lowest powers of y
in the expansions of mq and 1/K - W as ascending power seriles
in y are =7 and -1 respectively. : By ooavuuw:o coefficlents
of powers of y as far as WO we find that .

_u_q = (1/K - K -3)7, ,

or, since F and K are real for real y,

(1.17) F=1/K=-K-~-23,+

Similarly <|omdhﬁ<v ) on\mjmﬁ<juv is equal to meoH<:oawm_ of

ammumm 6in YK-K with w:ﬂmmump coefficients, or by (1.17), in F.

Comparing oommmwn»o:ﬁm as far as < we find that

(1.18) y£(y'®) § (6) = 11/F + 36.13/F% + 38.13%/F° +
+ 20.13%/F% + 6.12%/5F% 4 13%/F% + 13%/§7

]

on nm<wa»:m through by Fl, (1.18) was first found by

Zuckermann [17], using the theory of the elliptic modular

[
!

functions.

P, : :
Dr. Atkin points out that this identity is given (1in a

different :hamaposv oawbmmm 26 of Dwuwmmawunuwnuﬂ



