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We emphasise that for any particular value of s the mncmﬂwo:
given in H:awuma 2.2 1s simply the equation given in Theorem
2.1 acpa»uwwma by 1, m', n, 1', m, or n'; the former equation,
of degree O in the P(a), becomes an equation of degree -1 in
the wmmv., Although in Theorem.2.1 each Hﬂmv is expressed in
terms of only two <muwmvwam¢mcnv as A mzn.é\ﬂ. ﬁ:m two variables
are different for different values of s. In Theorem 2.2 six.
variables are needed, Ucﬂ_ﬂro< are the same for all ﬁsm.ﬁnmv.
and moreover, unlike Theorem 2.1, the expressions mnm:
homogeneous in these <mummvpom...
3. In this paragraph all congruences are modulo 13,
We state and proves ) . ;
| THECREM 3.1 We have .
§(0) = 6P(6)8(6)/P(3)-5yP(0)/P(5),
§(1) = er(2)(6)/P(1)+2yP(0)/P(6),
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mﬁwv.n -5P(3)P(6)/P(2)+5P(0)P(5)/P(2)P(4),
0(3) = 5P(6)B(6)/P(4)+ayP(0)P(3)/P(4)P(5),
(4) = -6p(5)8(6)/P(4)+6P(0)/P(2),

. §(s) 5 -sy"YR(5)F(6)/P(1)+3y" TP(0)P(4)/P(1)P(2),
§(6) = -2p(0)/£%(y),
8(7) = syP(1)8(6)/P(5)+2P(0)P(6)/P(3)P(5),
0(8) = -6yP(1)R(6)/P(6)-4P(0)}/P(3),
§(9) = -5P(4)F(6)/P(6)-6P(0)P(2)/P(1)P(6),
b0y = 9P(2)8(6)/P(3)+yP(0)P(1)/P(3)P(6),
31 = 6P(3)8(6)/P(5)+3P(0)/P(4),
5012 = -6y 'P(4)B(6)/P(2)+y " 'P(0)/P(1).

We note that the form of these congruences is analogous
to that of the corresponding results for q = 5, 7, and 11,
given as Theorems 1, 2, and 3, in (ASD). There is a basic
difference only in so far as ﬁ+mhov # 0. |

Now, the congruence wou.ﬂamv follows immediately from.
(1.18) {since mﬂ<4wunvhovw. Substituting for @'(12) from
(2.2%) in the first equation of Theorem 2.2 we obtain

-<wmﬁ<duVeﬁ4nv\nﬁuv = m/F + (6 1-m" + 22 L'+ 99m}/F2
which may be :n»wem: in the form

§(12) = -y~! W.M.W.WI%HV n: . .o.LI&HWwI.FI.w.ME
Thue, nosvmu»:a,a:m no:oucanm,mmn HAJNV in the theorem with

this congruence {using the congruence for §(6)}, we see that

1
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the former 1s valid if
vy~ 26%(y)/P%(0) = 1/1 - 6/m' - 99/1' ~ 22/m

which equation may be written as

(3.1) ¥y 26%y)/P%(0) & -5/1 + 3/m' - 6/n + 1/1' = 2/m -a/n",

using (2.16) and (2.16) multiplied through by K. By a
eimilar argument we may show that for each of the other five
s of the group containing s = 12 the validity of the
congruence In the theorem depends only on the <mw»awﬁ< of
(3.1) multiplied through by some constant. Further, for
the remaining six s we find, using the preceding process, that
ﬂo.vnw<m the congruences in the theorem we need again only to
show that . (3.1) holds. We prove (3.1) as follows.

Writing

X = -5/1 = 6/n =-2/m

sm have, appﬂvaqwsm through by 1 and using (2.41) and (2.12),

‘.

‘l1X = =5 =~ G6AB = 2A
!
which using (1.12) becomes
(3.2) 1X = 4A + 1.

mwappmnpw we may obtain

(3.3) nX = - 3C ~ 4,
(3.4) mX = - B + 3,
Multiplying together the last three equations we have

1nmx® - ABG +-3[AB]+ 4[] + 1, S
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and by (1.5), (1.18), (1.16), and (1.17), the right-hand side

of this equation is congruent to -F g0 that, squaring both

sides of the equation, |
1%0202x® = y2¢%(y)/P%(0)s

but from the deflnitions of HL n, my, and K,

120202 = y7p(0)K%/2(y),

hence

x® = vy %¢%(y) /P2 (0 )3,

or since mﬂwﬁ<v = P(0)
x2 =y 3¢%(y)/P%(0)K,
where the value of the coefficient of the lowest power of
: y in the expansion of each side of thls equation is examined
tc determine the appropriate woo&. By wvirtue of {(1.17) Sn.
may write the last equation in the form .
x2 2y 24 (y) (1/0 + 8)3,
“whence .
C(a.3) X =y 'fR(y)(/K + 8),

iwhere the slgn of the coefficient of the lowest power of vy

on.each side of this equation is examlned to determine the
mﬁmuovnﬁmﬁm root, Now, the right-hand side of (3.1) 1s
congruent to (5K + 1)(-5/1 - 6/n ~-2/m), i.e. to (5K + 1)X,
and by (3.5) this is congruent to <|Jmmﬁ<VA;\j - K = 3) which
equals <|wman<v\vmﬁou by Aﬁ.A4vm Thus Aw.uw holds. This

completes the proof of the theorem,

1t would be possible to prove Theorem 3.1 by elther of

— - H o An. . - L
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the methods used to prove Theorems 1 and 2y and Theorem 3, in
(ASD). 1Indeed the congruences of Theorem 3.1 were originally
derived from other more complicated congruences which were
found by Dr. Atkin using the method of Theorems 1 and 2. Itis
because the above congruences for the ﬁﬁwv were awmno<mwma.
before the identities given by Theorems 2.1 and 2.2 that I
‘was able to assign convenient variables to particular P(s)
for the purpose of these two theorems.

4., The values of the anﬁgv for g = 11 proved in (AH)

were actually found empirically; for q = 13 we use a similar

-method,

Putting b = 6, 5, 4, 3, 2, 1, and O, in equation (6.2)
of (ASD) (with q = 13), and b = O and 3 in equation (6.3)
of (ASD)}, we obtain respectively
s(6) = 0, §(7) = -s(s5), - 5(8) =-s(4),

(4.1 s(9)
5(12)= -8{0), S(13)= =£(x}+5(0)+1, 5(16)=x"2f (x)+SEH1,

-5(3),  s{10)= =s(2), s(11) =-s(1),

and it is easily seen that there are essentially oop< §ix
distinct S(b), which we take to be S(0) to §(5).
We write
o n
‘zw u.zmﬁxv = Mmzﬁv. 13, 'n)x",
n= .

u -, .. , m
Npe™ Ny zn‘ - . \

80 that by (6.10) of (ASD) * '




