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PART 2

q = 17 throughout this Part
5. We zH»ﬁﬁ
-x"Tp(2)/P(1),
-x4p(3)/p(7),
x"1'p(4)/P(2),

-3
i
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-x""2p(6)/P(3), oy = x2°p(1)/P(8),
x"1%(8)/P(4), ag = -x"R(7)/P(5),
g = x°P(8)/P(6);

then by (ASD), Lemma 6 (with q = 17) we have
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{(5.1) X f(x)/f(y ") = mA+nm+nm+nh+pu+no+pu+pm+4.

In (5.1) we replace x by w_x where zunu = 1 to 17) are the
seventeenth roots of unity, and multiply together the

seventeen resulting equations, obtalning

17
-12,18 18, 17, _ Tt w120 w28a w1 %a w10
(5.2) -~y £ 0(y)/f T (y" VIHPP npaz ta W “ha Wl +nbzw tagw "4
-5 -11 3

G W, AW tagw +1).

Now as W runs ﬁsnocm: the seventeenth roots of unity so does
zw , 80 that the product on ‘the right-hand side of (5.2) is

equal to
17

uqnaumm_,a-éo-ud
Muw ap Wota W T taaW +1A£H tagW Tt W T W e gW +gv.

and is thus unchanged if pé. am. Gas G, pw. pm. . and Ggs

are w:annzm:mma ¢yclically. The product is thus a linear

i i i i i i, i i
1 2 3 4 5 6 7 8
noawwzmwpoz of terms mp a," a5 na g 8, G, @ ] where

&J ﬂo um mumsozzommﬁ»<m w:nmooum. m:n no:mwamu»:m ﬁzm Hmmﬁa

hand side of (5.2) such terms as occur can only w=<ow<o x in
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i i i i i i i, 4

_ 17 1 2 3 4 5 6 / 8
terms of y = x . Thus 1if o, o," @ a  agv o " dg ag
. i i i i i i i i

1 2 3 4 5 6 7 8
{(or any other term of ﬁnJ 0% a3” 0," a7 ag” a0 ag 1)
occurs we must have
(5.3) =74, = 124, + 281, # 14i, = 101, - 51, = 11, + 31y = 0
(mod.17)

(interchanging L 1oy 140 140 igs gy »u. and ig, cyclically
gives the same congruence). '
Now, writing : _ | ;

P(1)P(6)/P(2)P(4), a, = ~y2R(3)P(1)/P(6)P(5),

L
n

ay = v2P(8)P(3)/P(1)P(2), a, = -y 'R(7)P(8)/P(3)P(6),
a, = v 'P(a)P(7)/P(8)P(1), a, = P(5)P(4)/P(7)P(3),
a, = -yP(2)P(5)/P(4)P(8B), ag = yP(6)P(2)/P(5)P(7),

it is easily verified that

W17 2 g4 a2 1 RAPCENE al3, p;q.u a2 m,m_NAJmo.mw 14 Jw.

1 2 %3 %4 %5 %6 "7 °“8 5 6 %7 "8 %172 %3 a4
QKWMQ = m“ mww mWJ mM mw mm& w“m- qu = mu.mmw m“A mw mw th mww.
Pwd = m“ mwm nMJ ﬂw mw m“h mwm. 9“ﬂ = mM m“w wma mw m” MWL m“w‘
p“u = mM mwm mw; mw mw.mma mww. pM4 = m“ mmw wwa mM mw mm¢ mwﬁ

It will be noticed that all of the equations (54) may be obtained

muos;m:< one of them by interchanging a,s ay3 85y 84 mw; ag

.

a4 Bg1 and 14n ot B9 B,49-08gy Qe LY pm._o<oppnmpp<., By

anav.‘mw:nm a, a, a, 8, a, .a, a8, ag = =4y _

a



- o N % 3 G % % 77 %3
= lagay350,00808,25) 2 7a,%a,%  "a " R, Tay

where o= AOwa + mawm + Jh»m +‘mopa + waa + Am»o +.nmuq + 40»@-
an even integer, and .

o, = qum + Ahww + 51, + OFu + aawo + Jm»q + aum. _

4
op T 151yt 14d, + 54, 4 91+ 111, + 121, + 4i,
6

S 151, 4 141 4 51+ 91 4 11y + 120, + 41,

T, = 151 + 141, + 51 +,owm.+ 111, + 128, + 414,

o Awwo + waq + mwm + 0H4 + 111, + aMpw + hma.

Aw»q + Ame.+ OHJ + OMM + aa»w.+ Awpb w wa-

8 + Jhwa + mwm + oww + Jawh + AMHU + Aw@«

G = 15, + 141, 4 51, 4 9L, + 110 + 121 + 41,

el
I

151

3
It

moreover O + O  to O+ O, are multiples of 17 by (5.3), hence
A Payap g 1, 4 4, 1 i
any expression of n:m form a, «, nw a, a7 & wq nm .mon

which (5.3) holds is of the form

j. J J j J J i, 3
1 3 4 5 6 7 8 -
a, a, 3 24 mw mo a, mm where u; to um are non

negative integers, : Thus every term occurring in the right-

J J J J J . 3 3
. 1 2 3 4 5 6 7 8
hand side of (5.2) is of the form a, a,% a, ma ag” 3, a, ag

and such such terms occur in cyclically symmetrical sets of

eight terms each.

2 4

Further, D (5) is the coefficient of %2 in 1/f(x)

Hmmmnaoa as a polynomial of aoouoo_ao in x with coefficients

involving x in terms of y = xaq. so that <|J4mﬁmn<v9auu\mﬁqﬁxa&
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)

ijs the nommmwowmnﬁ of xo in

~12.18 18, 17 . ‘
Y f A<v\mm (y vnn4+pm+pw+p#+pu+po+pq+pm+avw. This is a

cyclically symmetric polynomial of degree 16 in

a, mm. Q.0 pa. G5 po. Q. and ags and the terms which.give
the coefficient of x° occur only in symmetrical sets of ejght
g g 3y I, dg g Iy 3

_ m _
expressible as ﬁm4 8, 83 a, ag"ra." a, ag u. as before.

‘(This 1s not true for the coefficient of any power of x 0¢:mm
than 0; the mwm:n‘wmusm of [a,], for example, am.:oﬁ
appertain to the same nosmH,Om X)) |
Thus writing
F=y 263y)/e3(y ")

we have the following:

6

LEMMA 5.1 F~ and <mA<AAvmo P(5) are cach equal to a

uuuguuuu
1 2 .73 4 5 6 7 8
linear combination of terms hmg a," 33" a,  a " a0 a, ag ]
We now write ‘
.Aw.wv to (5.8) UA = a,ag, Uw = aja.s ww = aja., vh = a,ag,
s0 that

(5.9) vnwmcwvh + 1 = 0,

<7, 6, 5, 3> and <8, 4, 2, 1> give, respectively,

ﬁu.éov,. b, + b, +1 =0, | ‘ o .

ﬁm.A4~ - um + b, +1 =0, : .
iw.—wu.m. Amn Us Lu wv- Am- l_“ U.- Nv- A_.Nu O- hu..MV- AO- U- 5- .JVm
<5, 3y 2, 1>, <8, 6, 3, 2>, <8, 7, 6, 1>, and <7, 4, 3, 1>,

give, respectively,

e 1
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- (5.12) to (5.15) a, =b,ag + 1, a, =byas + 1,
a = Ummn + 1y a, = b,ag + 1,

(5.16) to (5.19) ag = Udmm 4+ 1, a, = Umm< + 1,

a, = Uumm + 1, ag = Uhmd + 1.

It will be observed that each of the equations (5.5) to {(5.19)
remains valld when u;. um. Uu. UA. and 3, 3y 8,9 3,40 B8c as

a , ag, are p:ﬁmun:mamoa cyclically. We are now in a position

to prove . .

: J J b b J u
. : 1 2 3 4 $ 6
LEMMA 5.2+ Any expression of the form ﬁma ay” 2, 4 5 A

J kP .
a’ wmmu is equal to a linear combination of terms

7

k. k. k. k.
(b 'V p,2p. 3 Uhau. where k

1 2 3 to k, are :o:nsmmmaw&m wjﬂmmmum.

1 4

Eliminating a and a from equations (5.12) to

Mw m-\w- L.u
ﬁwuduv_ and using (5.9), we have
.Au.nov a; + ag = b, ww ww.+ vgvn.*.r_+“.

Multiplying this equation through by 3, and substituting

for a, mm‘muoa (9+5), we have
2

(5.21} aj = hvéawv,Wanu+UJ+ﬂvm; - vu.

. Now, by means of (5.13) to (5.19), each of the-a, to ag can be

expressed in the form . . -

(5.22} CPa, + Q

1:mwm.m and Q are no~<:o§»mpw in ma.ﬂo wh with integral

coefficients. - (We gould of course have used any. other of the
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a. to a. here instead of a,.) It follows that any expression
v 3y 3, 3, 34 3y 3¢ 37 g
of the form a, a," a;" a a a a a

4 5 6 7 g may be expressed
as a polynomial in a

1? the coefficients being polynomials in

‘b, to b, (with integral coefficients), In view of (5.21)

1
b J J J J h] J
1 2 3 4 5 6 71 8
this means that any a, a,” az” a, ag a " 3, ag is equal
to an expression of the form (5.22).
J J k] J J oo 3 J ;
. 1 J2 J3 Y4 5 ‘e "7 .78

Now in hm a,“ a," a," 2 " a v A, ag ] the term

i, 3, 3 i, 3 j, i, 3 )
1 2 3 4 5 6 7 8

ag a, a," ag a,” a, a5 ag obtained under the interchanges
(24,ag), ?N...wof (ay,a4)y and Ama. ,mmv. also occurs. Further b, to

b, are not affected v% these u:ﬁmunum:mmmw so that the sum of

J
\ _ .2
p o= Ug b

4
. 3, 3, 3, 3y 3, 4 u
1 2 3 4 ) 6 7 m
the two terms of hmJ a,% a," 8, ag a " ay ] under

discussion 1s equal to an expression of the form

P(a, + mmv + 2Q,

J
using the cyclic properties of our relations. But by (5.20)

:

this expression 1ls equal to a linear combination of terms

Ky wrm axu rwa

9 2 ﬁ *

(again using the nxopwn nnovmnﬂwmm of o:H nmpmaﬁo:mv the

other three pairs of terms of ﬁmd a,” ag" a, a5 3, a, ag
. wd k k xa

correspond to the other three terms of each ﬁvJ b,“ by” b, 1.

b Hence Lemma 5.2 follows, since clearly

+ We further write

J ]

LS U

b Uw.+

bab, +Um b,b, +um b.b

2
2
Batby byb,+by 4 PP

w
and prove the followlng:



(6,7 0,2 b

Imwl >

ky k, kg k,
LEMMA 5.3 - Any expression of the form [b, ' b, by” b, ]

ww mncmp_ﬁo

S(N) + uT(M),
where S(A) and T(N) are polynomials in N with integral
coefficients.,

By (5.10) and (5.%1) any expression of the form
k k k k

1 mm wa uhb can be expressed as a linear combination of

1 1 _ :
terms caa umm where wa and mm are non-negative integers.

:0~mmﬂ~< ﬁ:ml. performing a cyclic summation, any

k k k k

wu UALQ.»m.oncmH to a H»nmmu combination of terms

1, 1 - _ L
[b 1 b wu. and we need only consider the latter expression,
1 2 .

-, rather &:m:.n:m former.

Writing

¢4 = PyPgr oy = byby,

we have by multiplying (5.10) and (S5.11) through by b, and b,

nmmvmoﬂm<mw<

)
!
o
1
O

(5.23) | b

2
X
2
(5.24) am

In view of (5.23) and (5.24) any b, b, may be expressed

in the form

, w + va + ouu + ccdan.

where Ay By C, and D, are polynomials in od and nm with

integral coefficlents. Then, since ¢, and c, are not affected

-
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1 "1
1 2 :
U<a:m»:ﬁmuo:msomm nUJ. wwv m:a ncw. Ubv..vw vh wmmncmwﬁo

A + Bbg + Cb, + Dbgb,.
Hence, using (5.10) and (5.11), we have
1 1 1 1
(5.25) 1 ,72,°3 74 _ _
Ué Um +&w Ub = E + Uﬁwaum + umunv.

where E = 2A - B - C. : -
Now, using the definitions of C,y n:a.nw. the dafinition -

of \, and {(5.9), may be written as

(5.26) - cq + e, = A,
(5.27) €,y = -1, .
respectively. - From these two equations we derive
(5.28) 2 = Aoy + 1,
(5.29) 2

0”“70”-—.._-

In view of (5.27), (5.28), and (5.29), ‘any polynomial in ¢,

) and ¢.,with integral coefficients, sm< be expressed in the form

Ni

G + Hey + Icyy , : |

where G, H, and I, are polynomials in A with integral coefficients.

Hence we may write (5.25) in the form
1 1 1 1

1 2 1,72 _
b, b,% + b, b,° = (G + He

1 2 1
where ‘G', ‘H', and ‘I', are also polynomials in A with integral

+ Homv+nm. +.:Jo+ +.H.omvhwévw+vwvbv.

-~

nommmwnumsﬁm...mcwﬁ:mﬂ since »:ﬂmnn:m:uw:m.cd. Um. Uw. and b,

cyclically corresponds to wsawnnvmsm»:m.oa and €os and leaving
x.csn:m:owa. we also have .

_
1 1 1 1 . i

b-1 , 2 1 .%2 _ e . . | |
2" b2 4+ b, b,° = (G + Ho, + Ic, H(G' + H'cy + I'c,)(bybytb,by).

3 4 M
Thus, adding the last two equations, and using (5.26) and the



definitions of na wan om. smocﬂm»:
H

1 - _
1,729 _ 2 24,
(5.30) HUA b, ] = 26 + HN + IN + m.ﬁv;uuu+m.ﬁuévmwmu+a.ﬁugamumu

+

But ‘ e

ﬁuéanu = (b, +.uuVAvn +b,) =1
by (5.10) and (5.%1), and .

: 2 2 2 N

(5.31) u + Hugvmcwu = mc,umcmu+thvmuwu = Avdum+unwhvﬁuduwuur.a.
Hence (5,30) becomes ,

1 1. ‘

(b, meu = (2G+HN+IN4G'+I'N) + p(H'=I'),

and since Uoms_vumnxmdm on the right-hand side of thils equation
are polynomials in A with integral coefficients, Lemma 5.3

follows,

We have the following relation between » and i

(5.32) rn - Mg+ 2 4 an? 4 an + 15 = O,
2 x; k
Since p“ is certainly of the form ﬁud

xm wh
3

2
b,“ b b, ] we know
by Lemma 5.3 that a relation.of the above form exsts, and the
coefficients in the equation are found by comparing
coefficlents of powers of y in the expanslons of the appropriate
quantities as power series in y;{cf. the proof of (AH),
equation (B8.13).}  We give a direct proof also: we have
2 B 2
w = Au = ﬁuécmumuﬁcﬂcmumu.

using (5.31),

‘= ={c (b ,b.+b.b,;)+c.(b.b,+b,b c.(b.b.+b.b,)+c (b b.+b, b,)

M M AA 172 73 bv mn 2°3 74 VWM mﬁ 1 m 3 nv 177273 7471 w

o e (Th2 W2 . 2 20 2
= o;nmnﬁud cmH+»udamcmu»v (c5 + onvhuAum amu.

s w2 127 L 4 a2 2 _ :
= [p] b3} = 4 = (A" + 2)[p, b7 b,] .

wink
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by hu 9), (5.26) and (5. qu - But

2
hv.wwv ﬁUA ku = AUJ + b vﬂv + Unv.

using (5.10) and (5.11),
= =2h = 3
using (%.9); and

2
2)

2. 2 2 2
(5.34) huéwn cmu umwaAUA +.umv+ vaumﬁun + b

i)

byb,(1 = 2bqb -
274 2biba)ip, b (1 - 2byb,)

L1

N ¥ 4.

mn:mdbn (5.32) follows. k

-

. Now, by Lemmas 5.1, 5. 2, and 5.3, mo and <mﬁwﬁﬂvmoﬁawv

" are each mQCmH.ﬂo an mxnummmwo: of the form S(N) # BT(A).

Since the lowest powers of Y in the expansions Omymow A, and

p, as power series in y, are =12, -2, and -3, respectively, we

assume a form for mo iwﬂ: s(M) of degree 6 and mnrv of degree

4, We find the 12 coefficlents involved 1n ﬁromm two

polynomials by comparing coefficients of <t4w. <|4d.....< m.

and <o. (they appear seriatim), and check the values obtained
-1

by comparing coefflicients of y '. The resulting expression
for F® is found, using (5.32), to be a perfect cube, and in
\fact we have . I . , _ .




orrss el

. (5.30)
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cince Fy N, and p, are real for real y. Similarly,
in the case of <mh<gﬂvmo P{5), s(r) and T(M) are of degrees 5

and 4 respectively, and we find the 11 coefficieénts involved
U<noanmuw:mnommmwnwm:ﬁmOm <|J4. <lao. ...._<1m. and y°y

(agaln they appear seriatim), and check the values obtained by

- 1 ‘
comparing coefficients of ¥y Aw we obtain )

vy THE® Jis Vuammpru+mamuor ~34498N +Amoqwqrwuébommy-
u;;momp+rh -7N +oqworm|oommorm+aomomor -164885).
The equations (5.32)y (5.35), and (%.36), for q = 17, are of

course analagous to (AH), equations (8.13), ﬁddmuu. m:a.ﬁéé.oyf

for q = 11,

We now write
y» = UAUM - Uwuu + Umun - Uhca
Then
2 _ 2 .25 _
8 = muJ amu waduwuwu+mu vmva.
(837 = - 4k =15 |
by (5.9}, (5.33}), and (5.34). Also, by (%.3%) and (5.37),

mwow = (=4r l‘._wv.nrm - 20N - UO + 8p ),

and, using (95.32), it wm.mmmuw< verified that the right-hand

side of this equation is equal to .
(-2u + 9 + 30)%;

:m:om we have | . ,

(5.38) P = 24 + 9% + 30, ._.” | .

where the sign of the coefficlent of the lowest power of vy in

Y

P
s
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the expansion of each side of this equation is examined to
determine the appropriate root.  Thus, instead of M and u, we
‘may take » and F, as new variables; in fact from (5.37) and

(5.38) we have

IAOD. + Jwv\a.
2

{5.39) COA

-(4Fs + 95 + 15)/8.

(%.40) mn

Substituting for A and p from (5.39) and (5.40) in
(5.35) we obtain the following relation between 3 m:m.m“
(5.41) .Aom - Aqvm = 16F(F + 42).

Also, substituting for N and p in (5.36) we obtain

mmﬁ<aqvmopﬂﬁwv as a polynomial 1n & and F.  Further since
- (5.41) is a quartic in &, this polynomial is equal to

m:o&:mu_vop<:oawmp in & and F of degree 3 in &3 in fact we

‘have
gyf(y ' )F® F(5) = 63(84.172F3 + 20.17°F) +
+52(115.17F%316.17%F24177) +
(5.42) +3 Smmu._.wio.é,qwmfwm. 17°F) +
204 | 124.17%2 - 9.177)

+(6677.17
Mwa is of course obvious from the form of (5.39), (5.40)}, and

(5.41), that the wﬁm:ﬂlsm:a side of this equation must be a

mc:nﬂpo: of om. Fs, and mw. o:~<w.

w - We further write

_ . .
_aﬂn - YP(2)P(8)P(3)P(5)-yP(1)P(4)P(6)P(7), n, =-y?P(1)P(4)P(2)P(8),
m,=P(6)P(7)P(2)P(8)-y?P(3)P(5)P(1)P(4),  n,=P(3)P(5)P(6)P(7).



Then .

(5.43) and (5.44) a;\:é b, = bas am\sm = b, = b,
7
-y25 0y /£y )

b,bg, =d\=n = -b,b,.

i

(5.45) n,n,

(5.46) and Au.th :m\:;

Also,
2,2 2 2 _ -
f\:J = ﬁaé-cmu = hu4+va - Avdwm = 1 »:u\ja.

using (5.140), (5.43), and (5.46), i.e.

2 2

(5.48) my = nj n:;:w.

and correspondingly we may obtain
2 - 42

(5.49) my = ng + Aa;:n.

Iin terms of these new functions we have
- - 2 17 fet.
(5.50) & = (b, =~ by)(b, = b,) ==y “fly V343m\mm<u

by (5.43), (5.44), and (5.45), and also

(5.51) 82 = = 4x = 15 = = 4(b b

. w .
by (5.37), (5.46) and (5.47).  Now {(5.41) may be written In the

+b,b,)-15 = ~4(n,/n -n,/n,)=15,

form 4 2

16(F +.movw = 3" + 306° + 289,

but by (5.51) the right-hand side of this mncmw»o: is equal to
. . 2 :

| Aoﬁsé\sm + :&TAV..
hence we have

- F +.2% = lﬁzé\:n +.=w\:gv.
where the sign of the coefficient of the lowest power of y on
each side of this equation is examined to aﬂﬁmuawam the
mvvuovnwmﬁm root. - Now the right-hand side of this equation is

equal to




! f
. . -

A | | N

y "2y ) (2 4 n3)/E(y)

by (5.,4%), (5.48), and (5.49). Thus using (5.50) we have

(s.52) y2e(y)E/ety ) =e4 (27640 "T) = (my 4wy,
‘whence .
(5.53) : mw¢<v\mwh<aqu =m, + My,

where again care is taken to select the appropriate root..

’

Further, in view of (5,50) and (5.52) the right-hand side of

(5.41) is equal to ‘
16y 4820y ) (m =my )2/ 62 (v T,
whence, taking the appropriate square root of this expression,
aqv

(5.54) 3221724y 28 (y) (-m s ) /£y

We :oam.azmﬁ elimination of b from equations (5.50) and

(5.54) gives

(5.55) sm aw + b<~mwﬁ<vnsanamv\mmﬁ<4<V|4q<hmmﬁ<g\mwﬁ<
Making a slight change in notation for convenience, we

17 0.

now re-state (5.93)y {5.55), (5.50)y (5.42), and (5.41), in

order, as mOpHoim. H
THEOREM 5.1 If we write .
£2(y17){=yp(2)P(8)P(3)P(5)-yP(1)P(4)P(6)P(7)}/E2(y),

mmﬁ<aqvmuhmvvﬁﬂvvhwvvﬁmv-<nvﬁwvvﬁuvvﬁ4vvﬁth\mwh<v.

=
]

=
]

then we have : 5

My o+ My = 1,

_ _ ww . m:.
: C M5 My 4 a(My - ;MV\m.u_4N\m ao.

where F = <|nmma<v\mwn<4qV“ and if we further write

ﬂ..“ I—&Agw-



ﬂ:ms.iw have
yf(y!7) B(s) = ¢3(84.172 + 20.17°/F%) +
ve2(115.17.4316.17%/F2417 fE%)+
+mﬁmm+madm.agm\mn+wm.aqo\mpv +
+ﬁ004q.;ﬂm\mm+dmu.Jqu\maao.;QQ\mou..

where, from the Hmm& three equations but one, there 1ls the

following relation between € and F
(e2 - 17/52)% = 16(ae + 1)/F°,
8we conclude this Part by deriving the following simple

congruence

(5.56) B65)=£2(y V)£ (y){ 7P(3)P(5)P(6)P(7)+6y2P(1)P(2)P(4)P(8)]
{mod.17).

Since the only term on the H»o:ﬁrsmna side of ﬁu.kmv without
a factor 17 1is mmomw. we have ‘ . [
(5.57) vE(y'T)F §(5) = -85 | . (mod.17).

But from {5.51%)
~ (mod17),

22 = _afn, 2, .
mo = -4(ng + 4n,} \Jaqw
and using (%.45%)

—1/n =y 28 (v M) /ety ay T2 O ) (mod.17)

since méqh<u z mﬁ<4qv (mod. 17), so0 that, taking the

appropriate square’ root, .
| . - - _ , .
' (5.58) - b3 2y Jmmﬁ<UA=m+A=4v. ,,Asoa.éqv.

(5.56) follows immediately, from (5.57), (5.%58), and the

definitions of n,, n,, and F.

. — —




