PART 3

9 = 19 throughout this Part.

6. We write

@1 = =xT°R(2)/8(1), o, = x""3p(a)/p(2), @5 = x ' %p(8)/p(a),
a, = xmovﬁmv\wﬁmv. G, = uxndunﬁoV\nﬁwv. PR x-wwAQv\nﬁou.
o, = =x"p(5)/p(7), ag = -x""%(9)/p(s), ag = =x>P(1)/p(9);

then by (ASD), Lemma 6 (with g = 19) we have

=15 19, _
(6.1) «x f(x)/f(y le4+pm+nw+nh+nm+pm+nq+pm+no+4.

In {(6.1) we replace x by w_x where EHAH = 1 to éov‘mwm the

T
nineteenth roots of c:pﬁ<. and multiply together the nineteen

'

resulting equations, ouﬂMH:w:o

19
‘ -15_20 20, 19,_ 1 -8, .-13,  —14. 20
p2) -y £°7(y) /£ (y VIHWfAQASH to W +nwin +nA£H,+

~15, -3 7,0 =10, 36
+meH +no€u +pusu+nmiu +no£w +

Now as W, Tuns through the nineteenth roots of unity so does

sw. 50 that the product on the right=hand anm of (6.2) is

AV.‘

I

equal to

19
36, -8 “13,0 w4, 20, -15. -3 o -10
MMﬁA941H +pmiu.+pwiw +nain Tte Wl ta w +pﬁ£u +nmzn+¢oiu +uy.

and wm thus unchanged it L pm. Gy na..pw, s Gy nmw and

Ggs ara H:ﬂmuo:m:mmn cyclically. ,Hzm preduct is thus a linear

_ i i i i i i i i i
. 1 2 3 4 5 6 7 8 9
combination of terms ﬁnJ 8" 937 a,” o % a; 85" ag ]

where MA to wo 4re non-negative integers, and considering the

left-hand side of Am.mv.m:nr terms as occur can only H:<0H<m

R S ———




o
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, i i i i i i i i i
.19 _ 1 ‘2 '3 *a "5 ¢ 7 "8 g
x in terms of vy = x'°, Thus if G, G," 0," 0, G . G, G, Gg  Gg
HJ HN Hm HL HU HO Hﬂ Hm HOQV
9

(or any other term of h94 a,“ ey o, ag” a6, ag
occcurs we must have

(mod.19)

(6.3) lmpaiém» 5 6 7 8

mnahww+monhﬂaww -3% +71,-101% +mowo =

(interchanging i and {

J-MMvauMb-HU-HO-Hl\uHmu O- D%OHHOOHH&\
m»mmm the same congruence).

Now, writing

a,=y " 'P(6)P(7)/P(2)P(9), a,=y mvﬁﬂvvﬁuv\vﬁhvvnévs
ag==y  P(3)P(9)/P(8)P(2), a,==P(9)P(1)/P(3)P(4), "
ag=y P(1)P(2)/P(6)P(8), | .01-<n (2)P(4)/P(7)P(3),
a,==P(4}p(8)/P(5)P(6), . ag=yP(B)P(3)/P(9)P(7),

ag=-y  'P(3)P(6)/P(1)P(5),

it is easlly verifled that

19 16, 2.7 .13 5 3 12 19 16 _2.7.13.5 3 12
G4 "85 839,4%5% 37%g%9 G2 T3 34%5%6%7 3g%9%4

16_ 16 2°7 13 5.3 _12 : 19_,16, ,2,7,13,5,3_ 12
D_U lmh mmmomﬂmm m@m.__mm » Db_ IWU 6 ‘wmm 9 m.‘_mwmw »
{b.4) .

19__16. 2.7 .13.5 3 12 19_ 16 .2.7.13.5.3_12
n.mv ....mmv muwmm Om‘— mwmwmb » Q.O lmq mmm@m;_mm mwmbmw '

19__16. 2. 7.13.5 3 12 19__16_ 2.7 _.13_5_3_12
D_..\ lmm m@mx_mwmw mhmmm._T 5 o.m .lmo_ Q‘_wwmwmh mUmOmﬂ »

1916 2.7 .13.5.3 12 ‘
Q.O lm.— a mm mOmﬂm.m .

Hﬂ will be noticed that mHH of ﬂ:m equations (6. LV may Um

obtalned from any one of them by w:nmuo:msm»:a




m;. mm. mm. 3,0 mm. mo. mu« mm, mo. and nd. nm. pw. ph. aw.

a., a dgr g cyclically. By (6.4), since

.N-

‘ Q- Ty a2 g3 Oy qw. QF QJ g Q@
nmgmmmwmbmwmomqmmmo 3, a," a; a, a," a, a, 2 34

where O = mowa+mw» +21 +wbw»+éow +281 +whpq+mw.+now , an

2 3 5 6 8 9’

even integer, and

= 121 +m% +0wh+4mw +71 +wwq+wm+AoHo-

3 5 6

+wwh+mwu+4wpm+qHQ+npm+wo+4@wa.

2

om
o, = 4mww

deL+uw +upo+dwpq+qpm+mHo+w4+4mww.

5

4wwu+wpo+qu+4wwm+qu 1t

53
T
G, = 121,431,151 gH1B1g+71, #2141 4161,
S

+21, 41 +40Hw.

8 9

8 ©+Awpa+4ww+mww g ?

4wwm+ww®+uw4+4wwm+qwm+me+wm+aoHo.

+wpé+wew+4w»w+qwb+ww

+4mpb+q»

= Awwq+mw +51i +»L+40w

a
i

Qw = Ampo

JMWA+wpw+mww

P 4161
w+wo Amwﬂﬁ

+2i

S
I

5 o+wﬂ+40wmw

moreover O + &, to o + &, are multiples of 19 by {(6.3), hence
i i i i i i i. i i

1 9
1 2 3 4 5 -6 7 8 9
any expression of the form a, am g, 6, 094 L ¢, @g Sg

&

. uﬁ um Jq ub Jg I

for which (6.3) holds is of the form a a a a a.~ a
A 1 2 3 4 5 o}

7 % %9 |
every term occurring in the right-hand side of (6.2) 1s of

a where ud to uo.mum :oas:moud»<m integers. * Thu



J J J J k| J 3 J 3
1 2 3 4 5 o} 7 B 9
the form a, a, a," a a." a, a, ag mo s and such terms

occur in cylically symmetrical sets of nine terms each.

Further, §(4) is the coefficient of x? in 1/£(x)
regarded as a polynomial of degree 18 in x with coefficients
involving x in terms of y n,xqo. so that <|4meoﬁ<vmﬁbv\mdoﬁ<40v
is the coefficient of x° in

-15_20 20, 19
y Sy (y vﬁn4+pw+pw+na+pm+no+pq+nm+ncwdVw. This

is a n<n~wompp<.m<53mﬁan polynomial of degree 18 1in

pa. nm. nw..aa. Ggo Ggr 8oy Ggy and g and the terms which

give the coefficient of x® occur only in symmetrical mmﬁm40m

o003, 3, 3, de 3, Je dg 3

1 2 3 4 5 6 7 8 9

1 % %3 84 ¥ % %7 g 1y
as before. (This is not true for the coefficient of any

nine expressible as [a

power of x other than O; the nine terms of mmJH. for mxmanwmr

. ;
do hot appertain to the same power of x.)

+ Thus writing ,
-3.4 4, 19
F=y “f(y)/f(y7) ‘
we have the following:

LEMMA 6.1 F° and <mh<ﬁmvmm $(4) are each equal to a
J 3o J J i, J .
' 1 2 3 4 S 6 7 8 #J.
linear combination of terms Hmd a,” ay" 8, a " a " A, ag ag

We now write

8134370 by T 433535 By = 333,393

(6.8) to (6.+10) ¢, = mdma+mnﬁq+pqn4. Cp = 3,53, agagtaga,,

(6.5) to (6.7) b, =

3 DMQO.TNOQO.THOmUa

{(6.11)t0(6.13) a; A+us+nq. gm = mw+mo+mm.

c

L]

$0 that N . .




—n &

(6.14) Uavmcw + 1 = 0.
<9, 6, 5, 3>, <9, 7, 6, 1>, <7, 5, 2, 1>, <9, 5, 4, 2>,
A@- mn bw Jv- Am- w- Mo JV- Amu 5- wo Mv-.Am- 4' G..bv'

and <8, 7, 5, 3>, give, respectively,

(6.15) to ﬁn.aqv a,a, = as+i, aja, = a,+1, aja, = a +1,
(6.18) to (6.20) 3,48, % @41,y agag = a.+1, a a3, = agHi,
(6.21) to (6.23) aja, = ag+1, 8ga, = a,+1, aga, = mm+4.

It will be observed that. each of the equations (6+5) to

(6.23) remains valid when bys b,y byy and ¢,y €,y Gy and

are

d d Qwu and on NM. ﬂw- Nbu mwo NOw Uﬂu Nmu NO.

Jo Mo
interchanged cyclically. - We are now in a position to prove

rmzz>o.w_>:<mxcnmmmwo:omﬂ:mmoua
3 b J J i i iy ] J
1 2 3 4 5. 76 7 B 9
Hmd a," az" a, agT a8, ag ag ]
k k k k k k k k k
. . : 1 2 3 4 5 N 8 9
combination of terms [b, by byY 0" 7 o7 4" 4y 4y 1s

3

is equal to a linear

where the square bracket in ‘'this case denotes a summation of
the three different terms obtained by interchanging vg. Uw. Um,
and n;. nw. Cas and QA. nm. am. separately, and x4 to ro are

non=negative integers.

By eliminating ay and ag from equations -(6.15), (6.21),

and (6.23), we obtain

_ - a2 - :
(6.24) a, = m4+ﬁwé. Q;vmé.

and npmmup< this equation remains valid when a,y A5y 350 8,

d are

and b, __.on.. bys and d s dyy dg, )

mww NO- md- Nm- wd-




_ 7—

H:ﬂmuo:m:oma,o<nppompw<.. Thus, by means of (6.24) and the

‘elght similar equations, each of the a, to ag can be

J
expressed as a polynomial in by, b,, bay dys dys dy and

md.ipns integral coefficients; and hence any mxvummmwo: of
5y dp g 3,4 s g 37 g g
adm form a, a," 8, a, a, a, a, ag  ay is equal wo

"such a polynomial. (We could of course have used any other of

the a, to ag here instead om,ma.v But (in view cof the

definitians of b,, c,» and QJV a, (and a, and m<v satisfies

J
a cubic equation with coefficients in terms of Uu. ¢y and

J J J ] J J J J
1 2 3 4 5 6 7 8 9
agw Hence any a, a,” a;  a, ag" a, " Ay ag" a4 am<.um
expressed in the form
2
wma + omd + R,

1

where P, Q, w:a R, are polynomials in b, Um. vwl Cys Cor Ca

d,, d,., and d.,, with integral coefficients.
o2 35, 3, 3y 34 dg 3, 3, ig 3
. , 1 J2 J3 Ja s Je 7 g Y9
Now in [a,  a,® a;” a,” ag” a,” a, 35" ag ] the terms
5. 3, 3a 34 d5 g g g i
. 1 72 3 4 5 6 7 8. 9

a, ag” a8, a, ag" ag a, a, aj. and

3 G, 34l 34 g 34 g dg- 3

1 2 3 4 5 6 7 8 9 .

a, ag% ag a4 a5 ag A, a5 a.%, ovﬁmpqma under the

cyclic interchanges ﬁmd. a, mqvq‘ﬁmm. ag, nmu. and Amw, 840 movj
also occur, - Further by Um. bas €49 Cos € dys am. and dq»

are not affected by these interchanges; so that the sum of

J J Jy ] J J J 3
1 92 Y3 Ja s Je J7 Y8 9
1 %2 % %4 % % 7 mmn,mo,u under

discussion is equal to an mxvummmwon of the form

‘the three terms of [a




p 2
vnmJ + ag,

using the cyclic properties of our relations. - Since mnoa_ﬂvm

2
+ mqv+oﬁm+ +a, + mqv+mm.

definitions of ¢, and d

1 1
m.__ +mh.¢..,w.uﬂn.9- |
2 .2 2 _ 2 _
mJ +WL. +Q.N I-Q..a NO,.._u

this expression is equal to a linear combination of terms

k

by

k ko, k k k k k k
1 2 3 4 5 6 7 8 9
.un ba" ¢, cy7 €4 d, 4, d;". Hence Lemma 6.2 follows,

since clearly (again using the.cyclic properties of our

relations) the other two triplets of terms of
J 3o 3 J J b
1 2 3 4 5

ﬁma a,” 8" a, ag” a

two terms of each .

k k k k k k., k k k, .
1 2 3 4 5 6 d 7 d 8 d

L]
[by " by% kg™ ey " €7 eg7 dy7 dy7 dy

We now prove

i, dg 3
¢ a7 & 8 nuou correspond to the other

LEMMA 6.3 - Any expression of the form

k k k k k k k k k .
2 3 4 5 6 ki 8 9 :
HUA o° by e, c,T oy 4y d,” d4 ] is equal to a linear

. k k
combination of terms hUAA b

;.
m xuu. z:mumxﬂo.xmum:osl
5 vw 170 73 :
negative integers.

Clearly it will be sufficient to show that Cys Cor Cg»

d d and d can all be expressed as polynomials in da. UM.

.—o M- w-

and b with integral coefficients, For then any

¥
k, R, k. k, k. k, ko kg k
1 2 3 4 5 6 7 8 9
4 vw Um €,  Cp" 4 ad mw au Amw< mm m“mwmmmma as a
3

H»:omnooavw:wﬁ»o:Omwouam Uda vwm vw .ﬂ:a Lemma

b



——
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6.3 follows from cyclic considerations.

We have

(6.25) to (6.27) ¢, = Qw+w- .om.m a4+w. ¢y n.aw+u.

the first of which ls (6.15) + (6.18) + (6.21), in the

obvious notation, and

(6.28) to (6.30) b7

2
wlwm+om+am+é.

the first of which is (6.15),.(6. Amv (6. mav Substituting for

M _ .
+d,+1, bo=b +o +d,+1,

=h_ +0 1

373
b

o;. Ch» and g in . (6.28) to (6.30) from (6.25) to (6.27), and

solving the resulting equations for a;. am. and aw. we obtain

(6 | eeb2eb2ep2op - A ,

(6.31) 2d, Ug+vm+uu ’ wm+cm 4,

(6.32)  2d,=-b2+b2+bZ-b=by+b =4, :
; 2,.,2 .2 :

(6.33) wmm Uw+wé+um Um Ud+uw 4. |

We now show that .

(6.34) b, +b +Uu+m s 0.

Then the Hpo:ﬂ hand side of (6.31) is equal to

. (b, +b,+b um-ma -2(b, m+wmuw+v b, )= hu +a +b)+2b,"

= |nw |wﬁu 5 vw 3t 3
and since the latter mwimmmpo: has a factor 2 we have a;

and hence c, by (6.26), as a polynomial in bys bys and b,

with integral coefficients; clearly from n<nwwn considerations



Jies

the same is true of d d c and ¢ and we have the Lemma.

2* 73 "9 3’
- (6.34) is proved as follows. We have

Uda = nw+ma

1 +3,

3

which is (6.15).(6.18) '+ ho.+mv.ﬁo.ndu + (6.21).(6.15).

Substituting for ¢ 3!

4 from (6.27) and then for d,» dy, and d

- from (6.31) to (6.33), ﬁ:m.ummcwﬂmao equation simplifies to

b3<b . b2

2 2,,.2_ .2
17405 vwvd+hv +b_-b_4+b,b _-b_b +wU;+U -3b, =2 0,

12 73 7172 T3 2 3

"and of course we may interchange b,y by, and by, cyclically

in this equation to obtain two other similar relations. - >aap:m
all three equations we arrive at
3 ‘ 24 2 2 -
- [by}-{b, b7 ]-[bib,]+4[ b+, ] = O.

But it is easily verified w:mw the left=hand side "of this

"equation is equal to

’ 2
([p 1+2)([b7]-2[b,b,]+2[b,]-3),
using (6.%4); and the second of these two factors, expanded as

a power series in y, begins b<Jm+

.. and is,therefore 3oﬁ|umwo.
Thus we arrive at the umpmﬂ»o: (6.34), and complete the proof
of Lemma 6,3,

' so.mcnﬂ:mn write

>
]

hcdumy.u

.t .Hnmdwu. . ’ e

and prove the following:
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- Ck, 'k :
rmz:>o.a_>:<oxvummmw050m¢:mmows mwéa vm wmu wm

equal to
S(A) + pT(N),
where S(A) and T(M) are polynomials in A with integral

coefficients. ,
, ra. xw .rw
+ By (6.34) any expression of the form b, " b,” bs" can be

mxnummmmammmpw:mmw ooamw:mdwo: mm ﬁmusm 5_4 Upw

1 2

where 1, and 1, are non=-negative integers. Clearly then,
l_ N r. _A4.F.
performing a cyclic summation, any mvdg Umm meu is equal to
1 1

a linear combination of terms ﬁUAA Uwpu. and we need only
consider the latter expression, rathér than the former,
Now, by (6.14), (6.34), and the definition of M, b, to b,

are the roots of the cubic equation

uw + mnn + Az + 1 = 0,
s0 that we have
3 _ _op2l -
(6.35) by = =2by-Ab_ -1,
(6.36) b2 = =2b2-Nb,=1.
‘ 2 2 2 1 1
In view of (6.35) and (6.36) any Uaa cwm may be expressed in
the form
. 2 02, 20 2,5,.2 2
m&xv++HUm+uUA+XUn+rUJUM+3UA€MWZUAUM+anU ’

where Gy H, I, J,K,L,M, N, and P, are: polynomials in A with
integral coefficients. r Then, since M 1s not affected when

ug. um. and Uw. are interchanged n<nawompp<. we have



Ly Loy .o 2 2
(6.,37) ﬁu, b, unwm+A:+HVﬁcd_+Ah+xvﬁuauwrhadqu+zhcdumu+

2 2.2
+zmv4cmu+vﬁudumH.
But we have (6.34) and the definitions of M and p
) . 2
(6.38) to (6.40) - ﬁudu = =2, Huacmunr! hadvmu =
and A

(6.41) [b?] = (6,12 -2[b,b,] = 4 = 24,

: 2. 2 1 o
(6.42) hUJUmulﬁcduhaéamu HaéamH 3b, b, b, ==2h=pt3,

2. 2,0 o 22,
Umawwpﬁcdcmu +mﬁu;u. N“=-4,

-—

using (6.14)., . Hence (6,37) becomes
1

2
and since both curly brackets on the right-hand side of '‘this

2, 24_ 2
{(6.43) - haauwuuﬁUJUmu -2[b

hw“dw Nunmwm-mﬁz+HV+ﬁ»:mrvAu+xv+7w+ﬁ-m7+mvz+hrm-avvw+:Mz|2w.
equation are polynomials.in r.zwﬁs integral coefficients,
Lemma 6.4 follows. |
We have the following relation between A and pt
(6.44) po+(2n-3)p4r3-120417 = O, L
Since rw is certainly of the form WU” .UH. v”ww we know by
rmaam o«a ﬁ:mﬁ_m prmﬁwo: of the above form exists, and the
coefficients in the equation are found by noanmwpam.
coefficients of powers of y in nam expansions of the
mvvuown»mﬂm quantities as power series in yj- Mmm. the proof
of (AH), equation hm.ewv.w &m op<m,w direct proof mpmo.,sm

have



—7 3

i

2 r2 2
pot(2N=3)p = mvévaﬁadumU
by (6.40) and (6.42),
L r.3,.3 3, _
= = [bybyl + [b7) -3
using (6.14). But
£33 re2,.2 2 2
- [b3pod = [byb 1lbip,] + [bib,] + [b,b3]
using (6.14),

Hvrm

- x4 3
by (6.39) (6.40), (6.42), and (6.43)5 and

(3] chuﬂwwu - [b%b,] - [byb2],

Il

=-6h = 11

by nm.wmuq (6.40), (b.41)}, and (6.42). Equation (6.44)

follows.

5

Now, by Lemmas 6.1, 6.2, 6.3, and 6.4, F~ and

<mh<aovmw_ﬁnav are each equal to an expression of the form

S{M) + pT(N). Since the lowest powers of y in the expansions

of mw. A, and p, as power series in y, are ~15, =2, and -3,

5

respectively, we assume a form for F” with S(A) of degree

7 and T(N) of degree 6. We find the 15 coefficients invelved

w:ﬁ:mmmﬂioncp<:oawmpmc<nosumuw:o coefficients of <|Au.

<|ah. cuey <lw. and <o; (they appear seriatim), and check the

<mpcmmovﬁmw:mau<noavmuwzmnommmwnwm:ﬁmOm <1d.a H:m

5

~

mmmcpﬁw:m expression for F Wm.mdcaa.,cmulo {(6.44}, to ‘be a

perfect fifth power, and in fact we have

1ol



(6.45) “F=p + 58 + 9,

since Fy, My and p, are real for real y. Similarly, in the

case of <mﬁ<govwmﬁﬁku. S{A) and T{\) are of degrees 7 and 5

ﬂmmbmo&w<mﬂ<‘ and we find the 14 coefficients invdlved by

comparing cocefficients of <|4b. <|4m. ‘e sy <|m. and <o.

(again they appear seriatim), and check the values obtained

by comparing coefficients of <|4m we obtain

y£(y ') FOG(4)=-5n"+277347r0=101802702+4089364n +10082 120 3~
\:oAoouamoym+oqommoowy-waouoa+:A-AAuwrw+

(6.46) 4 3 2
< +259455N =3B809331A7+10287942N

+2093087h -
-16560108).
The equations hm.bnv. {6.45), and (6.46), for q =.19, are of

course analogous to (AH), equations (8.13), A*J.Auw and (11.9),

for q = 11.
We now write H
m, = YP(1)P(7)P(8),  my = =y°P(2)P(3)P(5),
ma = P(4)P(6)P(9).
Then
(6.47) o m,m,m, = -<wmﬁ<v\mﬁ<jovw_

(6.48) to Ao.uou __:\aM = -b,, am\sm = =b,, sm\aa = =bj.
Also, in terms of these new functions (6.34) becomes

(6.951) sdaw+amaw+awam = |&<Mm¢<v\mh<ﬁov.

by {6.47) to (6.50). - We now prove the following relation



e

2 2, 19
(6.52) m mo+momotmam, = yf (y)/£(y 7).

Denoting the left-hand side of this equation by X we have

x\adaw = 1=b,+b,b,,

..x\amam 1=b,+b b,

._x\smsd 1=b,+b b,

by (6.48) to (6.50). - Multiplying together these three

equations we obtain
%% /nénin? = -[b,b2] +-3[b b, ] -3[b ]+6,
using (6.14). But by (6.38), (6.39), and (6.42), the right~
hand side of this equation is equal to p + 5v + 9, or by
Ko.hwv to F. - Hence
x> = mnZm2n2y 2 ety ) /e (v 1%) = 30 e0 )

using (6.47), and {6.52) follows, since X m:a.m¢<y are real for
real y. Next Sm‘w:oi.ﬁsmﬂ | |
(6.53) <-th<VAad+aw+auv\mﬁ<ﬁov = =h=5,
It would be possible to prove ﬁ:wm_ampvdwo: J< a method similar
to that used for (6.52), :osmfmw the follpowing proof is simpler.
Using hm.bqv we write (6.52) in the form

.4\54+A\5w+4\5w |<|.moﬁv\mﬁwﬁov.

w:mz. in view of this relation, the left-hand side of (6.5%3) is

H

oJ:mH to



lh54+aw+auvﬁé\5++g\am+4\amv.
= = 3._\_:N+3N\3w+3u\5._uln a._\smi_.m\f Asw\am )=3,
a hcéu-ﬁadamuuw A
by (6.48) to (6.50), and hence is equal to ~A=5 by (6.38) and
(6.39); thus (6.53) is proved.: Now, if we write
(6.54) -5 = y A (y) (m +m4my) A1y ),
then instead 0m A and p we may ﬁmxm,o and F, as new variables,

in view of (6.45) and (6.53. In fact from these two relations

we have
(6.55) N == = B, ,
ﬁo.wov B = F + 5 + 16,

© Substituting for M and p from (6.55) and .(6.56) in (6.44)

we obtain the following relation between & and ‘Fi '
(6.57) 33 = F(F + 8 + 19).
Also, substituting for M and u in (6.46) we obtain
%mﬁ<ﬂmvmwﬁnav as a polynomial in » and F.  Further since
(6.97) its a cubic in &, this polynomial is equal to another
voH<:ma»m~ in & w:a.m of degree 2 in &3 in fact we have

yE(y "2 28 (4)=02(65. 19F +1137.19°F24363. 19 F+7.19 ) +

482+232.19%+19%)+

2

(6.58) . 45 (5F%42504.19%F%43016.19

4 3.3

+5431.19°F +24.19 'F+19%),

+444.A0wm

W . +(2276.19F

»

-‘Making a slight change in notation for convenience, we
naw re-state (6.47}y Ao.mMya (6:51)y (6.54)y (6.58), and (6.57),

in order, as follows,

a
Y

]
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THEOREM 6.1 If we write

| : 3
M, = v e ne(nir(8) /e (y)s My = P2 (v IR(2)P(3)P(5)/E7(y),
My = ye3(y17)p(a)p(6)R(9)/80y), |
then we have . & - m
e /2 . :
M MM, = 1/F*<, | , m
© M gm+g~;w+zJ3,sA\m. .
2 2 2 _ . ju2 .
M z_m+.gm_sw+gw:é = «2/F a
where F = <1w A \ (y'9); and if we further write

’

then we have
vE(y1T(4) = €2(65.1941137.19%/F+363.19°/F2+7.19 " /F )+
e (5+2504.192/F+3016.19%/F2+232.198/F3+198/F %)+

+(2276.19/F+5431.19%/F24717.19%/F3+24. 19" /8%+19%/5%),

where, from ﬁ:m last four equations but o:m. there is the !

following relation between. & and F . °

= (8¢ + 1)/F + 19/F°

We conclude this Part by observing that in the last
equation but one the only term on the right-hand side without &
a factor 19 is 5¢, so that, in view of the definitions of ¢ _

and M, to M we have the moppozw:m simple no:awcm:om, modulo 19,

1 3’ _
| (6.59) mﬁhv.umn<douwaoﬁ<vmv hvvhovvﬁov+<vﬁévaquﬁmv-< 2p(2)P(3)P(5)} |

since maon<v = mn<doV mod. ﬂov.




