8. .The following theorem is proved in [4] (Theorem

12, pages 95 and 96)1:

THEOREM 8.1 Suppose that g and h are simple automorphic

s b e e

functions om a group G, such that u_:mm precisely g voamu wJ
the fundamental Hmuwo: of G and h has precisely P poles in the
fundamental region of G. Then there is a polynomial in u and
v, vACf v), such that P(g, h) = 0 m:a:nmugv = B, deg P = a.
In our application of this theorem, q is prime and

G = ﬁomnuu. where the subgroup ﬂoﬁav {n 2 non-~zero »Jﬁmomnv wm
the i@acumw group is nmmwsmm as the owocv of transformations

T/ = W%Imlm. a, b, ¢y d integral, ad = be = dy.n”m Q Ason. :v.,

Also we choose _
9 = g(r) = {n(a)/n(5)}*, b = h(x) = n(a27)/0(r),
where dﬁqv. the Dedekind modular form, 1is ammw:oa‘w<
n{r) = oxvn=pq\4mv.mhxv.,x = exp(2niT), imp > O,
and s = s{q) is the HomWﬁ bomuﬁ»<m.m<o= integer such that
s(q - 1)/24 |
is integral. Clearly
= %0 fo (y)/f8 (x)4  : = x%f(ys )/f(x),"

6

g

}
where

A

(q* = 1}/24
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{and is integral since (g, 6) = 1}. Now, it is shown by Newman
in [9] (g and h are precisely as in this paper) that g is an
entire modular function* on [,(q) Mmsm 50 on ﬂoﬁn-vw. h is an

entire modular function on [ (g?). Furthermore (see [9]) g .
o ]

" has a pole of order § M»: the uniformising variable

z, = mxuﬁnw:p\nuvwmﬂasmvmumuoH»n<muﬁquuo m:apm umotpun

elsewhere throughout the fundamental region of ﬂoﬁnv. h has a

pole of order p at T = 0 and is regular elsewhere throughout the

fundamental region of rp,(a®). mw:mm,ﬂoﬁnuv is of index gq in

ro{q), it follows that g has precisely q§ poles in the fundamental

region of ﬁonn-v. Thus by Theorem B.1 m:mum is a vow<i03»¢p in

u and v, P(u, v), such that P(g, avdu 0, deg P = br deg, P = a6 .t m
From thls point onwards q has the <mpcm 13. Then s = 2, |

5 = 1, o = 7, and we have shown that n:onm.pm a relation

: 7 13 ,
(8.1) L t clg, Evob\_...._: = 0,
4=0 m=0 _ .
with coefficients c{(4, m), not all.zero. Replacing g and h by
the <wuﬁmwwmm - o
g/h3 = {n(137)/n(1697) % = y=r £2{y)/f*(yr3),

1/h = N4T)/q(1697) = 57T £(x)[F(y2®)

A = A(T)

b(y)

b

* The term "entire modular function" is not used in [9]); it is

defined by Newman in [10] (page 352).

+ This result was communicated to us, with the proof, by Dr. Newman.
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%

for convenience, we have g = A/b?, h = 1/b, and (8.1} becomes

(8.2) - £ v clg, matp™24™™ - o,

4=0 m=o
We now examine Amou‘m reason which will appear shortly)
the effect of the transformation 7 - =-1/1697 on equation (8.2),
H

As a special case of the ﬁnmammouameo: formula (1.4) of [9]

we have
A= /1) = (=11 q(1).

Whence

| A(-1/1697) = {n(-1/137)/n(=1/7)}* = 13{n(137)/1(7)}8=13A/b,
b(=1/1697) = 1(~1/1697)/1(=1/7) = 137(1697)/7(r) = 13/b,"

and so, replacing 7 by =1/1697 in (8.2), we obtain

7 13 0 _,.
(8.3) £ 5 13~%™ c(g,m)atp" = 0.*
£=0 m=90

Furthermore, this relation must be pwﬂma:npvpo. We prove
this in an elementary manner as follows. Consider the more

general result . . _ :

A p )
hm.hv b = d(g, m)A®b* = 0O,
£=0 m=0

as a.relation in x. We observe that afp begins xluublq-+

and denote by -t the overall lowest power of x in the expansions
of those terms aﬁh.,av>bu. which moﬁcmpw<.0nncu. i.e. for which

d(g, m) # 0. Then, since the left-hand side of (8.4} is

* We may note that A(T) = 13g(-1/1697) and b(7r) = Awrﬁla\aoowv.
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identically zero, x™% must be the {nitial power of x in the
expansions of at least two such terms. In other words there

exist distinct integer pairs (4, m ) and (439 m,) such that

b= 134, 4 Tmy o= 134, + Tmg,  d{g,, my), d(gg, m,) £ O,
(8.5)

s ¢, =\, 0sg Lg £ M, O sm <k, Ogm, =p,

Now ¢, x g Aow:mniwmm m, =m, also), so that without loss of

generality we may take 4, > 4 (2 0) ﬁuw<H:m O < m < my). But

from (8.5) 4 4y (mod. 7). Hence 4 = 7. Similarly m =2 13,
Thus, since anha. m, ), aﬁbn. arv # 0, the degrees in A and b

of any relatlon of the form (8.4) must be at least 7 and at least
13 nmmvmnﬁ»<mw<.ﬂ It follows that (8.3) is irreducible, of .
degrees 7 and 13 in A and b. Further, taking A = u..t = 13, so
that L = 7y my < 13, and umamavmn»:m that, ::mﬁm<mu_ﬂ:m values

of N and u, Ay 2 7, im 2 13, we see that in the case of Amrwv
£, = 7 and my = 134 since Ly > 4Ly = O and Ly = hn {mod. 7},
this means that 4, = 0, and similarly m =0, so that t = 91.
Thus | .
c(7, 0), c(0, 13) £ 0
and c(4y m) = 0 if 134 + 7m > 91, he.m > 13 = 134/7, 1.e. if
m> 13 « 28(0 £ L. < 7))y, m>0 (g = 7).

It follows that we may rewrite (8.2) and (8.3) respectively

as : .
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6 13-24 hge

(8.6) (7, 0)A7b=1¢ + T g ¢(4, m)akp 24=m _ o,
4=0 m=0
6 13=24 = wpe

(8.7) 13™7c(7, 0)A” + £ ¢ Eogg=a=m oo, m)ats™ = o,
=0 m=o

Multiplying (B.6) by 13=7b1¢ and writing m-for 14-2¢ - m in
the summation we obtain
6 14=-24
(8.8) 13~7¢c(7, O)A7 + T £ 1377c(g,14 - 22 = m)A%d™ = 0.
=0 m=1
Now in each of equations Amyqv and (8.8) the highest power

of A occurring is 7 {since c(7, 0) # O} and A7 is present in

and only in the initial term. Also, these initial terms are the

same and (B.7) is irreducible. It follows, since there can be

] . -
only one irreducible relation between A and b, that the left~-
hand sides of the equations must be identical. Hence, equating
L,m .

coefficients of A y we have

7=4-m c(gy 'm),

¢(iy 14 = 24 = m) = 13
and the overlapping of the a:acaannwo:.nu:mmm means that elther
side of this equation must be zero whenever m = 0, so that in
(8.7) {or (8.8)} we may take 1 < m s 13 - 24. Thus, taking
c{0, 7) = = 137 (without loss of generality) and writing nnp.av

for 13 4™ ¢(z, m) »} (8.7), we arrive at. the mopphspsm.
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THEOREM 8.2 Let
A= yiafa(y)/fa(y1a), b = x™7f(x)/f(y1d),

.q:m: there is an irreducible polynomial relation

]
6 13-2%
A7 = 5 57 d(g, m)atp”
CA=0 m=1

with integral coefficients mﬁh. m) which satisfy
‘ gA+m=7

'

d{i4, 14 « 24 = m) = 1 d(4, m).

The last equation of course follows from the corresponding
result for the c(4, m). The word "integral” is valld as follows.,
We have seen that, in the polynomial relation of Theorem 8.2, if
two or more of the guantities >hva have the same initial power
of x, then this power must be =91, and that x™®) {s the initial
power of x in preclisely two of these quantities one of which 1is
A7. In other words in the right=hand side no two A%p™ have the
same initlal power of x. Thus the d{4, m), determined by
equating the coefficlents Omnuozmnm of x In the mxvmrmposm of
mbm: side, mnvmmu strictly seriatim, _mp:om in ﬁ:m expansion of
any A%b™, including A7, the wommmWn»wnﬁ.om,ﬂsm‘papﬁ»mp power of
x 1s unity and that of any other power of x integral, it follows
that every d(4, m) must be integral. |
. In obtaining the values of the d(g, m) only the 28 values

such that 4 + m 2 7 need to be galculated; the remainder can
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then be written down., These 28 values may be obtained by
comparing the coefficients of x 91, x™90, ,,, as far as Xx~49;

9 of these 43 powers (viz. =78, =71, =65, =64, -58, =57, =52, =51,
-50) are not expressible in the form =13g -~ 7m. (0O < 4 < 6,

1 s ms 13 = 24), so that no new d{z, m) is obtained, and

6(viz. =72, -66, =60, -59, =54, =53) give, Wcumumpcocmw<.

d(gs m) such that g + m A‘q.;. |

We find that

A7 = A®(11,13b) +
+AB (36.13b%~204,13b%+36,13%b) +
+>.num.AmU¢|mao.dwv.+amoWamuvunmam.»uuau+um.dmucv + .
+>uﬁmo.deqnnnm.dmca++0m.Amucuuamm.ﬂmuc.+;om.Amuva -

1(8.9) -222.13%b2 + 20.13%b)+

+>unm.Juwe-q».,mcm+um.amuaruﬂmb.Au»am+mo.Amuvauamh.auuu.+
+38.13%b3=74,13%b2+6,13%b) +
+A(13b31-139p10+7,139b°~37.132b8+134 b7 =51, 133 b8 +136 b6 =
|w¢.gmovowq.quu«ndmmvn+ammvv+
+Acuo|4wcwu+q.Amuuuuw.éwuv»o+au.Awuuuuw.dmnvm+ao.4wu341
lu.Awovm+4w.gw+5nlm.Aman+4.Amnvulgwavu+duwvu.
It turns out then that the d{g, m) are all non~zero and
that they contain powers of 13 which could not have been anticipated

from Theorem 8.2, ) )

* In actual fact we examined the coefficients of mcmmmW:ﬁ_Om
x“93," xT90,,,,,x"4?, and of x74®, to enable us to find each of
and to make 12 independent checks on the 28 values.
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We observe, finally, that while the above result 1s new,
the relation between A and b® obtainable by "squaring” (8.9)
w ~ 1s given, in effect, by Lehner in (8] (pages 376 and 379).
| .
¥
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