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CUBIC ANALOGUES OF
THE JACOBIAN THETA FUNCTION

0(z,q)

Michael Hirschhorn, Frank Garvan
and Jon Borwein
Abstract. There are three modular forms a(q), b(q), ¢(q) involved in the parametriza-

tion of the hypergeometric function o F (3 % ; ) analogous to the classical 02(q), 5(q), 04(q)

o

and the hypergeometric function QFl(%, Z;-). We give elliptic function generalizations of

a(q), b(q), c(q) analogous to the classical theta-function 6(z,q). A number of identities
are proved. The proofs are self-contained, relying on nothing more than the Jacobi triple
product identity.

§ 1 Introduction and statement of results

In a recent paper, Borwein, Borwein and Garvan [B-B-G]| introduce three functions,

alg) = g

b(q) — Zwm—nqmz+mn+n2 (w3 _ 1, w % 1)
and (essentially)

c(q) — Z qm2+mn+n2—|—m+n.

;.) analogous to that of the

These play a role for the hypergeometric function QFl(%
2, 2:) [B-B2].

2
3
1
1
classical 0, 03, 04 for the hypergeometric function 2 F (2, 3

They prove many results concerning a(q), b(q) and ¢(q), culminating in a result of
Ramanujan’s ((1.9) below), which we cast as

o (o () (o)) o ()

where 7(q) = ¢2%(q; ¢)o, and yielding on the way the classical result

(1.2) 1427 ("(qg))m = <1+9 ("(qg))3>3
n(q) n(q)

Throughout this paper we use the standard g-notation:

(a;9)00 = H(l —aq" ), lq] < 1.

n=1
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Both (1.1) and (1.2) appear in Ramanujan’s second notebook [R]. (1.1) is equivalent
to the first equation on page 259, and (1.2) is Entry 1(iv) of Chapter 20 [Be, p.354]. The
principal results of [B-B-G] are
(1.3) a(q) = a(q’) +2qe(q?),

b(q) = a(q’) — ac(q”),

q3n71
(1.5) a(q) = 62(1_q3n 2_1_q3n—1)’

. 3
(1.6) bg) = %
(@)
(1) o) =3 (¢:9)
(1.8) a(q)® = b(q)* + qc(q)?
and
(1.9) a(q)a(q®) = b(q)b(q®) + qclq)e(q?).

Other proofs of some of these and related results may be found in [Be].

Our object in writing this paper is to provide simple proofs of all these results. Indeed,
we give generalisations (“z-analogs”) of (1.3)-(1.9). We also give some further results
obtained in the course of our investigations. In all of this we use nothing more than the
triple product identity,

(1.10) (—ag; *)oo (07400 (6% 0% )0 = D> a"q"

[B-B1, (3.1.1) p.62], [W-W, p.469]. [Note that here, and throughout this paper, unless
otherwise stated, it is understood that the summation index or indices range over all
integer values.]

Thus, let
(111) a’(q,z) _ qu2+mn+n2zn’
(1'12) a(q, Z) _ qu2+mn+n2zm—n
(1_13) b(q,z) Zwm n_m +mn+n
(1.14) C(q, Z) _ qu +mn+n? +m+n, m—n
Then
(1.15) a'(q,2) = 2°¢°d’(q, 2¢°),
(1.16) a(q, 2) = z*qa(q, 2q),
(1.17) b(q,2) = 2*¢°b(q, 2¢%),
(1.18) c(q,2) = z%qe(g, zq),
(1.19) a'(q,2) = a(q®, z) +2q¢(q’, 2),
(1.20) b(q,2) = alq’, 2) — qe(d’, 2),

1 q3n—1

(1.21) a(q,z):§(1+z+z 1"'62( PR 2_1_q3n—1)

n>1
(:9)2% (2*¢*¢*)e(272¢% ¢%) o
(6% (269000 (271 @)oo
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. 5
ICREEEE o A
o 3. 3 (245 Q) oo (27141 @) o
(1.22) b(q,2) = (400 (7" 0" ) o O ) P )
(1t 1) (o 5. 3y (P010%) (2% %)
(1.23) o(g,2) = 14+ 242" (6:0)0 (¢ ¢*) o TN
b(q.2)c(q,2)  blg)e(e)  (g50)2%
(1:24) e, el ) HP)eld®) (@)
(1.25) a(g, 2)° = b(a)*b(q, 2°) + qe(q, 2)°
and
(1.26) a(q, z)a(q?, 2%) = b(¢*)b(q, 2°) + qclq, z)c(q?, 2°).

We show also that, although a(q) is not a simple product, a(q) can be written in
several ways as the difference of two products. Thus

4 (69%(@9% 1(@:9)3%(=¢% ¢
(1.27) alg) = 3(=¢% 0% (% P)oe 3 (—4:0)3. (6% ¢%)
_4b(g?)?  1b(g)?
3 b(g)  3b(¢?)’
R G ) O ) N G ) P UG 8
(1.28) ala) = 4(—q3;q3)?>o(q3;q3)oo 3(q;q)oo(—q3;q3)§o
_0@®)?  ca)®
b(g)  clg?)’
3 (-6 9)eo(@® %)% 1(6:9)3.(—0% ¢%) o
(1:29) ) = S G B P 2 (500 oo
_lc(g)*  1b(q)
2¢(q®)  2b(¢?)’
and
(%5005 (=% ) L (69)3 (=4 673
(1.30) ala) _3(—q6,q 6)3. (4% ¢%) o )4 %) oo
c(¢®) _,ba)b(a*)
c(q*) b(q?)
Indeed we prove that
(1.31)
_ 1 eS| (=4 9)3 (4392 a2 (—2La- )2
a(g,2) = 3 (242 + )( 7 PP ) (—2¢;9)2 (=27 4:9)2
Loy, 4 (¢39)% (—2°¢*1¢*) oo (—2°¢% ¢°)
ME < ) (60 (@% %) (—2¢;@)00(—271¢ @)
(1.32)

3
00

(4 9)(0:4 o (=24 0% (=2 ' 9%

)

(=43 ¢*)2. (6% q

(%0300 (@) (2205 0%) e (2720% 4% ) o
(—a% ¢%)3, (265 @)oo (27145 @) o

a(q,z) = (2 +z+ 2_1)

—(1+z+27")
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(1.33)
1 1 (%0300 (0% 6%) 0 (2205 6°) o0 (2% 0% 6P ) o
a(q, ) —(1+z+z ) 3. 33 . 1.
2 (=@ ¢3)3%, (265 @)oo (27145 @) o
1 (:9)% (—2°¢%¢%)oo(=27%¢% ¢%)
. .

—0:0)0(0% %) 00 (=245 @)oo (=275 @) o

(1.34) a(q) = a(q") + 6q(—a% ¢*)% (0% 4%) oo (=% 4°)% (¢°; ¢°) s,
6. .,6\3 6. .6 2. .2
(1.35) b(a) = blg") — 3¢~ D)3 ) (@50 )es.
(=% ¢%) s
_ 2. .,2\3 2. .2 6. .6
(1.36) clg) = qelq) + 3L )?0_(36;;1%:(‘1 14°)oo

There are two routes to the proof of most of these results: a direct manipulative
approach in the style of some of Jacobi’s work and a function theoretic approach. We
choose the former but in the final section illustrate the latter to re-prove (1.26).

§ 2 Proofs of (1.1), (1.2)
We begin by showing how (1.1) and (1.2) follow from (1.3)-(1.9).

Thus

(2.1) 1427 (”(qg))u =1l+gq (%)3 by (1.6) and (1.7)

(
( alg) — blg)

_ (1 + 3‘16(‘-’3))3 by (1.3) and (1.4)
( )

)3> by (1.6) and (1.7),

which is (1.2), and

(2.2)



n(g)n(q?) b(q) b(q?)
b(q)b(¢?) + qc(q)e(q?)
b(q)b(q?)
_a(q)a(q?)
~ b(q)b(q?) by (1.9)
B a(q) — b(q) a(q®) — b(¢?)
B (1 ) ) (1 R )
C 3 C 6
_ (1 +3g b((‘-’q))) (1 n 3q2b222; by (1.3) and (1.4)
B %)\’ n(g"®)\°
= (1—1—9 ( (@) ) ) (1+9 ( () ) > by (1.6) and (1.7),

which is (1.1).

§ 3 Proofs of (1.15)-(1.18).

From (1.11),
(3.1) 2¢%d (q, 2¢°) = Z g 4343 nt2
= Z q(m_1)2+(m—1)(n+2)+(n+2)2zn—|—2
— Z qm2+mn—|—n2 o
=a'(q,2),
which is (1.15).
From (1.12),
(3.2) alg,z) = Z (M=) +3(m—n)n+3n? m—n
=Ygt
Slo)
(3.3) 22qa(q, 2q) = Zq3m2+3mn+n2+n+lzn+2

_ Zq3(m—1)2+3(m—1)(n+2)+(n—|—2)2Zn—|—2

— Z q3m2+3mn+n2 ST
= a(g; 2),
which is (1.16).
Similarly, from (1.14),
(34) C(q, Z) — Z q3m2+3mn+n2+2m+nzn,
SO
(35) ZZQC((], zq) _ Z q3m2+3mn+n2+2m+2n+1zn+2

_ Z q3(m—1)2+3(m—1)(n+2)+(n+2)2—|—2(m—1)—|—(n+2)Zn—|—2
— Z q3m2+3mn+n2+2m+nzn

= c(q, 2),



which is (1.18), and finally, from (1.13),

(3.6) 2¢°b(q, 2¢°) = Zwm_”qm2+mn+n2+3”+3zn+2
— Zw(mf1)f(n+2>q<m71)2+(m71)<n+2)+(n+2)2zn+2
— Z wm—nqm2 +mn+n® n
= b(g, 2),

which is (1.17).

§ 4 Proofs of (1.19), (1.20)

From (1.11) we have

(4.1)
a/(q, Z) _ Z qm2+mn+n2zn + Z qm2+mn—|—n2zn + Z qm2+mn+n2 n
m—n=0 mod 3 m—n=1 mod 3 m—n=—1 mod 3

In the first sum, set m + 2n = 3r, m —n = 3s,
in the second, set m+2n—1=3r, m —n —1=3s,
and in the third set m +2n+1=-3s, m —n+ 1= —3r,

and we find
(42) a/(q’ Z) _ Z q('l"—|—28)2+(7'—|—28) (r—s)—l—(T—s)QZT—s
+ Z q(r+2s+1)2+(r+2s+1) (rfs)Jr(rfs)Qers
+ Z q(2r+s+1)2—(2r+s+1) (T—s)+(r—s)2zr—s
_ Z q3r2+3rs+332 T8 + 2q Z q37‘2+37“s+382+37"+332r—s
= a(q*, 2) + 2qc(q?, 2) by (1.12) and (1.14),
which is (1.19).
Similarly, from (1.13),
(4.3)

b(q, Z) _ Z qm2+mn+n2 2 4w Z qm2+mn+n2 o

m—n=0 mod 3 m—n=1 mod 3

= a(¢*,2) + (W + w?)ae(d’, 2)
= a(q®,2) — qc(g®, 2) by (1.12) and (1.14),

which is (1.20).
§ 5 Proofs of (1.21) and (1.23)

We start by showing that
(5.1)



where

(5.2)
o= (1422 1+62< R ) (©9)3% (6% @°)(2°0% ¢°) o
3 o \L=g2 1=¢1 ) [ (¢%6%)% (2¢9) (2714 9)eo
1 - (QQQ)E) 2/ —1 2
Z(2—»— 1 o .
+3(2-2-2 )(qg;qg)go(zq,q)oo(z )5

and
(5.3)

(2°¢% 070 (201 %)
(24; @)oo (27143 @) 0

[N

a=1+z+2"")q(q:0)00(0¢)o

Thus, let f(a) denote the left side of (5.1). Then

fag — A=) (ra g (g
(1 + azq%) (1 + azflq%) (1 + aq%)
=a”%q % f(a).

If we let f(a) = Z cpa”, it follows that

f(a)

n _3
g Ch=4q 2Cnyt3

Also, f (a™") = f(a), so

Cop = Cp.
It is an easy induction to show that
2
can = > eq,
2
Coni1 = q(3n —|—2n)/2cl
and Can_1 = q(3n2—2n)/20_1 _ q(3n2,2n)/261’

and so
f(a) = ¢ Za3nq3n2/2 + C1CLZ a3nq(3n2—|—2n)/2 + Cla_l Za3nq(3n2_2n)/2
3 3
10 ) oo (072023 ¢%) 00 (¢%5 %) o

5 3 1 . 1 3 5
+er <a(—a3q2;q3)oo(—a 24730700 (0% 07 ) oo + a7 (—a%q25 ¢ ) e (—a T g q?’)oo(q?’;q?’)oo)
which is (5.1), and where we have used (1.10) to sum the three series.

We now determine ¢y and ¢;. In (5.1), set a2q% for a, then multiply by a3, and we
obtain

(5.4)

(a+a'2)(a+a 27" (a+a™h).

2 -1

(—a*24; @)oo (—0*2 7 @)oo (—0° 5 @) (—a 2

2714 @)oo (—a722q3 @)oo (—a 243 @)oo (43 0)2,
= co(a® +a73)(—a°¢%; ¢®) oo (0756 ¢%) 00 (%5 ¢%) oo

_ 1 _ _ _
+c1q e (a(—a6q2;q3)oo(—a %4, 6%)00 (@ ¢*) o +a ™ (—a%q; ¢*) o (—a 6q2;q3)oo(q3;q3)oo>~
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Set a = /% in (5.4) and after a little simplification we obtain

(2363 6%) 00 (273¢% %) o
(24 @)oo (27143 @) o

e =142+ 271 2 (4 0)o0 (6% ¢%)oo :
which is (5.3).
We can write (5.4) as
(5.5)
(@®+(1+z+2at+(1+z4+2")a " +a?).

3

227 @)oo (a2 2G5 @)oo (a5 @)oo (45 9) 2

(—a%2¢; @)oo (—a* 271 5 @) o (—Pq; @) o (—a

= co(a® +a73)(—a°¢%; ¢®) oo (—075¢%; ¢%) 00 (€% ¢%) o

_1 _ _ _
+c1q 2 (a(—a6q2;q3)oo(—a %0;6*) 0 (6% ¢*) o +a 1 (—a%¢; ¢*) oo (—a 6q2;q3)oo(q3;q3)oo>-

If we apply the operator 6, = a to (5.5) and substitute a = i, we obtain, after some

simplification,

(5.6)

11 (69 "2 ¢
€ =309 * (% ¢%)2 1+6) 1— g2 1—gon1

o0 n>1
1 oy (@9 e 1o
+§<2_Z_Z )m(z%q)oo(z Q7q)oo
which, by (5.3), is (5.2).
Now we turn to establishing (1.21).

By CT, we will mean the operator which operates on the series Z cpa” to pick out
the “Constant Term”, that is,

C’Ta(z cna™) = cp.
We have, from (1.12),
(5.7)

alg.2)= 3 gt
m—+n—+p=0

=CT, {Z amzmme/Q. Z anz—nqn2/2‘ Z apqp2/2}

1 _ _ 1 _ 1
:CTa{ (—a2q7;q)oo(—a 2717 @)oo (—a2 71425 @) oo

which, by (5.2), is (1.21).

In similar fashion, from (1.14),



(5.8)  clgq,2) = Z g FmeAn £nep?=p) /2 m—n
m+n+p=0

=CT, {Z a™zmg(mirm)/2, Z az g /2, Z apq(pQ*p)/Q}

= CTa{(—azq; @oo(—a 27 @)oo (—a27 @) oe(—a7 21 @) o

(—a;59)00(—a g Q)oo(q;Q)go}
= CT.(af(ag?))

=CT, (a Z q”/gcna">

= q_%c_l = q_icl
which, by (5.3), is (1.23).

§ 6 Proofs of (1.22), (1.24), (1.25)
We have, from (1.13),
(6.1)

b(q, Z) _ Z wm—nqm2—|—mn+n2 P + Z wm—nqm2+mn+n2zn

n even n odd

2 2 2 2
_ } :wm—%qm +2km+4k” 2k +§ :wm—(2k+1)qm +(2k+1)m+4k +4k+1 2k+1

2 2
— E wm—i—kq(m—‘,—k) +3k ZZk

2 2
+ Z wm+k—1q(m+k) +(mk)+3k%+3k+1 , 2k+1

2 2
_ Zwmqm Zq3k 22143
+ w_lqz Z wmqm2+m Z q3k2+3kzzk
= (~wq; ) oo (~0 14 ¢ 00 (%5 6®) 00 (= 2207 %) 0 (=2 7202 ¢%) 0 (6% ¢%) o
+ w0 2 (~wa?; 6 oo (w10 00 (6% 0D 00 (2205 %) o (=272 0%) 50 (6% ¢

3. .6 2. 2 6. 6
—4q:9 a9 q-:49 -
_ ( )OO( )OO( )OO (_22q3;q6)00(_z 2(_]3;(]6)00

(=45 %)
6.6 2. .2 6. 6
—q(z+z_1)( q-;4q )czo_(327(q12§oo(q g )oo(_quﬁ;qfs)oo(_z—zqfs;qfs)oo_
(243 @)oo (2743 @) 0o
Now let G(z) = .
(=) (263 63) 00 (27143 ¢%) 0
Then G(¢*2) = 223G (2).

If we let G(z) = chz", then ¢"c,, = ¢ 3cpio.

It follows that

G(Z) = o Zq3n222n + Clzzq3n2+3n22n7

or



(6.2)

(2¢;9) o0 (27145 @) o
(2¢%;6%) 00 (27143, ¢3) oo

=co(—22¢% ¢%) oo (=2 720%¢%) 20 (%5 ¢°) o
+er(z+ 27 (=2%6% 0% 0o (—2720% 6%) 0 (0% ¢°) -
Putting z =i in (6.2) gives, after a little manipulation,

(=% 4*) oo (=% 4%) o

6.3 co =
o (% ¢%) o
Putting z = iq_% in (6.2) gives
— 02 _ 6.6
(6.4) e = gt M)go(gq,q)oo.
(23 ¢) o

Combining (6.2), (6.3) and (6.4) yields

(245 Q) oo (27141 @) 0
(23 ¢3) oo (271
(_q2; q2)oo(_

(6.5)

6 6. .6
4% q _
= ool 05000 (203, 40) s (—2724% ) oo
00 (—0%:4%) 00 (0% ¢°)

—q(z+2"" . (—2%¢%¢%) 0o (=272¢% ¢°) .-

From (6.1) and (6.5) it follows that

(245 @)oo (271 @) o
2q3; qg)m(zflqsé qg)oo ’

(6.6) b(q,2) = (¢;9) oo (0% qB)OO(

which is (1.22).

If in (1.20) we put ¢, wq, w?q for ¢ in turn, multiply the results, use the fact that

(6.7) b(g, 2)b(wg, 2)b(w?q, z) = b(¢*)?b(¢>, 2*)

which follows from (1.22) and (1.6), then put ¢ for ¢, we obtain (1.25).
Finally, from (1.22) and (1.23), (1.6) and (1.7) we have

(°¢% 7)o (201 %)
(26°:0%)oo(270% 4% ) oo
(°¢% 7)o (201 %) oo
(26°:0%)oo (2716% 4% ) oo

(6.8) b(q,2)c(q,2) = (14 2+ 2~ g 02 (¢% ¢°)2

— é(l + 24+ 27 1b(q)c(q)

and

(2°¢ Voo (2705 @)oo
(2¢; @)oo (27145 @) o
(2°¢4:0) o0 (2% @) o

(2¢; @)oo (2714 Qo

(6.9) b(q,2°)clq, 2) = (L+ 24+ 2 ) (4902 (0% ¢°)%

_ %(1 +2z+271)b(q)c(q)

10



From (6.8) and (6.9), (1.6) and (1.7), we have

b(g,z)c(q,2)  blg

(6.10) b(q®, 2%)c(q®,2)  blg

)2 (4% 4%)2
3)2.(¢°;¢°)2

which is (1.24).

§ 7 Proof of (1.26)

We start by giving, for the sake of completeness, the companion identities to (6.1) for
a(q, z) and c(q; z).

From (3.2), we have

(7.1)

2 2 2 2
CL(C_],Z) _ Z qu +3mn+n Zn_|_ Z q3m +3mn+n o

n even n odd

2 2 2 2
_ § :q3m +6mn—+4n z2n + § :qu +6mn-+4n +3m+4n+122n+1

_ Z q3(m—|—n)2—¥—n2 »2n + Z q3(m—|—n)2—|—3(m+n)+n2—|—n—|—122n+1

— Z q3m2 Z qn2 ZQn + Z q3m2—|—3m Z qn2—|—n—|—lz2n+1

= (—¢*¢%)2 (0% ¢%) oo (0% ) oo (=220 4*) oo (—2 243 ¢%) o

+2¢(2 4+ 271 (0% ¢%)% (6% %) 00 (6% 6®) 0o (=220 ) oo (27 26%; ¢%) oo

(Note that when 2 = 1, this gives a(q) = 03(q)03(¢®) + 02(q)02(¢*) [B-B-G, Lemma (2.1)
(i) (a)))-

Similarly, from (3.4),
(7.2)

o(q,2) = (=43 4%) 00 (63 6%) 00 (0% %) 0 (6% 4%) 00 (—2° 45 6% ) oo (— 2243 4% ) 0o
+ (24 27 (0%6%) 0o (=0"4%) 0 (6% 4%) 0 (6% 4% oo (— 2707 4 ) o (=27 20% 47 ) oo

We now turn to the proof of (1.26).

Let £(2) = a(g, 2)a(g?, 2%).
From (1.16) it follows that

(7.3) ¢ f(g,92) = (g, 2)
and from (1.12),

(7.4) fla.z7h) = f(a,2).
Hence, if we set f(q,2) = >  fulq)2",

(75)  alg,2)alg®2%) =) fulg)2"

11



= fo(@)(—2°¢*; ¢®) oo (—27%¢% ¢®) 0 (¢%: ¢®) o
+ fi(q < —2%¢%¢%) 00 (—27%¢% ¢%) 0 (6% ¢%) oo + 271 (—=2%¢%; ¢%) oo (=27 %) 0 (¢%; qﬁ)oo>
+ falq ( 2(=2%¢°16%) 00 (—27%¢;¢%) 00 (0% ¢%) o + 2_2(—2661;q6)oo(—z_6q5;qG)oo(QG;qﬁ)oo)

+ f3(0)(2° + 27°)(—2°¢% ¢°) oo (27 %¢%; ¢°) o (0% ¢%)

On the other hand, from (3.2),

a(q, z) Z q3m +3mntn? Z q67“2+6rs+23222s,
SO
(76) fo(q) — Z q3m2+3m”+n2+6r2+6rs+252
n+2s=0
— Z q3m276ms+6r2+6r5+652
_ Z q3a2+3b2—|—302
= (—¢%¢%)% (% ¢%)%
Similarly
f1(0) = 2q(—=¢%¢*)2. (6% ¢°) 2
f2(@) = a(=a;¢*) 2% (% ¢®)%,
and
(7.9)

fa(q) = 8¢°(—¢% ¢)% (% ¢°)%

Combining (7.5), (7.6), (7.7), (7.8) and (7.9), we obtain
(7.10) a(q,2)a(q?,2?) =

= (—¢%4%)%(¢% ¢°)5 (=2°0; ¢°) oo (=27 °¢”; ¢%) oo
+2¢(—¢%¢%)% (6% ¢%)5 (2(—z6q4;q6)oo(—2‘6q2;q6)oo +2‘1(—26q2;q6)oo(—z‘6q4;q6)oo)
+4(=4;0%)2% (6% ¢%) 5 (22(—26615; 0°)oo(—27°4: )00 + 272 (=2°¢; %) oo (—27%; q6)oo)
+8¢°(=4% ¢°)3% (6% ¢°)5e (2% + 27) (=24 4%) oo (2 7%¢% ¢%)

In precisely similar fashion, we can show from (1.18), (1.14) and (3.4) that
(7.11)  e(g, 2)e(q?, 2%) =
= (=442 (0% 472 (6% 675 (—2°0%; ¢*) oo (=27 %07 ¢°) oo
+2(=¢%¢%)2%(4% ¢°) 5% (Z(—z6q4;q6)oo(—z_6q2;q6)oo +2_1(—z6q2;q6)oo(—z_6q4;q6)oo)
+(—4:6*)% (6% d%)% (zz(—26q5;q6)oo(—z_6q; q6)oo+2’_2(—26q;q6)oo(—z_6q5;qG)oo)
+ (0% 4%)% (=" 6%)% (6% 4%) % (2% + 272) (=2°0% ¢%) oo (—27°¢% ¢%)
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It follows from (7.10) and (7.11) that

(7.12) a(q, 2)a(q?, 2%) — qc(q, 2)c(@?, 22) =

= Co(q)(—2°¢%;¢) oo (—27%¢%: ¢°) 0 (¢%: ¢°)

—q03(q) (2% + 273 (—2°¢% ¢%) 0o (=275 ¢%) 0 (¢% %) o

where

(7.13) Co(q) = (—¢°; ¢°)%(a% ¢%)% — a(—4: ¢°)2. (=% 42 (% ¢°)%
and

(7.14) C3(q) = (=% %), (¢ ¢®)%. (6% ¢®)%, — 8% (4% ¢®)% (% ).
Now

2 2 2 2 2 2
(715) Co(q) — Zqi’)a +3b°+3c* _ qzq3a +2a+3b°“+2b+3c“+2¢

— Z q%(a2+b2+02) _ Z q%(a2+b2+c2)

a=b=c=0 mod 3 a=b=c=1 mod 3

_ Z waq%(a2+b2+c2)

a=b=c mod 3

— Zwaq%(a2+<a+3k>2+(a+3l>2>

— Z waqa2+2ka+3k2+2la—|—3l2

_ Z waq(a+k+l)2+2k:272kl+212

_ Zwa+k+lq(a+k+l)2_ Z w—k—lq2k2—2kl+2l2
_ Z waan Z wk—lq2k2+2kl+2l2

. 3..6 2. 2
(—q ,(q_;:gc;o;q )oob(qQ)

_ 3a%4+a+3b24+b+3c?+c 2 3a?+3a+3b%24+3b+3c% 43¢
Cs(g) =) q - q

_ Z q%(a2+b2—|—c2+a+b+c) o Z q%(a2+b2+62+a+b+c)
a=b=c=0 mod 3 a=b=c=1 mod 3
_ 2 : wa—lq%(a2+b2+c2+a+b+c)
a=b=c mod 3

_ Z waflq%(a2+(a+3k)2+(a+3l)2+a+(a+3k)+(a+3l))

_ Z wa—lqa2+2ak+3k2+2al+3l2+a+k+l

. 2 o 2 2
— 1§ <J‘}aqa +a§ :w k lq2k 2kl+21

(4% 4000670, 2
T . )

_ Z wa—lq(a+k+l)2+(a+k+l)+2k2—2kl—|—2l2

It follows from (7.12), (7.15), (7.16) and (6.1) that
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(7.17)  alg, 2)a(q?, 2%) — qe(q, 2)c(q?, 2°) =

3. .6 2. .2
= Sl ) 4825l
(_(163q6)oo(q23q2)oob
(4% %o
= b(a*)bla, =),

(@) (2% + 27)(—=2°0% ¢%) oo (—27%¢%; ¢%) 00 (%5 ¢°) oo

which is (1.26).

§ 8 Proofs of (1.27) — (1.33)

We begin by writing (5.5) as follows
(8.1) (@®+(1+z+zNa+(l+z+z")a " +a?).

22 @)oo (—0722¢5 @)oo (—a 23 @)oo (4 0) 2

(=245 Q) oo (=027 45 @)oo (0P q5 @) o (—a™
= a(q,2) (@® + a ) (—a¢*; ¢*) oo (—a7%¢% ¢*) o (0% ¢%) o

+ ¢(q, 2) (a(—GGqQ; 0*)oo (=074 6*) 50 (6% 6% ) oo + a7 (—a°¢5 ¢*) oo (—a %% 4% ) o0 (¢ q3)00> :

Here we have used (5.7) and (5.8). If we set a = 1 and divide by 2, we obtain

82)  (24z+2Y) (—¢:0)% (6 0)3 (—2¢; )2 (=2 3 0)%
=a(q,2)(—¢*;¢*) % (6’5 ¢*) oo + (0, 2) (=4 6*) o0 (—0%; 4°) 00 (6°5 ¢° ) o

iT/3

ifweseta=¢e we obtain

(8.3)

(1—z—271) (6% ¢*)oo (693 (=2°¢% ¢*)oo(—2¢%; ¢ )oe
(=4:9)oc (=263 @)oo (=271 @)

=2a(q,2)(—¢% ¢*)2(6*; *) oo — (0, 2) (=4 ¢ ) oo (0% €*) 00 (65 4% ) o,
while if we set a = ¢"™/% and divide by \/3, we obtain

(8.4)

_ (0% 6°)oe (2201 %) oo
1+z+2") (6% %) (g;9)2
( ) T (2430) 00 (27145 @)oo

=, 2)(¢; Qo

(which is (1.23)).
From (8.2) and (8.3) we deduce

85)  a(g,2)(—4¢*¢*)2(¢% ¢*)os

_ %{(2 +z4 27 (0% (605 (—2¢ 02 (—2 7 g 0%
1y (P (0% (220 ¢) o (-2 0% ¢%) o
+(1-z-271) (—¢: q) oo (=24 Q)oo(—27103 @)oo }

which is (1.31), and
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(86)  c(q,2)(—=4 0% (—0%0°)oo(0; ¢°) e
= %{2 2+z+27") (—¢0% (G 0% (—24:0) 2 (—2 ' )%
e (0% ) oo (603, (=2°¢%;¢%)0o(—27%¢% %) } _
(=4 @)oo (=24 @)oo (—271¢: @)oo
Comparing (8.4) and (8.6), we find
(8.7)

(6% @)oo (2707 ¢%)
(243 @)oo (27143 @) 0

(I+2+27") (6%6°)2 (6 Q) oo (-0 ¢*) o (0% ¢°) o

B §{2 2+z2+27) (—60% (¢ )% (2605 (-2 g 9%
27) (=% 6% (603 (—2°¢%¢%) o (—27°¢% ¢*) } .

- (1 e (—q; q)oo (—zq; C])oo(_z_lq; Q)OO

From (8.5) and (8.7) we deduce

(88)  a(q,2)(=¢%¢")% (0% ¢ ) oo

(°¢% ¢°) oo (27°¢% ¢°) 0
(245 @)oo (2743 @) o

+ (14242062 (6 Qoo (0 6% oo (—%5 ¢%)

=2+ 2+2 ) (~40% (0% (—24; 0% (-2 g 9)2,
which is (1.32), and
89)  2a(g,2)(—¢*¢*)% (0% ¢*) e
(2°¢% ¢%) 00 (27 ¢% ¢%) o
(2¢; @)oo (27145 @) o

— (1424271 (6% )% (@ @)oo (46 ) oo (0% ¢°) o

_ 1y C ) (603 (=2°016N) 00 (=2700% )
= (1 —z—z ) —
(=43 @)oo (—2¢; Qoo (—27"¢; @)oo
which is (1.33).
If we put z =1 1in (1.31), (1.32) and (1.33), we obtain (1.27), (1.28) and (1.29).
All that remains is to establish (1.30).

We have, from (1.12) and (1.21)
(810) Z qm2+mn+n22m—n

1 3n—2 q3n—1 1
= -{1+6 - .
3 + Z (1_q3n 2 1_q3n 1) (q3’q3)c2>o

n>1

eiw/S(_eiTr/S ’LTI'/3

24; @)oo (—€ 5 @)oo (4 0) 0
(e ) oo (=327 5 0) 0 (43 @)oo

+%% (24 D)oo (275 Q) o0 (43 @) 00 (23 D)oo (270 @) o0 (45 @) 0

q3n—1 1
-3 1+6Z< 1— g 2_1_q3n—1> (B P

n>1

171'/3 Z 171'/3 m,m (m —I—m)/ZZ —ZTI’/3 n,n (n —n)/2

% q;q 3 Z m o (m? +m)/22 Jzm g2
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Applying CT, to this, we find after some simplification that
811)  (—¢%¢")% (% ¢%)ee

1 3n—2 3n—1 _6.600 2.200
1 1+62( q q ) (=4°:4") (9% ¢7)

3 S\L=2 1= (6%6%)5(=6%¢%) oo
L2 (@ @)% (=0% )5 (% 4 o
3 (4% 4%)3, ’
or,
3n—2 3n—1
q q
(8.12) 1+GZ (1_q3n—2 o 1_q3n—1>

n>1

_ 53 (0007 (¢%47)5% {(_q3.q6>2 (¢ ) — Z(Q;q)io(—QQ;qz)io(qQ;qz)oo}
(4% %) oo (0% ¢%) R (¢%a%)% ’
which by (1.5) simplifies to (1.30).
§ 9 Proofs of (1.34) — (1.36)
We have

The first sum is

2 2 2 2
(92) Z q" +mn+tn® _ Z q(2k) +(2k) (20)+(21)
m=0 mod 2
n=0 mod 2
2 2
— Z q4k +4kl+4l
= alq");
the second sum is
2 2 2 2
(93) Z qm +mn+n® _ Zq(2k+l) +(2k+1)(20)+(20)
m=1 mod 2
n=0 mod 2

_ Z q4k:2+4k:l+4l2+4k:+2l+1

—q Z q(k—l)2+3(k+l)2+(lc—l)+3(k+l)

_ u? —|—u—|—3112 +3v
=q E q

u=v mod 2

2 2 2 2
q{ Z qu +u+3v°+3v + Z qu +u+3v +3v}

u=v=0 mod 2 u=v=1 mod 2

_q {Z R OO o q<2r71)2+(2r71>+3(2s71>2+3<2s71>}
=g {Zq4r2+2r+12s2+63 + Zq4r2—2r+1232—63}
=2¢(—¢;¢%) o0 (=% ¢%) o0 (0% ) o0 (— 0% *) 50 (0% °H) 0 (¢** ° ) o
=2¢(—¢* ¢ oo (=" ") oo (0" )00 (=% ") 00 (0% ¢") 00 ("% ¢"?) o
=2q(—¢% ¢*)% (6% ¢*) oo (—0% ¢°) 20 (4% ¢%) o



the third sum is

(9.4) Z C_,m2+rrm+n2 _ Z q(2k+1)2+(2k+1) (20+1)+(2041)?

m
n

1 mod 2
1 mod 2

_ Z q4k2+4kl+4l2+6k+6l+3

— Z q(k—l) +3(k+1+1)

u2—|—3v2
= >

uZv mod 2

Now, points (u,v) with u # v mod 2 are given either by u +v =4r +1, u—3v=4s+1
oru+v=4r—1, u—3v=4s — 1 (as is easily seen from a graph of Z2).

So the third sum is

2 2 2 _g)2 rts—1)243(r—sg)2
(95) Z qu +3v° _ Zq(Br—i—s—i—l) +3(r—s) + Zq(B +s5—1)*+3( )

uZv mod 2
_ 12r24+6r+4s242s+1 12r2 —6r+4s2—2s+1
= q +_q

=2¢(—¢% )2 (0% 0) oo (4% 4) 2 (0% ¢%)

Thus we have

(9.6)  alq) = a(q*) + 64(—a% ¢*)2 (0% ¢*) oo (—0% ¢°) 20 (0% ¢°)
which is (1.34).
From (1.3), (1.4) and (1.34) we have

9.7  b(q) = sal(¢®) — 5a(9)

[a(¢"?) 4+ 66 (—4% ¢°)% (4% 4%) oo (—q"%; ¢"®) 2 (¢"%; ¢"®) o |

[a(q?) + 6q(—¢%; ¢°)2 (0% %) oo (—0% ¢°) 20 (6% ¢°) |
=b(q") —3¢(—¢% ¢°)2 (% ®) oo { (=% *)2 (05 )0 — 30 (—0"%1¢"*)2 (0" ¢"®) 0 } -

U‘I\’JI}—l[\g|o_~;

Now the expression in braces is
(9.8)

Z q4n272n _ 3q2 Z q36n2718n
_ Zq4(3n)2—2(3n) + Zq4(3n+1)2—2(3n+1)
2 2
4 Z q4(3n—1) —2(3n—1) _ 342 Z 30 +18n
2 2 2
_ Zq36n —6n + q6 Zq36n —-30n __ 2q2 Zq36n —18n
= Z 2 cos ((271 + 1)%) g*n’—2n
_ Z(a2n+1 +a—(2n—|—1))q4n2—2n where o — ¢i™/3
1 _
= (a+ E) (—0?¢*; %) oo (=020 ¢7) 0o (63 070
= (—0%1¢%) 0 (0% 0*) o/ (- %)
Combining (9.7) and (9.8), we have
(9.9) b(q) = b(g") = 3¢(—=4¢% ¢°)2.(¢°; ¢°) oo (4% 4o/ (= 0% ¢ ) o
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which is (1.35).
Also, from (1.3), (1.4) and (1.34),
1 1

(9.10)  qc(q®) = 5(0) = §a(q3)

1
5 [a(a") + 6a(=¢% )% (% 4 oo (=% 4°)% (4% 0% o
1
= 5 1a(0") +60°(=0% ¢°) % (6% 4V oo (—0"% ") % ("% ")
= q*c(q™) + 3¢(—4% %)% (6% ¢%) oo { (=% 6®) 2 (% 0% oo — 2 (=" 02 (6"% 0" } -
The expression in braces is
(9.11)

Z q4n2—2n o q2 Z q36n2—18n

_ Z q4(3n)2—2(3n) + Zq4(3n+1)2—2(3n+1)
+ Z q4(3n—1)2—2(3n—1) . qz Z q36n2—|—18n
2— n TL2— n
:Zq%n 6 +qGanﬁ 30
— Z q9n2—3n + Z q9n2—3n

n even n odd
_ Zq9n2—3n
= (4% 9")o0 (-4 ¢"%) e (¢ ¢"®) o
= (=4%4%)00(4"%0"%) 0/ (—4"%; ¢"%) oo
Combining (9.10) and (9.11), we have

(9.12)
ac(q®) = ¢*c(¢"?) + 3q(—4% ¢°)%. (6% 4°) oo (0% ") oo /(0% ¢'®) .

If we divide by ¢, then replace ¢ by ¢, we find
(9.13)
c(q) = qe(q") + 3(=4% 1) (6% 4%) 0 (6% 4%) oo / (=% ¢%) oo
which is (1.36).
§ 10 A Function Theoretic Proof of (1.26) and a Quintic Identity.

We now illustrate a function theoretic approach to proving our z-analogs. We need
the following result due to Atkin and Swinnerton-Dyer [A-SD, Lemma 2].

Lemma 1. Let 0 < |q| < 1 be fixed and suppose f(z) is an analytic function of z, except
for a finite number of poles, in every region 0 < z1 5 |2| 5 zy. If

f(zq) = A" f(2)

for some integer k (positive, zero or negative) and constant A, then either f(z) has just k
more poles than zeros in the region

gl <1215 1,

or f(z) vanishes identically.

Let 0 < ¢ < 1 be fixed and consider
F(z) = a(g, z)a(q®, 2%) — b(¢*)b(q, 2°) — qe(q, 2)c(q®, 2°).
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From (1.16)-(1.18) we have

Our goal is to prove
F(z)=0.

In view of Lemma 1 it suffices to show that F'(z) vanishes for at least seven distinct values
of z in the region ¢ < |z| 5 1. In fact, we shall do this for eight distinct values. From (1.23)
c(q,w) = ¢(q,w?) = 0. Since a(q,w) = b(q) it follows that F(z) = 0 for 2 = w, w?. From
(1.22) b(q,q) = b(g,¢*) = 0. Combining this with (1.20) implies F(z) = 0 for z = wkq(5)
for k=0, 1, 2, m =1, 2. This gives a total of eight values of z. Thus the identity holds
for all ¢ with z # 0 and 0 < ¢ < 1. The general result holds for all |¢g| < 1 by analytic
continuation. This completes the proof. It is interesting to note that we did not need the
value at z = 1.

Ramanujan [R, p.259] has a quintic analog of (1.9),
(10.1)

a(q)a(q®) = b(q)b(¢®) + ¢*c(q)e(q”) + 3q+/b(q)b(q®)c(q)c(qP).
We note that
(10.2)

av/b()b(¢®)c(q)c(q?) = 3n(a)n(d®)n(a®)n(q"™).

Below in (10.7) we give a z-analog of this identity. For k € Z we define

(10.3)
¢k(Q, Z) _ ZquZ—l—kalQm—Hﬁ'

Let
(10.4)
a(q) = n(@)n(@®)n(d®)n(q"),
(10.5)
—nla®)?n(@®)n(@®)n(e™®)
fla) = n(q?)n(q*?) ’
(10.6)
() = n(q*)*n(a*)n(a®)*n(q*)
n(g)n(¢®)n(q*)n(q*?)
Then
(10.7)

2&((], Z)Cl(q5, 25) - a<q7 (,UZ)CL(QE), w225) - a’(Qa WQZ)G“(QE)a wz5)

—2¢°c(q,2)e(q”, 2°) + ¢*e(q,w2)e(q”, w?2°) + ¢’ c(g, w?2)e(q®, w2”)
(¢1 ((L Z) + ¢—1(Q7 Z))

= 3(ala) + Alo) DL
+ 3(a0) +(g) 2L 2]
+ 3(a(0) = 1(g) BT 2 (2]
+3ala) — plg) L2 0ol 2)

Since a(q,w) = a(q,w?) = b(q), c(q,w) = c(q,w?) = 0 and the right side of (10.7) simplifies
to 18a(q) when z = 1, this is a z-analog of (10.1) in view of (10.2).
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We briefly indicate how (10.7) may be proved. Each term on the left side (and on the
right side for that matter) satisfies the functional equation

(10.8)

F(zq) = F(z).

Thus to apply the method above would require verifying the identity for at least 13 values
of z. In principle, this would require verifying at least 13 g¢-series identities. We can
reduce the size of the problem as follows. The functional equation (10.8) and an analysis
analogous to (7.5) reveals that the left side of (10.7) can be written as

212q6

a1(q)(01(q; 2) + ¢-1(q, 2))
+aa(q)(92(q, 2) + d-2(q, 2))
+a4(q)(Pa(q, 2) + ¢-a(g, 2))
ta5(9)(95(q, 2) + ¢-5(q, 2)),

for some functions «;(q).

We may proceed as in (7.6) but instead of being able to write each «;(q) as a product
of three #- functions it is possible to write each as the sum of two such products. Thus the
problem is reduced to verifying four g-series identities.

The left side of each such identity involves 6- functions and the right side involves 7-
functions with all functions involved being modular forms on some congruence subgroup.
As in [B-B-G] verifying such identities is a computable task. It would be desirable to find
a more transparent proof. Finding a z-analog for a(g) may prove useful.

We describe another application of our z-analogs. At the bottom of page 257 of
Ramanujan’s second notebook [R] there is an identity which gives the Fourier series of the
inverse function of a function which is a cubic analog of the incomplete elliptic integral of
the first kind [W-W, p.494]. One of us, in joint work with Bruce Berndt and S. Bhargava,
has been able to prove this identity [Be-Bh-GJ. The proof depends crucially on identities
for b(q, z) and other z-analogs.
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