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A Survey of Mock Theta Functions I

BASIL GORDON and RICHARD J. McINTOSH

ABSTRACT. In his last letter to Hardy, Ramanujan defined 17 functions F'(q), where |q| < 1.

He called them mock #-functions, observing that as ¢ radially approaches any root of unity (,
there is a f-function T¢(q) with F'(q) — T¢(g) = O(1).

1. Introduction

We begin with the partition generating function P(q) = (q)5!, where as usual

(@o=1, (@n=]l0-d¢™ and (@Yu=][0-¢™), lad<1.

m=1 m=1
More generally, we put
n—1 0o
(a;¢)0=1, (a;¢")n=J[(1-ag™) and (a;¢")e = [] (1 —ag™),
m=0 m=0

so that (¢)n = (¢;9)n and (@)oo = (¢;q)oc- We have
k
k (@34")oo
a;q")n =
(:4) (@g™; %) oo

for n > 0, and for other real n, we take this as the definition of (a;¢*),. P(q) satisfies the
Euler and Durfee identities

R i
These express P(q) in what S. Ramanujan, in his last letter to G.H. Hardy [R1, pp. 354—
355; R2, pp. 127-131; W1, pp. 56-61], called transformed Eulerian form. Other examples
are provided by the Rogers-Ramanujan identities

[ee] 1 oo )
H _ 4dMm— 4 5m 1
m:l 1 q n=0
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ﬁ 1 el qn(n+1)
P 3)(1 — gpm—2 -
m:l 1 q ) n=0 (Q)n
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In his letter, Ramanujan remarked that as ¢ tends radially to exponential singularities
at roots of unity, the functions P(q) and G(q) have asymptotic approximations involving
“closed exponential factors”. To express these approximations, he introduced a complex
variable o with Re(a) > 0 and put ¢ = e~ . Then, for example, if « is real and @ — 0F,

we have )
o T o )
P(q) = o exp(@—ﬂ) +o(1),
(1.3)
2 2 o
— . - 1

with similar results near exponential singularities at other roots of unity. Ramanujan noted
that for other g-series in Eulerian form, approximations analogous to (1.3) may or may
not hold. He stated that if

Z ~

and ¢ = e~ with a — 0%, then for each positive integer m we have

Ln(n+1)

(07 7T2
Flq) =,/ —— ex —+—+ca2+---+cmam+0am+1) 1.4
R R C e e @) 0

with infinitely many c; # 0. Ramanujan said that in this case “the exponential factor
does not close”, but an actual proof has not yet been found. An example of a g-series in
Eulerian form having an approximation with an unclosed exponential factor is given by

In(n—1)+rn

Zqz _H ¢+

where 0 < r < 1,r # % (To obtain a function holomorphic for |g| < 1, take r = § rational
and replace ¢ by ¢°.) A proof is given in [M2].

At this point we need to clarify what Ramanujan meant by a #-function. For this
purpose, we recall the definition of the Jacobi triple product

§(@,q) = (20071000 (¢5 )0 (1.5)
and the identity
j(I,Q): Z ( 1)nq2n(n 1) "

Following Hickerson [H1|, we define a #-product to be an expression of the form

Oqex{l . .xIT’Lgl . .Lgs ,
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where C' is a complex number, e, f;, g; are integers, and each L; has the form
. k .
J(Dgtat - air +q™)

for some complex number D (usually D = +1) and integers h, k; and m > 1. A -function
is a finite sum of #-products. Thus (¢)s = j(q,¢>) is a O-function, even though it lacks
the factor qﬁ needed to make it a modular form.

Every 6-function with an exponential singularity at a root of unity ¢ has an asymptotic
approximation near ¢ like (1.3), where there may be several terms, each with ¢; = 0 for
all 7 > 2, and o(1) may be O(1). As an example of an approximation with more than
one term, Ramanujan gave (q)512°.
functional equation of the Dedekind n-function (see for example [Ap, p. 48]), we have

1 2 1
07 (@)oo = || —af (¢34} oo

and ¢; = e~ o« . Hence as a — 07,

A simpler example is provided by (q)2*. By the

oo

M)

where ¢ = e™¢

—48

ot 2 -8 4 8\1—48
= q [ —q; +O(q))]™

ot 2 -8 4 8
EL q; °[1+48¢; +O(q})]

24 24
o 2 -8 o 2 —4

48
:Wq q, +Wq g, " +o(1)

24 8 2 48 24 4 2
:a—exp(i—2a> = exp< T —2a> +0(1).
o a

(2724 (2m)24
A mock 0-function is a function M (q), holomorphic for |¢| < 1, such that

(i) M(q) has infinitely many exponential singularities at roots of unity.

(ii) Under radial approach to every such singularity, M (q) has an approximation
consisting of a finite number of terms with closed exponential factors, and an
error term O(1).

(iii) There is no #-function 7'(¢) which differs from M (q) by a “trivial function”, i.e.
a function bounded under radial approach to every root of unity.
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If L(q) satisfies (i), (ii), (iii) and has an expansion

convergent for |g| < 1, where d is a positive integer, then M(q) = L(q%) is a mock 6-
function. By abuse of language, we will sometimes refer to such an L(g) as a mock 6-
function. In this paper, we do not require M(q) to be an Eulerian g-series.

In his letter, Ramanujan next introduced the function

=3 <—Z—q>2 (1.6)

and the f-function ( )3
)50
T(q) = 40

(¢% %)%

He stated that if ¢ is a primitive v*" root of unity, and ¢ — ¢ radially, then

O(1), v odd,
fl@) =49 -T(@+0Q1),  v=2(mod4),
T(q)+0(1), v=0(mod4).

Thus M (q) = f(q) satisfies the following property:

(iv) At each root of unity (, there is a -function T, (gq) such that M(q) = T¢(q)+O(1)
as ¢ — ( radially.

This implies (ii). We call (iv) the strong approximation property. Andrews and Hickerson
[AH)] actually take (i), (iii) and (iv) as the definition of a mock #-function. Such functions
will be called strong mock 6-functions.

Ramanujan said “it is inconceivable that a single #-function could be found to cut
out the singularities of f(q).” Thus he indicated that f(q) satisfies property (iii), and is
therefore a strong mock #-function. His assertion remains unproved. Henceforth when we
speak of mock #-functions, it is with the understanding that they have not yet been shown
to possess property (iii).

JFrom now on we will use the abbreviations #f and mf for #-functions and mock
f-functions respectively. The notation mf, stands for an mf of order v.

Ramanujan listed 17 mf’s, to which he assigned orders 3, 5 and 7. (The order appears
to be analogous to the level of a modular form.) Watson [W1] found three more mfs’s,
and in constructing transformation laws for them, Gordon and McIntosh [GM2] found two
more. Still other mf’s, to which orders 2, 6, 8 and 10 have been attributed, are discussed

in [M1], [AH], [M4], [GM1] and [C1]-[C4].
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2. The Watson-Selberg era

The above title was first used by Andrews [A2] in discussing the ground-breaking
work on mf’s done in the 1930’s. This work dealt with the 17 functions of orders 3, 5 and
7 defined in Ramanujan’s letter. They are the following:

order 3: - , - ,
q" q"
flg) = PSR o(q) = T o oy
9 nZ::O (—a;9)7 @ nzo (—q2'q2)
o 2 (2.1)
W)=~ Z il ,
n=1 (q;q )n n=0
order 5:
e n? e n(n+1) )
q q
folg) = o h=) +——
n;) (=a;0)n = (=40
o q2n2 o q2n(n—|—l)
Fo(q) = Fi(q) = T
0l) ,;) (¢:¢%) 1) = (06 n+1
i 2 > 2
=> " ;s $1(@) =D d" (—q5:6%)n, (2.2)
n=0 n=0
Yolg) = Y 2" (gig),, vi@) =D 2" (—q;59)n,
n=0 n=0
q) = Taxl. N q) = TarioN
xold) ,; g, 9 ,;) (@@
order 7:
> n? & (n+1)? & n(n+1)
_ q q
Folq) = 7;) @ Z ni T, Z n+1—+1 - (23)

G.N. Watson wrote two papers [W1], [W2] dealing with (2.1), (2.2) repectively, while
A. Selberg [S1], [S2] dealt with (2.3). In [W1], Watson showed that Ramanujan’s functions
(2.1), together with the 3 further ones

0 2n(n+1)

w(q)zz(q q*)?2

n—|—1

n(n+1) > q2n(n+1)(q : q2)n+1

(q3§ q6)n+1

n—l—l n—0

have the strong property (iv). This was accomplished by obtaining modular transformation
laws for all but x(¢) and p(q). The last two laws, found in [GMZ2], involve two more mfs’s

Gn(n 1)

—1+2Z T Z

n:l

3n(n 1)

— 2. (2.5)
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A more detailed account of transformation theory is given in §4 below.
Watson also proved a number of linear relations connecting the functions (2.1), such
as

Ax(q) — f(q) = 363(0,¢*) (), (2.6)

where
o0

2 .
94(Z,q) _ Z (_1)nqn 62”12.
In [W2], Watson went on to consider the ten fifth order functions (2.2). He was
unable to obtain transformation laws for these, so prodeeded differently. He first proved a
number of linear relations stated by Ramanjujan, such as

200(—q%) — fo(q) = 64(0,)G(q).

He also found and proved similar relations not stated by Ramanujan. Each relation has
three terms, one of which is a 0f, while the other two are of the form ¢"u(4¢°), with
functions p(q) appearing in (2.2). Next Watson determined, directly from their definitions,
which of the functions (2.2) are bounded under radial approach to certain roots of unity.
Using the linear relations he then obtained strong approximations for all the functions
(2.2) with singularities at these and other roots of unity.

In [S], Selberg proved that Ramanujan’s functions (2.3) are strong mf’s. The trans-
formation theory was not yet available, and in contrast to orders 3 and 5, there are no
linear relations between the F;. Thus a new approach was required. To deal with Fg, for
example, Selberg obtained an identity of the form

Folq) = A(q) + B(q)¢(q) + C(q), (2.7)

where A(q) and B(q) are 6f’s, and ¢(q) is the third order function listed in (2.1). He then
proved that C(q) is bounded under radial approach to every root of unity (. Since ¢(q)
can be strongly approximated at (, equation (2.7) provides the required approximation to
Fo(q) there. Similar identities for F;(q) and F2(q) show that they are also strong mf’s.

3. The Andrews-Hickerson era

The next major advances were made starting in the 1950’s. As noted above, Watson’s
paper [W1] showed that the mfs’s (2.1), (2.4) could be strongly approximated by 6f’s at
every root of unity. This raised the possibility of applying the circle method to obtain
convergent or asymptotic series expansions for the Taylor coefficients of these mf’s. Such
an expansion for the partition function p(n), whose generating function

> e = (@)
n=0
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is a 6f, had been found earlier by Hardy and Ramanujan [R1]. Subsequently H. Rademacher
[Ra] had improved their result by obtaining a convergent series expansion of p(n). Work
on mfs’s was begun by L. Dragonette [D], who selected the function

n=0

of (2.1) for detailed study. Watson’s paper [W1] gave only the transformation laws for f(q)

under the generators 7 +— 7 + 1 and 7 — —1/7 of the modular group I' (where q = ™)

b

and Dragonette first needed to determine laws under all the transformations 7 +— a:j:s of
I'. After doing so, she used Cauchy’s formula

1 f
o =5 [, gt

i
n

taking for C' the circle |¢| = The next step was to divide C into Farey arcs of
order N = Lnéj With the aid of the transformation laws, in each arc f(q) was replaced
by another mfs plus an “error term” (a Mordell integral), which was then estimated.
Evaluation of the resulting integrals over the arcs with centers e~ w i (k fixed) lead to
an exponential sum A(k) = A(k,n) involving some unevaluated roots of unity €, 5. The

final result was the series

+O(n? logn). (3.1)

A(k) exp (7rn
%

)2 /kV6)
)z

ﬁl’_‘ w

k=1 k5 (n —

In [A], Andrews made a substantial improvement in evaluating both the “error terms”
and the €y . This enabled him to express A(k) in terms of the exponential sum Ag(n)
appearing in the Hardy-Ramanujan series for p(n) [R1, pp. 284-285]. The improved result
is that for every € > 0, the term O(n2 logn) in (3.1) can be replaced by O(n¢), and that

1 1
5(—1)5(k+1)A2k(n), k odd,
Ak) = 1 1
1

5(—1)5’“14% (n - 51{3), k even.
Andrews conjectured that if exp z is replaced by 2sinhz in (3.1), and the resulting series
is extended to infinity, it converges to a(n). We will return to this in part II.

In 1976 Andrews discovered, in the mathematics library of Trinity College, Cambridge,
a notebook written by Ramanujan towards the end of his life. This important work has
come to be known as the Lost Notebook [R2]. In it, Ramanujan defined further mf’s, and
stated linear relations between them. We will discuss this in §5 below, dealing with mf’s

of even order.



-8 —

The Lost Notebook also lists ten identities satisfied by the mfs’s (2.2). These have
come to be known as the Mock Theta Conjectures. They can be uniformly stated with
the aid of the function

B o0 qn(nJrl)
g3(w,q> B 7;) (xQQ)n-l-l(x_IQQQ)n-I—l ' (32)
The conjectures are:
fola) = —2¢g3(¢%,¢"°) + 04(0,4°)G(q) )
Fo(g) — 1 =1qg3(¢,4°) — q(¢*)H(¢?),
5y, (0°4°)G(¢*)H (q)
(bO(_Q) = _qg?)(%q ) + H(qQ) ) (33)
vo(q) = ®95(0° ¢"°) + 4(0:0"") 0o (€5 0™*) oo (a5 ¢"°) o H ()
5. .5 2
Xo(q) — 2 = 3qg3(q, ¢°) — (4 ’QH)ZZ)G((]) : )
fila) = —2¢°g5(q*, ¢"°) + 04(0,¢°)H(q), )
Fi(q) = q93(a*,¢°) + ¥(¢°)G (%),
9 2 4(¢°; ¢°) o G(q)H (¢?)
$1(—q) = q"g3(q ,qs) - G(g?) ) (3.4)

¥1(0) = ¢*93(¢*, ¢"%) + (6% 6" (075 ¢") (0" ¢"°) 5 G(a) ,

x1(q) = 3q93(¢°, ¢°) + (@ qZE;fI(q)z :

where
o

04(0,) = > (~1)"q" = @ _ (23

(-0 (6%¢%)s’

n=—oo

Y

— = %n(nJrl) _ (q2;q2)oo _ (qQ;q2)go
v ;q (¢5¢%)o ()
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and G(q) and H(q) are the functions defined in (1.2). These identities were proved by
Hickerson [H1]. In this survey we will nonetheless refer to them, and other similar identities
which have since been proved, as mock theta “conjectures”.

The first step in proving (3.3) and (3.4) was taken by Andrews and F. Garvan [AG],
who showed that the identities (3.3) are all equivalent, as are the identities (3.4). This
reduced the problem to proving the identities for fo(q) and f1(q).

[Insert, constant terms etc.]

Analogous to the mock theta “conjectures” are the following identities for mf;’s stated
and proved by Hickerson [H2]:

<0 3 . T\2
Folq) —2=2qg3(q,q") — ](%q’)i) :
- 7\2
Fi(q) = 2¢%93(¢*,¢") + % :
s 2 7\2
F2(a) = 2¢°93(a°, ¢") + ](C‘(’q;i)

For each of the mfs’s k(q) in (2.1), (2.4), (2.5), either k(q) or xK(—gq) has the form
Aq93(q%,q°) + T(q), where a, b and ¢ are nonnegative integers and T(q) is a 0f [GMS3].
Indeed:

(4% °)%
0)2(q* 43’

(%)%
(03 (g% 43

f(=q) = —4q93(q,q*) + (

o(q) = —2q93(q,q*) +

¥(q) = q95(a.¢*),

(g a")2. (4% ¢°)3,
x(—q) = —q93(q,¢") + :
(4%6%)% (43 ¢3) oo (¢12; ¢12)2

oo

w(q) = g3(q,q%),

2 4
v(q) = —qg3(q”,q") + s
(@) = ~a9(0" )+ (3 ays
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o) = 93@0a) | 3@
2 2(¢%¢%) oo (01 ¢3)%,
&(q) = 1+ 2q93(q, ¢°)
(g% ¢®)%

2 3 6
=q°93(q°,q9 ) +
(@) + 2 (@ )

) 2 3 12 (qz,q2)3 (q12;q12)3
o(—q) =q°93(¢°, q )+(q) (g% a*)% (45 ¢%)%

These identities can be viewed as third order mock theta “conjectures”.
4. Transformation theory

In discussing the approximation of mf’s near roots of unity, we have adhered to the
notation ¢ = e~ %, employed by Ramanujan and his early successors. This function maps
the right half-plane Re(«) > 0 onto the punctured disc 0 < |g| < 1. In the classical theory

of 0f’s, as expounded for example in [TM] and [WW], it is customary to write instead

q = ™7, where Im(7) > 0. Thus o = —miT. The variable 7 is then subjected to the
transformations
at +b
T = AT = ,
cT+d

where a, b, ¢, d are integers with ad — bc = 1. These transformations form the modular
group I'; it is generated by

Tr=71+1, St=—-1/r=mn.

TITLT e—ﬂi/T

These generators map ¢ = €™ to —¢ and to ¢, = e , respectively. Equiva-

lently, we have ¢, = e ?, where af = 72.

When a function W (q) is being considered as a function of 7, it is customary to denote
it by W (7). The transformation laws for an mf M (1) express M (A7) (where A € I') in
terms of another mf M*(7) and a Mordell integral, to be defined below. Since Watson’s
fundamental paper [W1], it has become standard to write two laws for each M (q), one
expressing M (q) in terms of M*(cq]) (where ¢ = £1 and r is a rational number) and a
Mordell integral, and the other doing the same for M (—gq). For example, the transformation

laws for the mfs f(q) are given by
24« / ~Saz? sinh ax d
\/ +14/— T
ql ql 51nh3a:v ’
1 24 22 cosh 2 QT + Cosh ox
— 5 24 d
q 2 f(—q) = \/ q > f(—qy) ) / COSh Y T,
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where w(q) is another mfs. (The usual notation for modular forms F'(7) has F'(A7) on the
left and F*(7) on the right.)

The transformation laws for g3(¢%, ¢°) (where a and b are integers with b > 0 and a # 0
(mod b)) are stated in [GMZ2]. In particular, we proved that for nonintegral rational
numbers r,

™ -1 ;
g g (g7, ) = [ ese(mr)ay (e qy)
[3a / »2 cosh(3r — 1)ax + cosh(3r — 2)ax dr, (4.1)

cosh %aac

where
[e'e) 2

=21

W On (W15 0)n (4.2)

A transformation law with g3(q% ¢°) on the left is obtained by putting » = a/b and
replacing ¢ by ¢° (hence ¢, becomes qi /% and a becomes ba). This law shows that g3(q%, ¢°)
and hs3(e?™%/% ¢) are mf’s. The transformation law for gs((—q)?, (—q)®), also stated in
[GM2], depends on the parity of a and b.

The transformation laws for the mfs’s, mf;’s and mf;’s can be obtained from the
transformation laws for g3(¢%, ¢°) and ¢3((—¢q)%, (—q)®) using the mock theta “conjectures”
of §3. The explicit laws are found in [W1] and [GM2].

We now outline a proof of (4.1). The first step is to show that

) 1 oo 1 nq%n(n—Fl)
93(¢"9) = —— Y ( 1>_ e (4.3)

(@)oo, £
and ) L :
, 4sin’mr o (—1)ngznBntl
h 2mir — . 4.4
3(6 7Q) (Q)oo n;OO (]_ 6271'7//’ )(1 e 271'zr ) ( )

The series here are called generalized Lambert series. As in [GM2, pp. 196-198], equa-
tions (4.3) and (4.4) are obtained from the Watson-Whipple transformation [GR, p. 242,
(IT1.17)]. The transformation law (4.1) is obtained from (4.3) using contour integration
and the saddle-point method. This technique can be applied more generally to the series

S ( 1) qan(n—l—l)

ug(z,q) = Z T 2q" , (4.5)

n=—oo

where © = ¢" and k is a positive integer. Application of the saddle-point method to the

integral
1 +oo—ei —oo+te€i T 6—%kaz(z—|—1)
- (/ +/ > : dz
2710\ —oo—ci tootei ) sinmz 1 —e—a(z4n)
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leads to the transformation law

T 47-(- : Tr
g (g7, q) = — sin(rr) v (™" 47)
k—1
ko (k—2m)2 k /Oo_lk 2 cosh(kr — m)ax
—\/— 8k m e 2nar dz
2T m:1q ig".q") 0 cosh%kam
(4.6)
where " :
0 (_1)knq§n kn+1
_ 4.7
w0 = 3 (1 —ygm)(1 -y 'q™) .7

n=—oo

and j(z,q) is defined in (1.5). From this law it follows that ux(q",q)/j(¢", ¢*) is an mf for
integers h, k with 0 < h < k.

When k = 1, 2 or 3, the Watson-Whipple transformation can be used to express
uk(z,q) and vg(y, q) in Eulerian form:

(@) )
ul(x7Q) - j(ZIZ‘ q) 9
i) = o = aalena) = e )onlo ),
u3(z,9) = (¢)093(2,q) = j(¢,4*)g3(x. ),
B (q)io (4.8)
1D = v S
( 2 ) h2(y7 )

vl ) = G0 oy T
(q@)ooh3(y, q)

W= G-y ) J
where
i n(n+1) —q; Q> (4 9)
— (25 )41 (T Qg '
i (q hn_ (4.10)

— (Y2 ¢*)n(y 1 4* ¢%)n
A more detailed study of the functions gs(z, q) and ha(y, q) is found in [M3].
When k = 1, there is no Mordell integral in (4.6), which says that

q%’"(lfr) r 4w 2mir

(51 (q 7Q) = E SIH(TF?“) Ul( 7q1)



~13 -

By (4.8), this becomes

q2 ( )oo — _ﬂ- Sin(ﬂ”)") — iql qlzgo i T
(@ Do (@500« (€2 q1) 0o (e72™7 g1 ) oo
a transformation law for a 6f.

When k = 2, (4.6) simplifies to
. . 4t i [a 2 < .2cosh(2r — 1)ax
g )uz(q ,q) = Esm(ﬂr) va(€? >q1) p (L/ e ( ) dz .

7%4%) 0 Jo cosh ax
(4.11)

Y

By the functional equation of the Dedekind n-function we get

1 2 1
7 (@)oo = || 0 (¢} 4y) oo - (4.12)

1
(@2  [ar 4 (¢ a)%
moo A\ T2y (4.13)
(4% 4?) oo @ (¢4

Dividing (4.11) by (4.13), and using (4.8), we obtain

1 .
B ppe qy Tha(e*™, ¢?) a2 cosh(2r — Dax
r(l1—r) r — ; 1 1 d .
q g2 (q 7Q) N sm(m”) (1 _ 627-”‘7«)(1 - e—27rzr / cosh ax v

Since (1 — e2™7)(1 — e~ 2™") = 2 — 2 cos 21 = 4sin’nr, the above formula simplifies to

r(1—r) N -1 p2mir L2 cosh(2r — 1)ax
O gala0) =\ sl o) — | [2 [Teert I g

(4.14)

Hence

When k = 3, (4.6) becomes

q%r(l—r) r AT 2mir

US(Q 7Q) = E Sln(ﬂ"’ﬂ) U3( 7‘11)

[3ov 1 > 3,42 c0sh(3r — 1)ax 4 cosh(3r — 2)ax
- —924(Q)oo/€ ? ( ) 3 ( ) dz,
2m 0 cosh sax

since j(q,¢%) = j(¢2,¢%) = (¢)oo. Dividing by (4.12), and using (4.8), we obtain

[& ¢; "ha(eX" g1
27“(1 r)— 24 oN 1 1
q 93(q Q) o sm(7rr) (1 _ezﬂ—ir)(l _ 6_27TiT)
3 /°° _ 3422 C0sh(3r — 1)ax + cosh(3r — 2)ax
e 2
0

dx

2

[ _1
— ﬁcsc(m“) q, “hs(e 27”7",(]1)

3a/°o _Zaa? cosh(3r — 1)ax + cosh(3r — 2)ax
— [ e
21 0

cosh %Ozx

3 dx ,
cosh sar
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which is (4.1).
5. The mock theta functions of even order

In §3 we observed that the mf’s of odd order are related to the function gs(x,q) of
(3.2). It turns out that the mf’s of even order are similarly related to the function

0 ln(n+1) .
q2 q:49)n
g2(x,q) =) (~a:9)

s (3 @)nt+1(z71¢; @)n+1

of (4.9).
We begin with the mfy’s:

o (n+1)2 2 O ntl_ 2.2 )
q q;9" )n q q7;9" )n
A=Y (—4:9°) -y ( ) 7

= () (45 ¢%)nt

n=0

n(n—i—l)

Z ! Z T » (5.1)

n+1 n+1

oo

w) =3 (=g (g;zqz)n

e S Gl LR )
The function p(q) appears several times in the Lost Notebook [R2, (3.1), (3.4), (3.8), (3.9),
(3.11), (3.13) with a = 1]. It is related to A(q) by the identity [A1, (3.28)]:

(9%
p(q) +4A(—q) = @ )L
The mock theta “conjectures” of order 2 are [GM3]'
A(q®) = 492(a:4") — a(=0% 0" ) oo (—a"3 4" 5 (61 ¢%) o
B(q) = 92(4,4%), (5.2)

(% ¢*) o (a*4*)3(¢% ¢%) 0

(9)2 (g5 ¢*0)2
These are not needed to prove the modular transformation laws, which are [A1, (4.7),
(4.8)], [M1, p. ?]:

1(q*) = —2q92(q,¢*) +

q‘§A(—q)=\/gq1lB( q1) — \/gJ(%) (5.3)
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where ¢ = e™® and ¢; = e # with a8 = 72. The Mordell integrals J, K and their
inversions are

o= [T e ()= %),

cosh az T

o bl 3
Klo)= [ et 82 n g (5) =\ %K),

cosh az 73

We turn next to mfg’s, ten of which have been identified and studied thus far [AH],
[M4]. They are the following;:

o0 3n?43n+1

bla) = ,;) (¢; q3c)1n+1(q2; 1 19324 (54)
() = 2 éﬁ% = h3(q,4%). (5.5)
=3 Tt g =y 5.7

The series defining 1(q) converges in the Cesaro (C,1) sense. In fact the sequence of its

even partial sums converges, as does the sequence of its odd partial sums; u(q) is the

average of their limits. The functions (5.5) and (5.6) are in the Lost Notebook, while (5.4)

and (5.7) arise in the modular transformation laws [M4]. In view of their expressions in

terms of gs(x,q) and hs(z,q), a case can be made for designating (3(q) and (q) as mfs’s.
Ramanujan listed five linear relations connecting mfg’s:

¢ (@) + pla) = (—a;0*) %5 (0. ¢°), )
o(q%) +20(q) = (—q:¢*) 2 (=% ¢°),
20(¢%) = 2p(—q) = (—q:¢*)%5 (=", 4°) , (5.8)
2¢7 " (¢%) + M—q) = (—=¢;¢*)%i (=, ¢°)
2
3¢(q) — 2v(q) = j(@?q(f q)g) )
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Additional relations include [M4]

( 2) _ (_ )_ Q(q4;q4)go(q12§q12)c2>o )
S T @ P ()

(g% a*)3. (4% ¢®)%

2¢7¢(q%) + p(—q) = : 5.9
(q°) + p(—q) (25 ¢2)3.(¢'% ¢'?) (5.9)
- (%5 4% (a5 ¢%)3
o(q%) + 24~ (%) +2B(q) = =
) (@) +2000) = e (g, )
and the mock theta “conjectures”
o(q) = (0% 4*)3.(4% ¢*)5 (a"%:4"%)% —24m(a.d).
(0)2,(4% %), (% ¢®) o0 (¢%% ¢**) o Y
(5.10)
bt = (0% 6*)3 (0" 0o (5 6*)3 Paald. )
(@)oo (05 0°) 0 (4% 4%)3 ’ )

With the aid of (5.8)—(5.10), all the mfg’s (5.4)—(5.7) can be expressed in terms of gs(z, q)
and 0f’s.
The modular transformation laws for 3(q) and v(q) are:

Y O P s SV S A1) 1
q 3B(—q) = e Y(—qi) + 5. K(9a) 9K(a) :
() = ) ey /2T (3_a>
q 21v(q) = ) B(qi) + 515 )
1 3 - 1 27
—q) = — [ ZE g7 p(— K3
q 2y(—q) 0 B(—qi) + o 1(3a),
where
1 1 s/« o0 > cosh 2ax
Jila) = =J —J(—) :/ —ag? ZOP 3O
(@) (a)+6 9 0 ¢ coshaz
and

T2a% dz .

> ;5 cosh %OASL’ — cosh%am
0 cosh ax
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The transformation laws for (5.6) and (5.7) are more complex than those for 3(q) and v(q).

They are:
[910(¢7) + o (g7)] + \/%Jl(a) ,

[Q1¢( (J1 — 21 (J1 \/ Kl

N

()
W)
=]
-
—~
=}
Wl
~—
I
=

q

N

Q

K

N

- BSE

/\

ooh—-
N—

I

BE
()
=
[ed e}

g 7ip(qt) = —\/§in [q10(q}) — 20(q3)] + \/gJ(a) :
g3 P(—qP) = _\/g(h_% [10(—a}) + ¥(—¢))] + 2?& K(a),
dtola?) = [ oo larola?) — ()] ) 22 I (2a),

=)
Sl
e
—~
|
Q
W=
SN—
Il
5T
L=}
=
Al

ap(—a) + 20(—g)] + ﬁ J(a),

edle]

[q10(qF) + 20(q})] — \/?Jl(%z) ,

g So(qd) = \/gql_
Fo(—gb) = @ o lan(—a?) — o(—gh)] - ﬁ Ji(@).
N = ) — €l + [ ),

[ A (—¢7) + 2u(—q)] — \/%J(a) :
[, (q}) + 28(a0)] + \/%Jl(Qa) :

[ AN (—4F) — pu(—ad)] + \/%Jl (a),

@) + ()] @ (@),

o (a?) ~ 26(-a)) [ Ka),

L)
ol
>
—~
|
<
wl—
~—
I
NE
)
=
N[

()
;)—‘
=
—~
()
wlv
N—
I
R
=
e d e}

q

Ql
e
=
|
(=
W=
I
7 s
’_"Q |
Al

L)
w
o
N
—~
(=
Wl
~—
|
s
Q
)
=
=

'QI
3=
<
—~~
|
L)
Wl
N—
I
BE
()
=
e e}
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1,2 T -1
q 1¢(q?) = — Eq14[Q1>‘(Q%)_2N(Q§

=y @),
) =~y o Hlaoad) + o - o K@),

Continuing on, we come next to mfg’s [GM1]:

C,OI)—I

g 3E(—q

D DU e TR DL s e
> - 2,42 ’
n=0 n=0 ( q-;q )
(5.11)
TO(q) _ q(n+1)(n+2)(_q2;q2)n i qn(n—l—l) 2)n
0 (=459*)n+1 ’ 2nt1
They satisfy the linear relations ([GMI] [GM2, p. 222])
1 1 1
So(q) + 2To(q Z q = 5[(—615;(1)‘20 + (qé;Q)io]@L(O,Q),
n(n+2) 1
q —4q54 _1 1 1
Si(q) + 2Ti(q Z 2. D _ =547 [(—qz;Q)i’o —(q2;q)io}94(0,q),
and the mock theta “conjectures” [GM3]
; 2Y;i( /6 16
—4q,q q,q
SO(_q2) = ]< J(q;jgg) ) - 2qg2(Qa q8) )
; 2Vi( 42 16
—4q,q q-,q
Sl(_qz) = j( j(qgj((JS) ) - 2qg2(q37q8) .

The transformation laws for (5.11) involve the functions

Z il = So(q*) +4S1(¢%),

[e'e) n 2
"t (=q; %)

Ui(q) = =To(¢*) + qT1 (),
—= (=4 )
=142y ¢ :
n=0
o (n+1)2/_ . 2
q q:4%)n
Vi(q) = ( )

= (@56
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The complete set of laws reads as follows [GM1]:

_ 1 1 4o
q IGSo(q)=\/4—Vo 0)+4/ aql “Vi(q) + 7K3(0z)
551(0) = | = Vh V) — 2 Ko ()
q 1\q) = Aoy 0 ql aq1 1 - 1]
v T 1 (0%
T — - _ _ _ 1 _ _ -
q 1T(q) 16aVo( Q) \ 25 @1 Vi(—q,) -
GT(q) = | ——Vo(—@1) + | =y Vi(=qy) + 1/ ~ Ka()
16« 1 a'l 1 ’
71'2—\/_ _ 1 7T2+\/§ .
q~165)(—q) = ( )ql STo(—qq) + ( - )qf6
7T2+\/§ 1 7r2—\/§ i
7581 (—q) = ( )ql *To(—qy) — ( >q116
(8% (8%
T(2—-v2) —1 T(2++2)
16T (—qg) = 16 — 16
q 1%To(—q) 16a q1 Sol( Q1)+ 160 q1
T(2++2) _1 (2 —+2) =
qisTi(—q) = ( e )ql So(—qy) — ( e )qf6
300 = STV + g
¢ *Uola) = /5, Volai) + 27r‘]<2>’

'QI
0o
S
S
Il

oo
2| =
=
|
<
L 1Y
|
(00]
/9]
-
/N
(e
N———

T o_1 1 16«
Volo) = /T FUio(af) - 14,
1 m L 1 (e}
q 1Vi(q) = 2 h Y Uo(—qf) — ;K(Qoz),
1 A7 _1 1 2
q 5Uo(—q) = -0 Vi(q?) 7K(Oé),

'QI
0l
S
|
S
I
|
NE
SI
ool
~
|
()
ol
|
x|
=]
L
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Here the Mordell integrals Jo, J3, Ko, K3 are

& » cosh 2ax & » cosh Sax
J — —ax 2 d J — —ox 2 d
2(2) /0 ¢ cosh 2az 3(@) /0 c cosh2az

o© > sinh Lax > > sinh 2ax
K _ —ax 2 d K — —oxt T 27 dx .
2(e) /0 ° sinh 2az 3(@) /0 c sinh 2az

In view of the last eight transformation laws, a case can be made for regarding Uy(q),
Ui(q), Vo(q), Vi(q) as mfy’s. Indeed, the relevant Mordell integrals are the same as those
n (5.3).

In [M1] it is shown that V;(q) is equal to the function

oo n—l—l(

RNy s

n—=

found on page 8 of the Lost Notebook (see also [A1, (3.21)] and [AB, (12.5.3)]).
The functions U;(q) and Vj(q) satisfy the linear relations (([GM1] and [M1]):

Uo(q) + 2U1(q) = (¢)oo ( 7;0%)5
Vo(q) + Vo(—q) = 2(—q q4)§o( ¢®)so (5.12)
Vi(g) = Vi(—q) = 2¢(—¢*; ¢*) o (—q*; q) (¢ ¢%) oo

and are connected to the mfy’s (5.1) by

Uo(q) — 2Uv(q) = p(q) ,
Volq) — Vo(—q) = 4¢B(q%) (5.13)
Vi(q) + Vi(—q) = 24(¢%),

proved in [M1]. Combining (5.12) and (5.13), we obtain

(@) = (9)oo(—a50%)5 + la) ,
4U1(q) = (0)oo(—a5 %)% — 11(a)
2. A4\4 ( 8. 8 2 (5.14)
(@) = (=47 ¢") (07 ¢ )o +2¢B(q7)
(@) = a(=0% ¢*) oo (—0"; 42 (6% ¢%) oo + A(d) -
Identities (5.14), together with (5.2), yield mock theta “conjectures” for U;(q) and V;(q).
For example, V1 (q) = qg2(q, ¢*), proved in [GM1. pp. 322-324].
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Finally, we turn to mf;(’s, four of which appear on page 9 of the Lost Notebook:

e In(n+1) > _Ll(n+1)(n+2)
qz qz
N)=) T W)= F—
@ jg:(q ¢*)n+1 @ 22% (956%)n+1
o0 ( ) 2 noo ( ) ( +1)2 (515)
-1 nqn -1 nq n
Xg=)) ——— x@=) —F———
nz:;) (_Q)Qn nZ:O (_Q)2n+1
Ramanujan listed eight linear relations connecting these functions:
o(q) —q "(=g") + ¢ *x(¢®) = -+,
¥(g) + qo(—q*) + X(¢°) =
These relations are proved in [C1]-[C4].
The mock theta “conjectures” of order 10 are:
(¢"%¢")%5(=¢* ¢°) > 3 )
P(q) = = +2992(97,4°)
@ (¢°:9°) 0 (q%, ¢*°) 2 )
q(¢"%¢")2.4(=q,4°) 5
Ylg) = — . +2q992(4,9°) ;
@ (¢°1¢°)i(q*, ") 26 d)
X(q?) = (a*9%)% (=% d*)%i ("%, ¢*) + 29(¢™; ¢*)3)
(4% 4%) 00 (0% 4%°) 0 (¢%%; ¢*) 05 (4%, ¢*°) (5.16)
—2q92(¢,¢%°) + 2¢°92(¢°, ¢°°) ,
g = 2(a%19")3% (200" ¢*)% — 5 (=4% ¢*)%i(a", ¢""))
(4% 6%) 0 (4% 4%°) 0 (¢*°; 4*°) 07 ("6, ¢°)
-2¢°92(¢°,¢*°) — 24°92(q", ¢*°) - )

The first two are proved in [C, pp. 533-534] and the last two in [GM3].
The transformation laws for (5.15) are:

| 5+v” “H X (g |7 5— 20on4
| 5+¢_ / 5—
—a1)

U!I»—A



¢ 5Y(q) = w(516a\/3)q1_ P X(qp) + ”(513(;/5)% “x(dr) = 20TO‘Jf)(o»,
B CAn LIS PV Yl L P HY WYL 08
q " X(q) = 7T(5;—a\/3>(h%¢< )+ 7T(55_a\/3)(h_%w((ﬁ) + \/107&&(%),

10« 10«
0 (5 —+/5) 2 (5 +/5) _z 10
g 0x(q) = - ( 5af)q15¢( )+ ( ;—a\/_)(h 5¢(Qf)+\/—aKs<%),
9 ™ 1 T(H — _9 40«
q x(—q)=— (511(304\/5) q " X(—qy) - (51002/5) ¢ Ox(—q;) +1/ —J7(a),

where as usual ¢ = e™“ and ¢; = e ? with a8 = m2. The Mordell integrals J,, and K,
(n=4,5,6,7) are:

o h ax * 2 cosh 3ax
J = —bagz? L d J — / —bag® YOR Ot d
1) /0 ¢ coshbaz 5(2) 0 ° coshbaz

Jo(a) = / o~ 100a” cosh 9ax — cosh ax
0

cosh 10ax “
&° h 7Taz + cosh 3ax
; _ 10az? COS
7(@) /0 c cosh 10ax “

> inh o inh 2
Ki(a) :/ o —bax? SN QT dr | Ks(a) :/ o—5ag? Sinth 202 dz,
0 0

sinh bax sinh bax
> inh 3 °° inh 4
Ke(a) = / e-soa?SIINBAT ) = / o-soa? Sinh Aoz |
0 sinh bax 0 sinh bax

6. General relations between mock theta functions

In this section we consider how relations between mf’s can be found. One method is
to compare the Mordell integrals in their transformation laws. If two functions transform
with the same Mordell integral, their difference may well be a 6f. If this difference is a
f-product, an explicit formula for it can be found by computer algebra. Sometimes the
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difference is not itself a #-product, but the even and odd parts of its Taylor series are. This
phenomenon leads to the last two mock theta “conjectures” in (5.16).
Comparison of the Mordell integrals in (4.1) and (4.11) suggests that

g2(q6r+1, q6) i q2r—192(q6r—1’ q6)

is a 0f. Computer algebra leads to the specific conjecture that

93(¢",q*) — ¢!

2 6,.,—1 .6
g ) = qu(w2qq)+xgz(wq ,q°)
T q

~2%(¢%547)3.(4"% 4" 00d (274, 47) 1 (21245 ¢"%)
q(q%¢%) 00 (455 %)% 5 (24 ¢2)j (2%~ 1, ¢2)

(6.1)

It was noted in §3 that the mf’s of odd order are related to g3(x,q), and in §5 that the
mf’s of even order are related to ga(z,q). By (6.1) and its limiting cases (discussed in §7)
we can express all of the classical mf’s in terms of go(x,q). For this reason we can regard
g2(x, q) as a universal mock 0-function.

Identity (6.1) has a broad generalization, which we now develop. Recall the generalized
Lambert series

e ( 1) qzkn(n—l—l) 0 (_1)knq%n(km+1)

ur(z,q) = Y e vy, 9) = Y (

n=—oo n=—oo

L—yg")(1 —y~'q")
of (4.5), (4.7). It can be shown algebraically that

o) ( 1) qan(n—l-l)

() = _Z (1—aqm)(1 -z~ 1g™+1)’
hence
up(z,q) = up(z 7 q,q), vy, q) = v(y ', q).

From the definition of ug(x, q) it is easily seen that

UQk(lE,C]) + Uzk(—l’, Q) - Quk(lza q2) .

Somewhat more difficult to prove is the functional equation

up(xq, q) = —xFui(z, q) Z x™j(q (6.2)

For odd values of k, vg(x, q) is related to ug(z,q) by

1(k—1)
(1—z)vr(z,q) = —22F Dy (z,q) — > @zt =mj(gm gF). (6.3)

m=1
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When k = 3, (6.3) says that

(1 = z)vs(w,q) = —2 us(z, q) — 2(q)o0 ,

which is equivalent to
hs(z,q) = (L —z)(1 + 2gs(z,q)) , (6.4)

by (4.8).
Another useful identity, valid for all positive integers k, is

o) k—1
(_1) Lkn(n+1) 1— k)
y GOy , (65
n=-—oo m=1

where the dash indicates that the term with n = 0 is to be omitted.

We can now state the general identities of which (6.1) is the special case k = 3. These
identities express uy(z,q) in terms of wus(z,q) (and hence in terms of the universal mf
g2(x,q)). They are as follows:

2k—4 4k 2k

un(zt gt = 2264 ¢%)%d(2* g, ¢°)j (x* ", ¢*F)
’ qaj(z*, ¢%)j(z%*q~1, ¢%)j (%%, ¢*F)

— q" 2 j(g*™, ¢*F) % k—2m 2k

+ — ’ ug (™ ¢" 7™ ™), k odd, (6.6)
mz_l w2h—dm j(g2k k)

() = C2h(g%6%)3,5 (=%, ¢%)j (e g%, ¢F)
’ q?%j (x4, q%)j(x2*q=2,¢%)j(q?*, ¢*)
k=1 k_om ./ 4m A4k
q J\qg ,q _
+ Z x2k—4mj('(q2k q4’€)) uQ(a:%ql~€ 2m,q2k), k even. (6.7)

m=1

These identities are proved by showing that both sides satisfy the same functional equation,
and that their difference has only removable singularities for ¢ fixed and x # 0.

When k = 3, (6.6) becomes
12) 22j(q*, ')

s 4
4 4 qj(q*, q
z*,q%) = :
( ) qj (4%, q*?)

6 6 6 —1 6
= —————- U T , +‘ U2\ T )
24 2(2°¢,q") 2(°q",q")

22 (g% q%)3,j(2%q, ¢%)j (2245, ¢'?)
qj(z*,¢?)j(x%q71,¢2)j (4%, ¢'2)
(

(6.8)

since j(q%, ¢'?) = j(q¢*, ¢'?). Tt follows from (4.8) and (4.12) that

(x6q:|:1 qﬁ) _ (q6§q6)2 6 41 6 41

6\ ./ 6 12 6
_(q12;q12§;9(xq q0) = 3@, q7)g2(x"¢7,q")
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and
uz(z*,¢") = (g% ") oog3 (@, ¢*) = j(q*, ¢'%) g3 (z*, ¢*).

Substituting these expressions for us and us into (6.8), we obtain (6.1).
7. Singular cases of the general relations

As already remarked, identities (6.6) and (6.7) hold whenever all the terms are defined.
These terms, regarded as functions of z with ¢ fixed, are meromorphic for x # 0. At their
poles, which are all simple, (6.6), (6.7) become identities between Laurent series. By
equating the constant terms in the Laurent series of the two sides, we obtain a set of
identities which we call singular cases.

The left sides of (6.6) and (6.7) are defined when z # 0 and z*¢*" # 1 for any n € Z.
For such x, the right sides of (6.6) and (6.7) are undefined when = pg® ~2", where
p?* =1,1<mo<k—1and n € Z. In this case the product on the right side of either
(6.6) or (6.7) and the m’th term of the sum have simple poles of equal residues. The
constant terms of their Laurent series can be determined. For the m’th term of the sum
this is done using (6.5), and for the product, by logarithmic differentiation. This results
in identities of the form

4 4 g (g q*") 2% k—2m 2k
ug(z®,¢%) = )+ Z poy 4m %, %) ug (z2Fgh=2m %), (7.1)
m=1

m#mg

where z = pg® ~ 27", and T(z, q) is a 6f.
For example, When k =3 and mg = 2, identity (7.1) becomes
(

us(qh gty = (500 6)0e(0750P)0 | (0505 (0% 600 (0507
’ (4% 4%)oo 245 (4% ¢%)% (qlz,qm)io 25
2.
735(d",q
+ %UQ(QQJJG)?

or equivalently,
(0% 4%) o0 ("% ¢*®) oo n (4% ¢%) (% 4°) 2%, 1 +q92(¢°,¢%). (7.2)
(@3 6%) oo 2q(¢% ¢%)%. (4" ¢"8)%,  2q ’

Ramanujan’s letter includes the identity

93(q,¢%) =

363(0, ¢°)

)

proved by Watson [W1]. After modular transformation, this becomes

1+ 2q93(q,4°) — ¢°93(a°,¢°) = (q)(gq (;q%.)(]?)oo : (7.3)
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Using (6.1) with ¢ replaced by ¢? and z = q1, (7.3) can be written as

18 18\4 2 2\4
; ol 4797 ) 1
ala 597 ( ) — — +q92(¢°,¢°). (7.4)

93(q,¢°) = —
2(¢%¢%) (0% 0¢")%  2¢(9)%(¢%¢%) e 2¢

Equality of the 0fs in (7.2) and (7.4) is not hard to prove. This alternate derivation of
(7.2) does not extend to a proof of (7.1) for k > 3.

It was noted in §3 that the classical mf’s of odd order can be expressed in terms of
g3(z,q) and Of’s. In §5, it was found that the functions of even order can be expressed
in terms of g2(x,q) and 0f’s. By (6.6), (6.7), (7.1), all the classical mf’s have such an
expression using only g2 (z, ¢) and 6f’s. For this reason we can regard go(x, q) as a universal

mf.

Another family of singular cases is obtained from (6.6) and (6.7) when x = pug™",
where y* = 1 and n € Z. Using (6.5) and logarithmic differentiation to calculate the
constant terms of their Laurent series, we get identities of the form

k—1 _ .
g g (gtm, ¢*F)

x2k—4mj(q2k, q4k)

m=1

k—1 _ .
qk: 2m‘7 (q4m7 q4k)

x2k—4mj(q2k’ q4k)

up(x?¢* 72", **) = T(x,q), k even,

m=1

m#k/2

where T'(x,q) is a 0f. These identities can also be proved using (6.2). More precisely,
repeated application of (6.2) shows that

k—2m k—2(k—m)

q 2k k—2 2k q 2k k—2(k— 2k

p2k—4m up(z™q" " ) + 2k—4(k—m) ug (2 gF 2T g2y
g-m ok heom ok, , LA™ 2% 2m—k 2k

= p2k—4m uz (7T ) + e uz (™", q7")

is a 0f whenever z = ug™".
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