
scrne iiuesses in the Theory of Parritions
Iiy Ir. J. Dvsox

l)Rorrt ssoR Lrlt'lnrvclor-1, rvlren he rnakes uso of an algebraic
idcntity, alrvays saves himscli the trouble of proving it; he nrlintaips
that arr iderrtity, if true, can be veriliccl in a tcrv lines by anyborly
obtusc enough to fcel the need of verification. trty objcct in thr:
follorving pages is to coufnte this assertion.

In order to save space, I rnust rufer my readcrs to thc fir'st thrct:
I)ages o{ tfiapter XIX of ldardy ancl Wr:igbt's lrtlrotltrclior|, lo tlrc
T'heory of Nuntbers for a detailed account of thc iclea oI a pa.r'titiop,
and for a description of the way in which the propertics of partitiops
are rcpresentcd in thc fortn of algebraic identitics. I rvill alrvays
lcfer to this ctrapter by the symbol (A). Thc plan of my argumenf
is as follorvs. After a few prelirninaries I state ccrtain propertics of
partitions which l am unable to prove: ttresc gucsses arc thcrr
transfornred into algcbraic idcntities rvhich are also unproved,
althouS;h there is conclusivc numerical eviclcnce in ilroir support;
f inirl ly, I indulge in somc even vaguer guesscs concer.ning tLc
cxistence of idcrrtit ics rvlt ich I arn not only unablc to plovc but also
ttttable to statc. I think this should be cnough to disil iusion anyone
rvlto takcs Profe$sor Littlcwood's innoccnt view of tire difliculties
of algebra. Needless to say, I strongly recommend nry reaclers tr.r
supply the rnissing proofs, or, evcn bettcr, the rnissing iclcntit ies.

l 'hc total number or p"rtit ion, J, or int.g.r z into a sum of
positivc integral parts is dcnotcd by p(tl. 'rhc "gencratin5lfunction"
of ,p(n) is the infinite scrics

co
\-{( r )  t , -2 , !Qt )x , , ,

rvhich ir 
" 

i,,l.tion of thc varia,blc r regular in I r | < r, 'fhe fornr
of I-' is 1;ivcn l;y two identities of lluler
(z)  l ) - - r , - -= ( r  - -  r ) ( r  *  r ! ) ( r  *  rs) ( r . - :v t ;  ,  ,  . ,

/ . , \  r ) - r  S  ,  , . \ , , . -  r - l a r r \(: i) l)-r : 
Z 

(--. r)t i, iaierr) : r -. x .- xt -i. rr, _i- x? -. . r .,

rvhich or,, prl*J rr, (ot
fhcre are tirrce beautiful arithmetical properties of rt@),whiclr

rvcre discovered, and later proved, by Ramanujan, nanr.ly:*-
(+) ,!$t, + 4) == o (mod 5),
(S) 10,, -l 5) = o (mod 7),
((r) l(tttt, -f- tr) =: o (rnocl rr).

1'hcy appcar as thcorcms 35t-36r in (A), and can bc provctl

anaiytically withorrt nruch cliflicuity, usinpl iilcrititr.,' ; 1il.:c (3) ; irr {:ict,
therc arr :  at  lcast  for i r  d i l fcrcrrr  l ) r ( iofs r i t  ( . i )  l r r r r l  i ' , , .

I t  rvould bc sat isfy ing t r :  l i r rvc a c l i rcct  prrxr f  c, l  ( t ) .  l ly  u l r is  I
l i iean, that  a l thc, t tg l t  rve can pro\ /c ( in fonr rvays) t l , l f  thc 1i : r r t i t i r r r rs
oI  5r t  - l -  4 can l rc t i iv ick,r l  into l ivc cqu:r l l .5 'nurnci() i l : ;  r ;u l )c l i rsses, iL

- is ttrtsatisfactory to reccivrt {roil t i ic Jrroc,fs no cori{ r, ic idcli of hor.v
the divisiolt is to bc tnatle. \\/c rt 'cluirr: iL !rr 'gef n'hil ir i i ' i l i  nrit l tfrpt l l
to gencrating functiotrs, but rvil l  clenronstraic by cr u:,s-cNurnirrlt ion
o{ thc partit iorrs thernsclvcs tlre cxistcrncc of l irrc cxclirsi 'u'tr, exlt:nrs-
tive and cqtrally llurncrous subclasscs. Iu rvirat follo',r,.s I shall not
give such a proof, ltut I shall talic t l ic l irst :;tep toiv:trcls it, as wil l
apl)ear.

-I 'he 
result of subtracting thc number of pelts in a partit ion from

the largest palt we call ttrc "rqnli" of the partit ion. It i .s casy to
sce that thc ranks of  part i t ions of  zr  n i l l  t lL l ic  thc vr t l i rcs

t r - r , l l . - 3 ,  1 x - 4 ,  . . , 2 )  r ,  o ,  - _ T ,  - ' 2 ,  . .  . , + - _ l t , ' . j - 1 1  ,  r - - u . ,
and no othcrs. 

'I 'hcr 
nslpber of partit ic;ns of ,, lr r,, iLh r-unli i i i .  \vrl

dcnote by N(ru1, n). 
' fhe 

numbcr of parti l ions of l rvhosc rrrnl< is
colrgruent t<> r t .  rnoclulo q rvc dunotc l ly  N( l r ,  q, i l ) .  

' l ' lnrs

(z) N(,,r, 0,r,, 
:|N(r, 

{ rq, rt).

The conjecturc rvhich I arn nraking is

(8 )  N{o ,5 ,5 r , - l -4 )  - -  N( r ,  S ,  S1r  - l - ; ! )  = . , .  N l ( : , .5 ,5 ; r  ;  , i )
= -  N(3 ,  s ,  s i t  * l - -4 )  . '  N(4 ,  5 ,  5 l  - l -  4 ) ;

or', in worcls, thc partit ions of sil 4- rf t l 'e diviclcd int<r i lvc r:rlLrl l ly
l lulncrous classes irccordin6; to the l ivc possiblc vli ir ir:: l  of thc lcast
positive rcsidue of their ranl<s rnoclulo 5. In thc sln'i( j way wo have
(g)  N(o ,2 ,  7n  +  5)  :  N( r ,7 ,  71x  +  5)  : '  . .  .  E  N( { r ,  7 ,  7 t t  - t -  i l .

' lhc 
tmth of (4) and (5) woulcl follow l.t oncc, if (S) rinct (9) coLrkl lrt:

n t ' o v r , r l  l l r l f  l . l r , '  t ' n t ' t ' r , . l r r r r n , l i l r r r  n n n i ^ n l , , r ' , .  , r , i l i  r , r , r r l r r l r r - :  y r  i "
\ , ( r r r \ ,  t Y t L ; ,  r r ( \ r \ - t \ t l t t + t  J  L  t J

clclinitcly firlsc.' l ' l tc : r t l  
is  i r r  t l rc t l icory of  prr l i i f ious i r  "pr incipi . . 'of  conjugrrcy, ,"

c.xpiaincci  in (A) ,  p.  272. 
' [ 'h is 

pr inr : ip lc inclrr t l , . 's  r r  , i r r : r l i ty  r r . i r t ion
betrvccn thc rrurnbcr of l larts nnrl thc Lrrgcrsf plrlt irr :L prrrti i ion, t incl
t lrr-rs partit ions o{ rarrk ur arc in a relation oi t lui 'r l iL;,11,i1[ 1>artit ions
of rank *ft;, It can thus easil) '  bc provcd rltaL
(ro) N(ar, n) : N(*. m, tt),

(rr) N(tn, I, n) : N(,/ - rt,, 11, rt).

l lence (B) rcduces to only two indepcnricnt ir lcniit ics, and (9) to
thrcc.

Forturtalcly, this lt:r luction of our capiLit l is rrror',, t lran ol'fst:t Iry
other considcrations. In flct, (8) and (c1) are ouly rhc lc;trl ing and
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nlosi intcrcsting mcilrbcrs in a rvliolc scrics of sirnilar iclcntit ics, as
.,iitcd br.lorv .-.

( t z )  N( r ,  S ,  Sn -F  r )  :  N(2 ,  S ,  Sn +  r ) ,
(rS) N(o, 5, S'rx -l- z\ : N(2, 5, 5rt j- z),
(8)  l t t r (o,  5,sru - .J-  4)  :  N(r ,5,5r,  - l -  4)  :  N(2,  S,  5u, - t -  4) ,

( r+ )  N(2 ,  Z ,  Jn)  == N(3 ,  7 ,7  n \ ,
( t S )  N  ( r ,  T , 7 r t ,  - l -  t )  = . .  N ( z , 7 , T r r  +  r )  -  N ( 3 , 7 , 7 n  l -  r ) ,
( t6)  N(,r ,7 7n - l  e)  =- l rJ1,  7 ?n -F 2),
( t Z )  N ( u ,  7 ,  ? n - 1 1 ) : N ( 2 , 7 , ? , 1 1 - 3 ) ,  N ( r ,  7 , 7 r L * f ) : N ( f  , 7 , 7 n - l - J l ,
( rB)  N(o ,2 ,  7n  +  4)  :  N( r ,7 ,  7u  - l -  -1 )  :  N( :1 ,7 ,  7 rL  - l  4 ) ,
(q)  N(o,  7,  711 f i l :N(r ,  7,7rr- l -5) :N(2,  7,7n*5' t :NI(3,  7,71x1-S),

(rq) N(o, 7, 7rt -l-6)--l-N(r, 7, ?t -f 6) :N(z, 7, 7tt -16l -FN(1, 7, 7rt -16).

Of thesc rclations, only (8) and (g) give any arithmetical propertics
of. 'ppt). ' l 'hc 

rcst of thc series is intcrcsting onll '  bccause it rnay
throrv somc light on (B) and (9); as yct, holcvcr, I travc bccn unablc
to l ind any ulan behind the apparcntly hirphazarcl distribution of
t l rcsc ident i t ies.

I 'orv proccccl to put t l,. .qi"t,",. l ,"r. ialgcbraic form by rneuns
of gcttcratiug fr.rnctions. 1'hc algcbraic form is uscful for nurncricul
computrrti<lns, and also sccms to oller thc bcst prospcct of arl iving
at proofs. I shall onrit t lre calculations, but on thc basis of for-rnulae

to be founcl in (A) the generating function G(rn): 
: 

N(rr, r).r"
, L : Otalccs thc forrn 

ur
(zo) G@l: P )  ( -_ , ) ' -  r  ( r - l r (3r  . -  1)-  y|r( : t r  t -  t , )* ' " ,

Et
rvherc 1) is given l ry (r) .  This form is val idrvhcn w7 o and, rv i t l r
certain rcscrvat ions,  wh.rn ru 1o also;  but rvhen m 1o i t  is  s i rnJ, l t ' r
to ttsc thc r clatit-rrr
(zt) G(rn) - c(- ut),
.Jc', lucil; le fror:r (ro). (zo) an.J (zr) can tl ius !-- 'c ccnl;ir iccl i i t t l t, '
f , . , . ,  , - ,  , 1 . ,
l l r l  l l l L l l ( L  t A

( z z )  t ' , ( n l : . -  l r ) ' ( -  "  r ) ' *  |  1 : v l , ( r t r *  
r ) - - ' l r ( r r r  I  r ) ; r r I r r u | ,

'7t
val id fo l  a l l  valucs of  t t t .  Thc scr ics ol  t l r r :  r i ;1 l r t  o l  (z 'z)  is  s i rnple i r r
fot'm, and is of the tyi.ru called "false thcta-functions" by Prrlfcss,.'r
I?.ogcrs, if that is any consolation.

' l 'hc 
gcncrating furrction of N(rl, 17, n) is

_ q 6
(zS) G(nt,,  i l  :  )  N1,,, ,  q, n)xn

by ( l ) .  Wc s t l i ) i )osc t l ia t  17 i .s  l r  pos; i t ivc  i r r lcgc. r ' ,  r r l l  i i r i r t  9  . - -  1 i ;  - {  ,7 .' I ' i rcn 
rvc  .s r rbst i tu tc  f ronr  (zz)  in t ' r  ( : . ; ) ,  a l r t . l  { } , ,  : i r rnr rp l r t i r . r l  . , r , i th

t ' c s l t cc t  t o  s  t : i t t t  l l c  l r t l ' [ o t . l ncd  i r t  J l r r i t c  l , - ' r ' r r : s ,  g i r , i r , l  f  l r t , f  r r l i l  . c s * l l _

(z+)  oQt t , , , / ) :1 ,9  ( - -  r  ) ,  
-  1  ( :v l ' ( " t '  -  1)  - ' - -  1 ' l r ( ; r r - {  '  

I  
( , , " .1- .  

. i : tk '  - " 'J ' ) .- 
,/.; 

* 
ff : .,1,,I

J ' lu r  coc l l i c i t : r r t s  i t l  l ' l u r \ , c  bccr r  ta l l r r l : r t t ' t l  as  r i r  r rs  .1 . r0 { ) ,  r ru r l  r l rc
coc lhc : icn ts  in  thc  sc l i cs  on  t l rc  r ig l r t . , l ' ( :q )  r r r , . .  l l I  r . r , r .1 ,  snr i r l l ;
( tq)  t l tcrcfoi 'c  a l lords tuuch t l rc qir ickt :st  lva5, i ; r  c; i lcrr l l i ipg t5c
' i t l r rc.s o[  NQu.,  11,n) 'urnc.r icalry.  

- ' l ' l r .  
cr l r i : r t ] , , , , ,  ( rz)  *-  qrgi  , r" , ,

bc r:x1lt 'cssccl in attlr lyticul fcirrn Ly , 'n.,,,,,, of (z 1) , lrs arl c.xrurl i; l t) wt:
t i t l<c  thc  cc lua t ion  N( r ,7 ,  u )  :  N( : ,2 ,2 ) ,  rv i r i r : l i  l ' , , r rc ls  to  t l r r . f ; l i " r "
ing statorncnt.
(zS) In tlte .power-sarics

c()

r, t (*r),- , (ry:'11_:'l:_l_r_!11+ t))(ar .* ,riir - xt, -t- ,r,',)
/ t \ r -

E, (r  __.  , r i ' l
the cofficietils of rln*L, v7rt+3, i.?n-t4, tln-t5 r,atis,/t i,!tnIicu!!:i.

* ' F * *

It is intcrcsting lor sevcral rcasorls to cxarrri irc thc :rrrnrc:rical
cvidcncc in sorne dctl i l , I,- ir.st comcs u tablt: oj Lhc valucs of thc:
trvo rl iffcrcnc('s

:  N ( o ,  5 , . 1 r )  - -  N ( 2 , 5 ,  n ) , b : .  N ( r , 5 ,  r i l  -  N 1 : , 5 , 2 )
for v:rlues of zi, Lrp to 5o.
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into I ive c lasscs,  rvc sJroulc l  expcct st lLt ist ical l ) ,  t j , r r l  thc uurnbcrs ol
l lalt it ions irt caclt plrir crf clasrcs rvoulcl cli l fr.rLy,,nytlring irorp lr.ro
::1..: l:1. - 

Clcarly, th*n, the valur:s o{ rr a'<l 0, u,,,,,.1y ___i ,r ' ,,,t _-.j,
l t ' ( l t l l rc sol l l t 'cxplnt t i t t ior t .  I t  scetns u,r t : r in t l r : r r  r -J, . , r . r  , ' , ,m,, i r r  t .  l icr
uls( :ovcl ' ( ' ( l  a l t t l rn l r t ivc fot ' t r is  f r r r  t l ic  gt ' r l r . r 'at i r rg l r r r r t ' i ions ol  r r  l1r<1 0,
"v l l ic l r  

rv i l l  nt l tkc i t  i r r l . r r i l ivc:  rv l r r :n i1, . ' , r . . ,  . 'o. i l i . ' i , ' , r rs vurr is l i ,  \ \ , l r t .ne :  -  @

l 2 r 3



thc'r' are positive, whcn ncgative, and rvhy in gencral they aro so
srnall. And cxactly the siirne remarks applv to the coeiircicnts
relating to thc modulus 7.

In thc case of nrodtrlus 7, we obtain frorn cquations (tz)-(r9)
.sorne striking congrucncc propcrtics of f(rr). Wc rvritc

c :  N(o,  7,  n)  *  N(3,2,  t t ' ) ,  t l  :  N(r ,  Z,  n)  -  N(3,  7,  z) ,
e  :  N  (2 ,7 ,  , r \  -  N(3 ,  7 ,  m) .

'fht:n, 
try (rr), f(n) - a I zd * ze (mod 7).

Now rrsing (rz)-(rg), rve find

Tlvhen f l  
- -= r , ' f ( ' r )  = c (mod 7),

ro6\) rvlrcn it : 2, pQl : 2d -F ze (mod 7),
*-"' 

) rvhcn n == 3, f(n) = 3c (rnod 7),
(  rvhen n :  4,ppl  :  .  5e (mod 7).

Belorv is a table of the actuai lcast positive residucs of 'f(n)

(mod 7) for various values of rt,.

It rvil l  bc sccn that thcsc resirlues exhibit a strong rcgrrlarity, wlticlt
is strl l iciently crplaincil by thc congrucrlcc rclation.s (26) togcther'
u' it lr thc fact that the valucs of. c, d ancl e are init ially vcry small.

I l 'or cornpurison I allpcnd a sirnilar table of thc lcast p<lsit ivc
rcsiclrrcs of fQr.l (nrotl rr) for vitriotts vil l ttcs of rt,.

conclusion that therc must l ' lc  somc analogrr , , r l iocl t r lo rr  to t l i r .
relations (e6).

I hold in frrct:' Ihat 
t lrt:t 'e cxists art ariLhnrctical coc{' l lcicnt .rirrl i l lr Lo, l- iut rrlorc

recondi tc t l tatr ,  t l rc I  anl l  of  a part i t ion:  Lsh:r l l  t : r i l l  t l r is  l r5;pc, t le t ic : i l
cocl l lc icnt  thc "crrurk" ol  thc part i t ion,  and dr.r joLc by"I I ( r ; r ,  q,  j i
the numbcr of prrrtit ions o[ n. u,hosc cran]i i.s congrucnt to ttL
rnodulo r7;

tlrztt lv[(ut, 11, n): ],I(/ - f lr, q, n)i
tha t

I\ ' I(o, rr, rvr, -16) : l\I(r, rr, rttt. -16) : II1;, rr, rr.z _i_ 6)
: M(3, tr, rrt l, + 6) =: If(.1, rr, rrl i  -|- 6);

that nunlcrous other relatiorrs exist unalogcitrs to (ie)-(r9), ;rncl
in particular

M(r,  r r ,  r r ru- f  r )  -  IVI(a,  r r ,  r r t l * r )  :  [ I (3,  r r ,  r rz, f  r )
=== l\{(4, rr, tr'tt. -t- r) ;

-.t lrat M(rn, tt, 
1t) has a gcncrati 'g furctiori 'ot cc'rpictcly

rliffercnt ir form from (e4);
tlrat thc values of t irc cuJfcr.cnccs srrch a:; i\ ' l(r.r, r r, rr)--r\I(4, rt, n)

arc-alwal's cxtremcly srnall cornllarr:cl lt,ith tr(ri).
Mrethe| these guessr,s arc warrantcd l-ry-tirc r,r, i. lcncr.:, I leayc to

the readcr to dcciclc. \Vluricvcr thc l lnai vcrtl ic 1 of postcrity rnay
b g ,  I  b c l i c r r c  t l t e  " c t ' l I l l l ( "  i s  r t t t i r t t t t r , l l t l ( ) n r r  r r . i t l r r r r r , r j r . r r l  f r r r r r , { . i , . r r c  i . .
havilrg b..rr nnr'crl l lcl'or* it r,vris ,lis.,ur',,11.,i. .lr. u ,il;i;;;;;,;;.;i
frorn thc ignominiclus firtc of thc plr'ct \/ulcarr I

O + r 1

Short Vision
I ly l\. C. I i.trconrirr

1'hought is the only lviry rvlriclr l i_.l icls i.o l i i ,;
All clsc is ltollow .sphcrcs
llcflLrl;1ing lxrcl<
fn l r i :avy i rn i t ; r t ion
Arrtl l-rlulrcrl clcgt:ncration
A senselcss irnagc of our rvorld of thoug-hL,

Man ihinirs he is thc thought rvhich gi'cs irim li lc !
I{c bincls a sheaf ancl clairus it :rs hirnscli l
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