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ON A TYPE OF MODULAR RELATION

By L. J. Rosrrs.
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1. Definctions and Notation.—In these Proceedings, Ser. 2, Vol. 18,
I X%, & statement is made by Ramanujan with reference to the functions
3(z), H(x), defined as basic series or as infinite products.* From the basic
series forms, it follows that

2 3
H@x)|G(x) = Tli l—li lﬁ-{-lL ver;

from the product forms it follows that

1—2?—z842' a2t —. ..

(i(r) = 1—e— 242 Fa'—...

_l—g—t 42—
H(x) = 1—r—22 425427

It will be convenient to make a slight alteration in the use of the
argument-symbol .z, by writing ¢* for x, to bring the series into line
with the usual elliptic funection notation. Moreover, it will be better to
dopt what we may call a standard form of S-function, in which the
numerators of all indices are perfect squares. This is easily done by
multiplying by a suitable power of .« in each case, which we may call the
standardizing power with standardizing index. Thus the numerators of
G(z) and H(x) require indices %, 5% respectively, and the common de-
nominator 4.

I write then

_ ¢ (I—¢*—¢+..) _ 75 A=¢—¢"+..)
0= (j'l" (1_q2_(14+)y h - {I,'.J (l_q‘a_(]4+“.), (1 .1

* In the numerator of the second term of the series for G (x), for 1, read x.

2¢ 2
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so that Ramanujan’s identity now takes the form
gh@®—11g°1°— 1'% = 1. (1.2)

The quotient %/g will be written x (1.8), and the results of replacing g
by ¢? in g, h, x will be written g, &, u, (1.81). The continued fraction
form for u is now

- ¢ ¢ ¢ ¢ 1.4

which has the advantage of conciseness in form, but is otherwise, as the
basic series are, irrelevant to the present investigation, which is based
purely on $-function identities.

T may point out that Ramanujan’s other identity (loc. ¢it.)

H(z) G —zG(z) H(<"Y) =1,
now becomes hgy—ghy, =1, (1.5)

which, with (1. 2), has the advantage of containing no extraneous powers
of the argument.
The denominators of ¢ and % are

_1_ 1 *) — ' ° —

and will be written P,* with P, for

1 ™
1\’72’3 Sl (_3_', q!:")-

Dashes attached to ¢, X, &, will denote like functions of the complementary
modulus ¢’ (1.6). ~
2. Proof of identity (1.2).—Writing ¢, for cos 457, ¢, for cos §i,=.

and a = cyfe, = 3 (/5—1), 2.1

we have
S (fom @) = 2, (¢*FHagt—agi—g¥i—..),

_ or, replacing the 3,-function by its equivalent produet,

P(g+ah) = ¢+ 1l A4g™e™ )1 4¢*eim)g™" Py, 2.2
1

* The use of G as in Whittaker and Watson’s Modern 4nalysis, p. 465, is at present un-
tenable, and is also unstandardised.
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while

)/
99 ( T67 9)—2”‘3 ((]—7::)
= 2¢3q™ 1;[ (A4g¢*" ™) (14 g e ") g~ P.. 2.8

Hence
2 _ 1 —_ P22 T ]2 - 1—"]'" P2
P(g+ah) (g - h) = Pg*—gh—1") = ¢* 11 ( g ) q P

= PP, (2.4)
Moreover Plgh = ¢*(1—g¢ YA —¢% ... 1 —¢" )1 —¢)...
X(1—g)A=—¢%...A—q")(1—¢")...
= PP, (2. 5)
But, by changing ¢ into gw, ge?, ..., where » = ¢, and multiplying the
results (2.2), we have on the left-hand side a factor ¢+ a®h’, since
/g is altered to ®h/g, &c., while on the right-hand side the product
arising from any factor 14+¢**e'™, ie. 1—q™w?, is 1—¢™, if » is not a
multiple of 5, but is otherwise (1 —¢*" »?®, where n = 5m.
Hence

P (g 4-a’l%)
= 1 TL (1 —g*? il'I (L= ™ ) (L— ¢ 6 1L (1~ g**) ITI(l — g™,
where » has all positive integral values except multiples of 5, i.e.
ma—gy

P'»(qﬁ_l_a%]l%) — (ji i 11 (1+qme;m‘)5 (1 +(]2np 'm)ﬁ
II (1— (]10n)3 1
1

_ PP (&,
=7 2((2': )°q) P3 L otk P, 2.6
i.e. P+a’l’ = P:(g,+ahs)®/ P2 2.7

Similarly, from (2. 8), or by changing /5 to —4/5 in @, we have

P—a= P = Pig,—a~? )| P (2.8)
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Changing ¢ to q5,‘(2 . 4) becomes

0i—gsh,— i = P|P;, 2.9)

while (2. 5) beconres gh = P,/P: (2.10)

whence, seeing that «® = % (5,/5—11), we have
ah (9°—110°2°— 1" = P} (9 —g, hy— 13y PP = 1.

It may be here observed that a similar relation exists between the
S-series derived from 3,(x, ¢'/"), where
7 8x p—2

_ T.

T = 57";, 2—2) v ey )

each being divided by P. The relation asserts the equality to unity of
# homogeneous algebraic function of degree 3 (p*—1) in the S-quotients
corresponding to ¢ and & when p = 5. '

8. The main objeet of the present memoir is to establish algebraic ve-
lations connecting u and u, when p = 2, 8, 5, 11.

It is easy to see that such algebraic relations exist, For, hy (2. 4).
(2.5),and 1.8), 1.7),

1—pu—p®=u P/l

But P./P and P;/P are known each to be connected algebraically with
the moduli and multipliers in the quintic transformation of elliptic func-
tions, and hence with the modulus 4, so that « is connected algebraically
with & ; and hence the modular equation of any order p implies an algebraic
relation between u and u,.

4. Complementury relation.—From the formula

o

~/,w 32(.’1‘», q) = ¥ (_1)u P—wlu-(n+;.-/1r)"
NnN=-—r

where e~™ = ¢, we have

S (B, ¢f) _ S (=Dreirlr e
% (o, ¢) T E(—=1)reinlrindly
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which, with the notation of (1.8), (1.6), and (2.1), gives

a4 — M =
= u'.* 4.1
14+an ” ( )

5. Quadratic relation.—Writing u,, for 9, (&, ¢), where
n=20,1, 2, 8, 4,
we have from the formula
S+ y+2) (@) S K@+ 3@+ y+2) 9, 60) 3,() $,(2)
= %3(0) S3(y+2) 3y (2 +x) Sy(e+p).

when =y = Jm. 2 = im,

11 (g gt atgu)) = ugusi, 5.1
and when r =y = 7, 2= &=,

g (1) Uy —Ug2y) = Ugli ity 5.2

91(;1-;71', qg) P sl(i'l?i'n') SQ(TIT;T)
5Gm ) T HEmRGEm’

But

from a known formula for 9, (2z, ¢°), i.e.

Suim, ) _ o9

S(fom @) wgug”
By § 4, ws/e, = &, 80 that (5. 8) gives w,/u; = w'uj, and (5. 1), (5.2) give
Tivision \
by divisi wi 1w'ufuy,
wy 1—w'wyfuy, — o

Suppressing dashes and changing u, uy to u;, u we get, finally,

Wi+ u - upd—puy = 0. (5. 4)
6. Cubic relation.—Since
0% Bz, ¢ = 9, (@) { %@ FEM— @ FED; [S2(0),
where Q = ¥ (37 9(0)/3%(0, ¢¥,

* This gives a simple numerical value for x when q¢ = e-", for a/(1—a? =1, so that
a = tan (} tan-'2), and u = tan (: tan-12).
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we easgily deduce that
9 Bz, ¢°) S8 (220)—8, (b2, ¢) &, (z)

S 0 J ) ) a Me 1
=3 #‘gf&)—) $.(2) $,(2x) {55 (2) ¥ (22) — 97 () F(20)

=3 “'S(—O(O()L $2(2) 9, (22) 9, (82). i6.1)

By changing . into «&i/w, we have a relation connecting $)-functions for

moduli ¢’* and ¢, which after suppressing dashes and changing ¢ to ¢*
uives

%(0) $22, ¢)—$,(22) B(a, ¢¥) = ,'“‘0’)5;4 ) %22, " $,82, 0%, (6.2)
)

Multiplying (6. 1) and (6. 2), the factors independent of x cancel out.

It o =21m $%(8x) = $,(22), and

SH@) _ oug _ "
S 2x) ’

Also $,(6z, ¢ = — $,(z, ¢%, <0 that in the resultant equation we connect
$,(2)/9,(2z) with $,(x, ¢%)/%(2x, ¢%, te. u' with uj. Writing then wu, for
the former and u for the latter, we get

(I upd) (ug—u®) = Buui,

©

or w4+ uP 4 Bpul — uui—uy = 0. i

7. Quintic relation.—From (2. 7), (2.8), we have

@—p ((L ,u5) .
14+a’y’ 1+ au,/ ’
d 1—2M’)+4”'9—3IU’0+M’5

. (7.1
= T Bt A 2l '

L.e. w’

8. Relation when p = 11.—This is immediately deduced from
Ramanujan’s formule (1.2) and (1. 5), viz.

paayy (=115 — 1% (1— 11}, — 1) = (w—up) (8.1)
9. The identity (1. 5), together with others of the same type,™ may be

# These were communicated privately to me in February 1919, but, as I understand that
Ramanujan has left no proof, I suggest the proof given in this section.
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proved by Schroter’s formule,* connected with the multiplication of two
‘Jg-series of different orders. As his formule require some modification
and specialisation for the present problem, it will be simpler to give what
is virtually his method in detail, and to employ summational forms instead
-of S-function notation.

Let p be a prime number, and «, 8 any integers, such that

am®+ B = Ap, 9.1)

an being odd. The indicial letters 7, s, ¢, & following the symbol I will
«lenote summation extending through all values 0, +1, +2, ..., £ ».

Let S(—l)' (/)la(r—ww)*.s(_]).\- qpﬂ(.~z+n)2 — 22(_1)r+s gl, (9 . 2)

50 that I = pa(r4+me)2+pBs+v)*

Put » = ms+44£, so that for any given value of s, ¢ is equally general with

r, and 1 = pa mis+v)+t}24pBis+v)?
= Np*(s+0)*+ 2pamt (s+v)+put®  [by (9.1)]
=X 6o+ B

'\Vhile (._1),'+.- — (_1)(m+l).~'+l. _— (_1)&

1 3 Ip—1
2[) 2 ﬁ g eeey 2p
all the equations (9. 2) so obtained. The series on the left-hand side will
be equal in pairs, while their values for » = p/2p will be zero. On the
right-hand side we have XZ(—1) q’, where now

L 2n amt1 ? a8, _ p—1
=xp (s B R 4R (n=12 L )

Now let » have the p values , and add together

(2041 amt)? | af
=T T T

9.8)
Let p =5, m =1, so that u+B =25 If v = 5,

2 (__ l)i‘qéu r+ WP = qa/ZIi (] _q-;u_(J,a_*_ ) — g‘le
according to the notation of § 1. If v = %,

E(— 1)4- q;)a. (U5 Y ha Pa'

* Enneper, Elliptische Functionen, Zweite Auflage, p. 474.
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Henece 2 (gagp+Nalipg) P,Pg = ZX(—1) ¢, 9.4
as in (9.8). Again, if p =5, m = 8, so that 9«+8 = 5), then when
"= T C (=1 gt =,

and when v = %, S(=1rghetrtil = —g,:

s0 that 2 (hags—lgg) = ZZq' (— 1)}, 9.41)

as in (9. 8).
Now suppose p = 3, m = 1, and use letters a, , { instead of «, 8, A..
We shall get the same value of I as in (9. 3), provided I =\, ab = «f.

am a
3
+

am @ . . ] k
N 7 1s an Integer. 9.5
When v = ¢ or £,

S(=1y ¢ =g (=g —q"+...) = P,

so that the left-hand side 1s

2P, D 9.6
Hence, by (9.4), Gupthoadig = P. P\ P, s 9.7
where a+B8 =05, a++b=3l=3\:
while, by (4. 5), hogs—hisge = PuPul PPy, .71
where a+8 =5\ a+b=38l=3A.

Thus,if « =1, 8=11, m =8, A =4, thena =1, b =11, I = 4, so.
that (9 . 5) is satisfied ; and, by (9.71),

hgy—Ing = PPy[PP, = 1,
as i (1. 5). .
Ifu=1 B8=9, m=1 A=2, a=3, b =23, 1=2, we have

999+ g = Pi/PP,. 9.8
When « =1, 8=14, m=1,A=3,a=2, =17, 1=238, and
- G991+ hhy = PyP[PP,,. (9.81)

When a=2, B=17 m=3, A=5, a=1, b=14, [ =5, and
3am{A—afl — 1, and

hogy—lagy = PPy Py Py (4 .82)
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10. Certain cases of (9. 4) and (9. 41) may be treated without the help

of the results for p = 3. For instance, if A = 1, when of course m = 1.

20+1
2

and may be merged in the general symbol . In this case

* 2
then I in (9.3) is equivalent to ( ) +aB¢%: for amt is an integer,

2(g.gs+ halig) = Sq=+V = (—1) ¢*8"| P, P,
= 3(0) $(0, ¢°#)/ Py Ps.

Thus 99+l = 35,0050, ¢*)/ PP,.
G293+ o by = 3%:(0)9 (0, ¢°)/ PP (10. 1)

Again, when « =1, 8=6, m =8, A =3,

1 =8(+34+0%418 =38 (c+3+IE

Hence hgs—hgg = 3¢+ Zg* (—1)[ PPy
= 3%,(0, ¢* 90, ¢?/ PP (10.2)

Again, when p = 2, m =1, the left-hand series in (9.2) have only one
torm, derived from » =} or » = ¥, viz.

S(—l)r q'.’("+§)"' — q: (1—(]—(13-*-...)
= ¢' 1= —¢)1—¢"A—¢" ... A—¢)(1—g"
= PP,/ (10.8)

Thus, if « =8, B=8, m=8, A=T7, «=2. b=12, p=2, I=1T.
so that
M d

— —==1,

A {

PP, PiD,,
PyPy P3Py,

we have hege— ey = (10. 4

When u=1, =16, m =38, \=5,¢=2, b =12, p=2, I =T, 80

that ma a
N

_, _PP,PP; 1 _ P
hglﬁ hlﬁ.(/ - 1)3 PR PP”; - PQPg . (10 . 5)

These results, as well as many others, have all been given by Ramanujan.
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11. To resume the theory of the modular connection between w and
p, there still remains the case of p = 7, which presents great difficulties
when treated by the methods of § 5 and § 6. The relation

9915+ 1) Doy gq—Tgge) = 1,

derived from (9. 81) and (9 .82), combined with (1. 2), with its extension
to suffixes 2, 7, 14, would, in connection with (5.4), give a relation be-
tween w and w,, but the method is impracticable.

It is to be observed, however, that in the cases of p = 2, 3, 11 the
relations are of degree p+1, just as the Jacobian modular equation in
'k and 4/l is of degree p+1, except in the quadratic cases. Though it
is not obvious how we may set forth a general hypothesis, we may at least
see what the roots of u« are when u,(p = 2, 3, 11) is supposed given.
Writing u(g*) for u,, we see that p of the roots of the equation are wig.
w(@’w), m(@*?), ..., where o = ¢™/"  Now

u(gh) = ¢TI —¢™*!,

aecording as n = £ 1, or + 2 (mod 5). The product of these p roots is
therefore G TL(L— g 41 TL(L— g2 7,
where » = 0 (mod p), but m = 0 (mod p) . except that, in the case of
P =2, u(—g? is negative, and a negative sign must be placed before
the expression.

Now IT(1—g¢g*"*" includes all the hinomial factors of u,, except those
for which n = 0 (mod ). These can all be supplied by w,., either by
multiplication or division.

Thus, when p = 3, we have (1—¢"(1—¢*).../(1—¢"™..., where 1 —¢*
fails in the numerator and 1—¢™ in the denominator. Hence the re-
quired product of the p roots is mzmy: and in general, when p = 49
(mod 5), it is wm,up. If, however, p = + 1 (mod 5), as when p = 11, we
have (1—g¢®)(1—¢%)...[(1—¢")..., where 1—¢*? fails in the numerator
and 1—¢*® in the denominator, so that the produet is my/upy. or in
ceneral wp/up.

Similarly in 11(1—¢*")*?, when » = 0 (mod p), we have all the bi-
nomial factors of w7, if p = 42 (mod 5), but all the binomial factors of
uh, if p = £ 1 (mod 5). Hence the product of the p roots is u "',
when p = 4 2 (mod 5), and pb*!/u;» when p = + 1 (mod 5). Thus in

the quadratic case, where, by (5 . 4), the product of all the roots in u is

1/us, it follows, since u(—g? is negative, that the third root is —1 u,.
In the cubic case, by (6 . 2), the product of all the roots in u is —1/u3,
go that the fourth root is —1/u,.
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In the quintic case (see § 7), the above considerations do not apply,

and x° is explicit in u;.
In the 11-ic case, the product of all the roots is u;%, so that the 12th
root is Mo
In conclusion we may notice that if u, = « then wuy, =0, by §4;
i.e. qi, = 0, which by the modular theory of Jacobi and Sohncke implies
that p roots of ¢’ are zero, v.e. p roots of u are «. Thus, when u, = a,
15 . 4) reduces to

(,u—a.)2< - L) =0:

« )

when u; = «, (6. 2) reduces to
3 1Y —o-
(u—a) {u+ o) = 0:

when u;,; = «, (8. 1) reduces to

w—a)* = 0.
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