A PROOF OF THE MOD 4 UNIMODAL SEQUENCE CONJECTURES
AND RELATED MOCK THETA FUNCTIONS
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Dedicated to the memory of Freeman Dyson

ABSTRACT. In 2012 Bryson, Ono, Pitman and Rhoades showed how the generating func-
tions for certain strongly unimodal sequences are related to quantum modular and mock
modular forms. They proved some parity results and conjectured some mod 4 congruences
for the coefficients of these generating functions. In 2016 Kim, Lim and Lovejoy obtained
similar results for odd-balanced unimodal sequences and made similar mod 4 conjectures.
We prove all of these mod 4 conjectures and similar congruences for the Andrews spt-
function and related mock theta functions. Our method of proof involves new Hecke-Rogers
type identities for indefinite binary quadratic forms and the Hurwitz class number.

1. INTRODUCTION

We prove some conjectured congruences mod 4 for certain unimodal sequences. We follow
Bryson, Ono, Pitman and Rhoades’s [I8] definition of a strongly unimodal sequence. A
sequence of integers {a;}3_, is a strongly unimodal sequence of size n if it satisfies

O<ay <ay<---<ap>ag1>--->as>0 and a;+ay+---+as=n,

for some k. Let u(n) be the number of such sequences, and define the rank of such a sequence
as s — 2k + 1; i.e. the number terms after the maximum minus the number of terms before
it. Let u(m,n) be the number of strongly unimodal sequences of size n and rank m. Then

o0

(1.1) Uz q) ==Y u(m,n)2"q" = (=2¢;¢)n(—2""¢; Q)ng" ",

m,n n=0
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where we use the usual ¢-notation

n—1

(a;q)n == [ [(1 = ad").

k=0

In addition, let u(a, b;n) be the number of strongly unimodal sequences of size n and rank
congruent to a mod b.

Bryson, Ono, Pitman and Rhoades [18] relate U(—1;¢) with a quantum modular form
which is dual to a quantum modular form of Zagier [44]. They also show that U(=£i;q) is
mock modular form and prove interesting parity results for the coefficients u(n). They made
the following conjecture.

k
Conjecture 1.1. Suppose { = 7,11,13,17 (mod 24) is prime and (z) = —1. Then for all

n we have
(1.2) u(lPn+kl—s(0)) =0 (mod 4),
where s(0) = 5 (¢ — 1). Moreover, for a € {0,1,2,3} we have
(1.3) u(a,4;Pn +kl —s(0)) =0 (mod 2),
and
(1.4) u(0,4; °n + kl — 5(0)) = u(2,4;*n + kl — 5(¢))  (mod 4).

Remark. Here and throughout this paper (—) denotes the Kronecker symbol.

In this paper we prove Conjecture [1.1| and a similar conjecture for a related unimodal
sequence function studied by Kim, Lim and Lovejoy [31]. We note that there is a stronger
result for which include primes congruent to 1,£5 (mod 24). See Theorem We
also prove analogous mod 4 results for Andrews’s [2] spt-function and for the coefficients of
related mock theta functions.

We describe Kim, Lim and Lovejoy’s odd-balanced unimodal sequence. A sequence of
integers {a;}3_, is unimodal of size n if it satisfies

O0<a;<ap < - <apy <ap>ap =201 >0a,>0 and a;+ay+---+a, =n,

Such a unimodal sequence is called odd-balanced if the peak aj; is even, even parts to the
left and right of the peak are distinct and the odd parts to the left of the peak are identical
with those to the right. As before the rank is the number to right of the peak minus the
number to the left. We let v(n) be the number of odd-balanced unimodal sequences of size
2n + 2 and let v(m, n) be the number with rank m. Then

V(zg) =Y v(mn)emg =Y (=26, Dn(=2""4:0)ng"

(Q§ q2)n+1

n=0
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Kim, Lim and Lovejoy obtained quantum modular, mock modular and parity results analo-
gous to Bryson, Ono, Pitman and Rhoades’s results. They point out the mock modularity
properties of V(z;q) follow from some results of Mortenson [36, Theorem 4.4]. They also
made the following

Conjecture 1.2. Let ¢ # —1 (mod 8) be prime and let k be a positive integer satisfying
0|8k + 7. If (8k +7) /¢ is a quadratic residue modulo {, then

v(Pn+k)=0 (mod 4).

For example, v(9n + 4) = v(25n + 11) = v(25n + 16) = 0 (mod 4). Moreover, the same
congruences hold for the coefficients of V(=£i, q).

Remark. This conjecture is false. For example let ¢ = 17 and k = 99. Then (8k+7)/¢ = 47
is a quadratic residue mod 17, but

v(99) = 81474897186 =2 (mod 4).

The primes congruent to 1 mod 8 must be excluded. The correct version of this conjecture,
which we prove, is given below in Theorem

The Andrews’s spt-function [2] is related to strongly unimodal sequences. See equations
and below. Andrews defined spt(n) as the number of smallest parts in the par-
titions of n, and proved that it satisfied some surprising Ramanujan-type congruences mod
5, 7 and 13. Bringmann [16] showed the spt generating function is related to a weight 3/2
harmonic Maass form. The second author made the following

Conjecture 1.3. Suppose 0> 3 is prime and { # 23 (mod 24). Let e =c({)=1if (=1
(mod 24) and —1 otherwise. Then

spt(fn —s(0)) =0 (mod 4), (where s({) = (¢ —1)),
when <Z) =Z.

24

We prove this conjecture in Section [4.2]

The three conjectures above are related to some mod 4 properties for the coefficients of
certain mock theta functions. Mock theta functions were first defined by Ramanujan in his
famous last letter to Hardy [39, pp.354-355]. In this letter he gave examples of 17 such
functions: four of order 3, ten of order 5 and three of order 7. Since then more mock theta
functions have been found by others. See for example Watson [41], Andrews and Hickerson
[9], Gordon and MclIntosh [26], Berndt and Chan [I3] and McIntosh [33]. Many Ramanujan-
type congruences for mock theta functions have been found mainly to modulus relatively
prime to 6. See for example [10]. In a quite recent paper Wang [42] obtained some extensive
parity results for 21 of the 44 classical mock theta functions. In this paper we consider mock

IThis conjecture was presented by the second author in a talk, entitled The Andrews spt-function mod /,
at the AMS Special Session on Arithmetic Properties of Sequences from Number Theory and Combinatorics,
AMS Annual Meeting, Atlanta, January 4, 2017.
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theta congruences mod 4. The mod 4 congruences are much harder to prove. Conjecture
is related to Ramaujan’s third order mock theta functions ¥ (g). In fact,

(15) Ui g) = v(g) = 3 Ny(n)g" = 3 (qu)

The function 1(q) is also related to the spt-function. Andrews, Liang and the second author
[8] showed that

(1.6) spt(n) = (—=1)" " 'Ny(n) (mod 4).

This means that Ny(n) also satisfies Conjecture [1.3]
Conjecture |1.2]is related to the second order mock theta function

00 o (nt1)2(_ . 2 0 ntl(_ 2.2
q (=4 ¢°)n (=% ¢ )n
(1.7) Alg) = ) Na(n)q" = = :
; ; (43 ¢*)ns1 — (:¢)nn

In fact,
qV(£i;q) = Alq),
and Kim, Lim and Lovejoy [31, Conjecture 1.3] made the following conjecture.

Conjecture 1.4. Let p £ 7 (mod 8) be an odd prime, suppose 85, = 1 (mod p?) and

k,n € Z where (§> =1. Then
p

(1.8) Na(p*n + (pk +1)5,) =0 (mod 4).

In a previous paper [20] we found some weight 3/2 eta-products that satisfy a similar mod
4 behaviour. For example, let

- J3J2
fl@)=> a(n)g" = 3122 ,
n=0
where we have used the common notation
Je = (0" ¢" o = H(l —¢"), and (2;9) o0 := H(l —2q" ).
n=1 n=1

The following is a typical result we found.
Theorem 1.5 ([20, Theorem 1.3]). Let p > 3 be prime. Suppose 246, =1 (mod p?), and k,

n € 7 where (E> =1. Then
p

a(p’n + (pk —11)6,) =0 (mod 4), ifp# 11 (mod 24).
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A crucial aspect of the proof involves the connection with ternary quadratic forms and
the class number of imaginary quadratic fields. The approach in this paper is similar and
involves the Hurwitz class number.

In Section [2 we collect and prove some needed results for the Hurwitz class number function
H(N). In Section |3| we study four mock theta functions related to the Hurwitz class number
function: A(q) (second order), ¢_(q) and o(q) (sixth order), and Vi(q) (eighth order), and
prove some surprising congruences mod 4 for their coefficients. In Section[d] we study the third
order mock theta function v (g), and we prove the main conjectures for strongly unimodal
sequences, odd-balanced unimodal sequences and the Andrews spt-function.

In this paper, we will often use the following elementary congruences.

2 5 00
—1_1 2 ‘=1 d?2 2 142 n® =1 d?2
and jlz =1 (mod 4).

2

These follow from the well-known Jacobi triple product identity [3, Theorem 3.4, p.461]:

(1.10) (2 D)oo (27 G Do (G Do = Y (=1)"2"g" D2,
We will also use the following special cases of ([1.10)).
0 (ns1)) J2
1.11 n(n ,
(1.11) nzo q =7
_J3J
1.12 k(3k+1)/2 “v3J2
(1.12) Z q =T

k=—o00

As well as the triple product identity we will use the quintuple product identity |3, Theorem
3.9, p.467]:

(1.13) (=23 @)oo (=27 D)oo (027 4o (27205 4 oo
_ Z ( 1)n 3n n3n 1) /2+ Z n 53n+1 n(3n+1)/2

2. THE HURWITZ CLASS NUMBER
Following [22, Section 5.3] we define the Hurwitz class number H(N), where N is a non-
negative integer, as follows.

(1) If N =1,2 (mod 4) then H(N) = 0.
(2) If N =0 then H(0) = —1/12.
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(3) f N >0, N =0,3 (mod 4), then H(N) is the class number of positive definite binary
quadratic forms of discriminant —/N, with those classes that contain a multiple of
2?2 4+ y* or 22 + zy + y? counted with weight 1/2 or 1/3, respectively.
It is known that (see for example [43])

(2.1) ) = 22 S (5 )t/

daf

if n = —Df?, where —D is a fundamental discriminant, h(D) is the class number of Q(v/D),
i is the Mobius function, oy is the divisor sum, and w(D) is the number of units in the ring

of integers of Q(v/D). As mentioned before (—) is the Kronecker symbol. In particular for

f =1 we have

(2.2) H(-D) =

2.1. Congruences. The main goal in this subsection is to characterize congruences mod 2
and 4 for H(4n + 3). The method of proof is completely analogous to the methods of [20],
where the same type of results were found for certain weight 3/2 eta-products. We provide
analogues of the results in [20] needed to prove our characterizations of the mod 2 and mod
4 congruences for H(4n + 3). These characterizations are given in Theorem [2.5

We recall the following theorems.

Theorem 2.1. We have 3H(3) =1 and if n is square-free, n > 3 and n = 3 (mod 4), then
we have

H(n) = h(—n) = 2"k,
where t is the number of distinct prime factors of n and k is the number of classes in each

genus of Q(v/—n).

Remark. This theorem follows immediately from Proposition 3.11, Corollary 3.14 and The-
orem 3.15 in [23].

Theorem 2.2. If n is square-free and n = 3 (mod 4), then we have

()l @) E )

r=1

Remark. This theorem follows from [I5, Theorem 3, p.346]. We note that
(@) B {—1 if n=23 (modS§),
2 1 ifn=7 (modS8).
The following is an analog of [20, Theorem 3.6].
Theorem 2.3. Suppose n =3 (mod 4) is square-free. We have
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(1) 3H(n) is odd if and only if n is a prime,
(2) 3H(n) =2 (mod 4) if and only if n = pi1pe is a product of two primes which satisfy

(-

Remark. The result (1) is well-known and follows from Theorem [2.1] The result (2) follows
from Theorem together with Propositions 3 and 4 in [37]. It may also be proved using
the method in |20, Section 3]. As pointed out by Pizer [37, p.189], (2) is also due to Hasse
[27].

The Hurwitz class number function also satisfies the analog of [20)], eq.(4.1)].

Lemma 2.4. For each odd prime p, we have

(2.4 H(pn) + (‘7”) H(n) + pH(n/p?) = (p + D) H(n)
for alln > 0.

Remark. It is understood that H(n) = 0 if n is non-integral or negative. This result is
known. It is noted in the proof of Proposition 5.1 in [I]. Ahlgren, Bringmann and Lovejoy
[1] prove that the generating function for H(n) is a Hecke eigenform by using the fact that
the generating function is mock modular form of weight 3/2. For completeness we provide
an elementary proof that only uses (2.1). This argument was also observed by Beckwith,
Raum and Richter [14].

Proof. Suppose p is an odd prime. We may assume n = 0 or 3 (mod 4). Then, by (2.1]) and
(2.2)), we have

H(n) = H(=D)G(D, f)
where n = —Df?, D is a fundamental discriminant of Q(v/—n), namely —D is square-free
or =D =4m, m =1,2 (mod 4) and m is square-free and

G(D.1)i= Y ula) (3 )on(s ).

daf
It is clear that G(D, f) is a multiplicative function of f. We consider two cases.
Case 1. (p,f) =1. Then n/p?> € Z and H(n/p*) = 0.
H(p*n) = H(-D)G(D,pf) = H(=D)G(D,p)G(D, f)
= 11(-0) (a0) - (2) ) 0.1 = 11-) (14~ (2) ) 6011

p

so that (2.4) holds.
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Case 2. (p,f) > 1. Then we let f = p®f; where o > 1 and (p, f1) = 1. We have
H(p*n) = H(=D)G(D, pf) = H(—=D)G(D,p* )G(D, f1),
H(n) = H(-D)G(D, ) = H(-=D)G(D,p")G(D, fr),
H(n/p*) = H(=D)G(D, f/p) = H(=D)G(D,p* ")G(D, f1).
So we need to show
G(D,p*) +pG(D,p*") = (1 +p)G(D,p*) =0

since p | n and (— = (0. This is an easy exercise since
p

D
G(D,p") = a1 (p”) - (E) a(p?), and o1 (p°?) = p7 4+ P 401 (p7),
for all B > 0. We have (2.4)) in this case. U

By Theorem [2.3]and Lemmal[2.4] we have the following theorem by a proof that is analogous
to that of Theorem 4.3 and Theorem 4.6 in [20].

Theorem 2.5. For n =3 (mod 4),
(1) 3H(n) is odd if and only if n has the form

n = p4a+1m2’

where p is prime, and m and a are integers satisfying (m,p) =1 and a > 0.
(2) 3H(n) =2 (mod 4) if and only if n has the form

_ da+1_4b+1. 2
n=p P M,

where p1 and py are primes such that (&) = —1, (m,pip2) = 1 and a,b > 0 are

P2
integers.
Remark. The factor 3 that appears in Theorem [2.3] and Theorem [2.5] is only to guarantee
that 3H(n) is an integer.

2.2. Generating functions. In this subsection we give identities for certain generating
functions

Hop(@) =Y H(an+1b)g",
n=0

where a is a divisor of 24 and (a,b) = 1.
Gauss’s Three Squares Theorem (see [34, Theorem 1.5]) shows that
24%73((]) = 7"3(871 + 3)(]”7
n=0
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where r3(n) denotes the number of representations of n as a sum of 3 squares. Noting that
2?2+ y* + 2?2 = 3 (mod 8) if and only if z, y, z are odd, we have

ng 8n+3 8n+3 _ Z q(21+1)2 (2y+1)2+ 2z+1)2:8 Z q(2z+1)2+(2y+1)2+(2z+1)2

n=0 T,Y,2€7L z,y,2>0
00 3
_ 3 A(x? oy’ +y+2242) 3 dn(n+1
= 8¢ E q ( ) — 8¢ q (nt1) |
z,y,2>0 n=0

See also [40, Eq.(1.14), p.41]. Hence

2\ 3 6
(2.5) 364 3(q E qn(nJrl)/2 - ﬁ - ﬁ
J1 J}

by (1.11)). See also [40, Eq.(1.14), p.41]. By calculating the 3-dissection of J% 3(¢) and using
(1.12)) we find that

- J3.J2
(2.6) Hssaa( (Z gt/ ) Z et = 22,
1

n=—oo

and

§ : n(3n+1)/ E 3n(n+1)/2 6“2
(27) %4 19 q < q ) —1 .

n=—oo

We let t(n) denote the number of representations of n by the ternary quadratic form z? +
3y? + 3z2. Then Bringmann and Kane [I7, p.3] found that

(2.8) t(n) =8(1+ (%)) H(n),

when n =7 (mod 8) with 9t n. Equation (2.8)) can also be proved using [17, Lemma 4.14]
and Lemma[2.4 From equation (2.8) it can be shown that

2
0o J2J5
E n(3n+1)/2 E n(n+1)/2 _ Y3Y2

n=-—00 n=0

We omit the details. In [20] we obtained congruences modulo 4 for the coefficients of the

eta-products in (2.6)), (2.7) and (2.9) using special cases of Theorem
We will need the following result of Humbert [30], p.368].

2 _n(n+1)/2

jf n+1n q
2.10
( ) 87 qJB Z 1 + qn
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See also [40l p.51]. Naturally we find that 7% 7(¢) is not an eta-product. Humbert [30] p.442]
also found

(2.11) Ay as(q) = q723/24 Z (](230273,227@2)/247
(z,y,2)€D
where
D={(z,y,2) €Z*:0< 3z <2x,—2 < 3y <x,20° — 32" — 6y* =23 (mod 24)}.

3. CONGRUENCES FOR A CLASS OF MOCK THETA FUNCTIONS

In this section we will discuss congruences for four mock theta functions associated with the
Hurwitz class number functions J7 3, 7% 7, #1211 and 3, 23. These mock theta functions
are A(q) (second order), ¢_(q) and o(q) (sixth order), and V;(q) (eighth order). The parity
of the coefficients of these functions and many other mock theta functions was recently found
by Wang [42]. We determine their behaviour mod 4 by relating them with the Hurwitz class
number.

3.1. The second order mock theta function A(g). The second order mock theta function
A(q) is defined in ([1.7). We find a congruence relation between the coefficients of A(q) and
the Hurwitz class number H(8n — 1). We have the following lemma.

Lemma 3.1. For each integer n > 0, we have
(3.1) Na(n) = (-1)""H(8n —1) (mod 4).

Proof. Ramanujan [38, p.8] found that A( ) can be written as an Appell-Lerch sum
n 2n +3n

(3.2) Alg) = -4 “Z

For a proof see [0, p.265]. Combining (|2 and and noting that (2n)? = 0 (mod 4)
and 2n+1)*=1 (mod 4), we have

(3 3) o Z n+1 Qqn(n—‘,—l)/Q J4 1 Z (2n+ 1) q(2n+1)(n+1)
‘ bl J3 1+q" TR g~ 1+ g2+
B J1 q2n +3n A(—(])
f— ﬁ 1 + q2n+1 — _q (mOd 4:),
2 n=0

by (1.9). This implies
(=)' Ny(n) = H(8n —1) (mod 4),
which is (3.1]). O

We note that by (3.1), Na(n) is odd if and only 1f H(8n — 1) is odd and Na(n) = 2
(mod 4) if and only if H(8n —1) =2 (mod 4). Also m* =1 (mod 8) for each odd m. Thus
Theorem implies
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Theorem 3.2. Let n be a positive integer.
(1) Na(n) is odd if and only if 8n — 1 has the form
8n —1 = p4a+lm2’

where p is prime, and m and a are integers satisfying (m,p) =1 and a > 0.
(2) Na(n) =2 (mod 4) if and only if 8n — 1 has the form
877, - 1 — pllla+1p421b+lm2

where p; and py are primes such that (&) = —1, (m,pip2) = 1 and a,b > 0 are

) b2
integers.

Remark. Wang [42, Theorem 3.1] proved (1) by a different method.
Theorem 3.3. Kim, Lim and Lovejoy’s Conjecture 18 true.
Proof. Let p £ 7 (mod 8) be an odd prime and suppose n, k are nonnegative integers where

(E> = 1. Suppose m = p*n + (pk + 1)d,, where §, = %(7]72 + 1). Since
p

(3.4) 8m —1=pk (mod p?),

we have p||8m — 1. Theorem [3.21) implies that N4(m) is even since p # 7 (mod 8). Now
suppose N4(m) =2 (mod 4). Then Theorem [3.2)(2) and (3.4)) imply that

8m—1=p¢"®™? and k=¢""? (mod p),

where ¢ is a prime satisfying (Z—?) = —1, (pg,t) = 1, and b > 0, t > 0 are integers. Since
q

pq = —1 (mod 8) either p or ¢ = 1 (mod 4) so by quadratic reciprocity ( ) = (2) = —1.

q
p q
But
p p p ’

which is a contradiction. Hence N4(m) # 2 (mod 4), and
Na(m)=0 (mod 4). O

3.2. The eighth order mock theta function Vi(q). McIntosh [33] studied the eighth
order mock theta function

o0 o0 (TL+1)2 . 2
n q (=@ )n
Vilg) = g Ny, (n)q" = g .

n=0

By [33, p.286 Eq(4),Eq(7)] we have
(3.5) Vi(q) = A(¢®) + ¢P(¢*),
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where

36 Pla) = (-5 )% 000 o =
We have the following lemma for Ny, (n).
Lemma 3.4. For each integer n > 0, we have
(3.7) Ny (n) = x(n)H(4n — 1) (mod 4),
where x(n) = =1 ifn=0,1 (mod 4) and x(n) =1 if n =2,3 (mod 4).
Proof. Equations and give

Ny,(2n) = Na(n) = (=1)"""H(8n — 1) (mod 4),

which implies that (3.7]) holds for even n. By ((1.9), (2.5) and (3.6 we have

Ploa) = (0 ) (a2 (heghy = AL 2 s o, 14
(=) = (¢ Do (=" )2 (0" ¢ ) oo = =355~ - 53 = 55 = 37&3(q)  (mod 4).
JO BT

Hence
Ny,(2n +1) = (=1)"""H(8n 4+ 3) (mod 4),
which implies that (3.7)) holds for odd n. ([l
By (3.7), Ny, (n) is odd if and only if H(4n — 1) is odd and Ny, (n) = 2 (mod 4) if and
only if H(4n —1) =2 (mod 4). From Theorem [2.5| we obtain
Theorem 3.5. For any positive integer n,
(1) Ny, (n) is odd if and only if 4n — 1 has the form

dn — 1 = p*tim?,

where p is prime, and m and a are integers satisfying (m,p) =1 and a > 0.
(2) Ny, (n) =2 (mod 4) if and only if 4n — 1 has the form
4n - 1 — pllla+1p421b+lm2

where py and py are primes such that (&) = —1, (m,pip2) = 1 and a,b > 0 are

. P2
mntegers.

Remark. The result (1) was also found by Wang [42, Theorem 8.4].
Theorem 3.6. Let p % 3 (mod 4) be an odd prime, suppose 46, =1 (mod p?) and k,n € Z

where (E) =1. Then
b

Ny, (p°n + (pk +1)8,) =0 (mod 4).
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Proof. Let p # 3 (mod 4) be an odd prime and suppose n, k are nonnegative integers where

k
—> = 1. Suppose m = p*n + (pk + 1)d,, where §, = i(3p2 + 1). Since
p

(3.8) 4m —1=pk (mod p?),

we have p||4m — 1. Theorem [3.5{(1) implies that Ny, (m) is even since p # 3 (mod 4). Now
suppose Ny, (m) =2 (mod 4). Then Theorem [3.5(2) and (3.8)) imply that

4m —1=p'¢™? and k=¢""? (mod p),
where ¢ is a prime satisfying (]—)) = —1, (pg,t) = 1, and b > 0, t > 0 are integers. Since
q
pqg = —1 (mod 4) either p or ¢ = 1 (mod 4) so by quadratic reciprocity ( ) = (2) = —1.

q
p q
But
()= (55)-()-
p p p)
which is a contradiction. Hence Ny, (m) # 2 (mod 4), and
Ny,(m) =0 (mod 4).

O

3.3. The sixth order mock theta function ¢_(¢). Berndt and Chan [13] defined two
new sixth order mock theta functions including

o-(@) =Y No_(m)g":= %

We will show that ¢_(q) is associated with 7%, 3. This is more difficult than showing A(q)
is associated with & 7. Unfortunately Humbert’s formula did not reveal the relations
needed. Instead we find a relation mod 4 between ¢_(q) and part of the 3-dissection of
A(—q). Following Hickerson and Mortenson [29] we define

7(20) = (2 Qoo (276 @)oo (€5 @)oo

and

m(z,q,z) =

1 i (_1)rqr(r71)/22r
(2 q) l—gtzz

Hickerson and Mortenson used m(z,q, z) as a building block for expressing the mock theta
functions in terms of Appell-Lerch sums. They found

r=—0o0

(3.9) Alq) = —mlq,q",¢%), (29 Bq.(5.1),p.399])
and
(3.10) o_(q) = —m(q,¢*, q) — q?lﬁ]gﬂ (129, Eq.(5.30),p.401].)
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We define the usual Atkin U, operator which acts on a formal power series

nez
by
Uy (f(9) = alpn)q".
nez

Lemma 3.7. We have

J2J8J2
(3.11) Us (A(—q)) = ¢-(q) — 4q 3 jml )

3J9

so that
Us (A(—q)) = ¢-(¢) (mod 4).
Proof. Replacing ¢ by ¢* and setting x = —¢ in [29, Corollary 3.8], we have

1
(312) m<_Q7 q47 _1) :m(_q157 q367 _]-> + Em(_qzsa q367 _1>
+ im(_ —9 36 _1) _ LJ36J24J12J6J2
qlo q 4, 2q3 J'?QJSJ?, )
after simplification. Replacing ¢ by ¢* and setting z = —¢q, 2o = ¢ and 2z, = —1 in [29,
Theorem 3.3|, we have
J10J1
3.13 —q,q%, —1) =m(—q,¢*, ¢*) + ==
(3.13) m(—q,q", —1) = m( q,q,q)+2J§J§,
after simplification. Hence by (3.9)), (3.12) and ({3.13])
1
(3.14) Us (—A(=q)) = m(—¢°,¢"%, —1) + Pl %, —1) = Us (G(q)),
where

1 ((JseJosrods o Ji0Jh
Glg) =35 3 72 176 )
The following identities may be proved using the theory of modular functions by verifying
that both sides hold for a sufficient number of terms:

T3, s T TI0 Ty 12,
Us\7—5 77 )=b U\ mgogamee )=t
J36<]18J12J8 J18J12J8‘]3J2

This verification was carried out using the second author’s maple ETA package, which is
available at

https://qseries.org/fgarvan/qmaple/ETA/


https://qseries.org/fgarvan/qmaple/ETA/
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The two functions involved can be rewritten in terms of eta-products, which turn out to be
modular functions on I'y(72). We then deduce that

U <J36J24J12J6J2> B J2 Je T2 Ty U (Jiojl) B JEJO TS
3 — 5 3 = .

¢* 7 Js )3 qJ3,J5 i JETS e
Substituting (3.15]) into (3.14)), we have

(3.15)

1 J2 T J2 T J2.Jlo g6
(316) U3 (_A(_q)) = m(_q57 q127 _]-) + Em(_cb q127 _]-) 120042 6 ¢ 1

C2qJZJR0, 2T J5J3
Replacing ¢ by ¢® and setting x = z = ¢* in [29, Corollary 3.7], we have

2 3 2\ _ 128 _1 . 12 8 Jig’Q‘]??‘]?
(3.17) m(q”q¢",q7) =m(—q",q7,¢") —-m(=¢,¢ 7, ¢") + 29—57"7+

after simplification. Since the equations in [29] Proposition 3.1] imply that

m(x,q,z) +m(q/r,q,q/2) =1,

we can rewrite (3.17)) as
1 J3J3
3.18 ’3’: 5 12 4 Lo 12 .8y _ 9 1232.
(3.18) m(q,q°,q) =m(—q’,q ,Q)+qm( 9" q") AN
Again using [29, Theorem 3.3] we have
(319) m(_qS’ q127 _1) = m(_q57 q127 q4) + Pl(Q),
(320) m(_qa q127 _1) = m(_q7 q127 q8) + PQ(Q)a
where
Pl(q) _ J?Qj(_q47q12>j(q9; q12)
(% @) (=1;¢'1)j (4% ¢")i (e ¢'%)’
Py(q) = Jhi(—a"q"?)j(q% ")
3(a%¢')i(=1;4"*)j (=% ¢"*)i(q; ¢*%)
We have
(3.21)

_ Jiaj(—a,4*)j(4°,¢") (j.<q5 72 + il q12>
qj (g%, ¢")i(—1,¢"2)j(—¢°, ¢"%)j(¢°, ¢"%)j(q, ¢*?) ’ ’

Pi(q) + EPM)

In the quintuple product identity (|1.13 ’quintprod‘ we let z = ¢ and replace ¢ by ¢* to find
that

(3.22) 3(¢°,4%) +aj(a.4") = (=4:¢*) (0% ¢*) .

Equations (3.21})| P12ida| and (3.22 ‘quinpapp‘ give the following identity
1 R

(3.23) Pi(q) + ~Py(q) = s 27222

q B 2qJ§4JéJ2J12
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after some simplification using Jacobi’s triple product identity (1.10). Combining (3.10]),
(3-16) and (3.18)-(3.23), we have

JiyJeJidy | JEIOTadg  JRJs 3Ty 2q0303

3.24) Uy (A(—q)) = ¢ - — :
(3:24) U (A=0) = 0+ 5 57 ¥ 9 T T8 T U T

Finally we have

Tydsl3dy | RIVIS IS IIT L ThR | RIR

3.25 _ ,
B25) S s Y o Y EE T g nr g AL

This can be proved using the maple ETA package. The identity can be rewritten as an identity
for eta-products that are modular functions on I'y(24). Equation (3.11]) follows from ((3.24])
and (3.25). The mod 4 congruence follows immediately. O

Lemmas [3.1] and [3.7] imply the following
Lemma 3.8. Let n be a positive integer.
(3.26) Ny (n)=—H(24n—1) (mod 4),

We note that if (m,6) = 1 then m? = 1 (mod 24). Thus the following theorem follows
easily from Lemma [3.8 and Theorem 2.5

Theorem 3.9. Forn > 0 be an integer,
(1) Ny_(n) is odd if and only if 24n — 1 has the form
24n — 1 = p**tim?,

where p is prime, and m and a are integers satisfying (m,p) =1 and a > 0.
(2) Ny_(n) =2 (mod 4) if and only if 24n — 1 has the form

24n — 1 = plotipb+iy,?,
where p1 and py are primes such that (‘ﬂ) = —1, (m,p1ip2) = 1 and a,b > 0 are
integers. P
Remark. Wang [42, Theorem 6.6] proved (1) by showing that
Ny (n) = Ny(n) (mod 2).
Theorem 3.10. Let p > 3 be a prime and p # 23 (mod 24). Suppose 246, = 1 (mod p?)

and k,n € Z where <E> =1. Then
p

Ny_(p*n+ (pk +1)5,) =0 (mod 4).
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Proof. Let p # 23 (mod 24) be a prime > 3, and suppose n, k are nonnegative integers
k

where (—) = 1. Suppose m = p*n + (pk + 1)d,, where §, = 2—14(23]72 + 1). Since
p

(3.27) 24m — 1 =pk (mod p?),

we have p||24m — 1. Theorem [3.9(1) implies that Ny_(m) is even since p # 23 (mod 24).
Now suppose Ny_(m) =2 (mod 4). Then Theorem [3.9(2) and (3.27) imply that

4b+1t2 4b+1 t2

24m — 1 = pq and k=gq (mod p),

where ¢ is a prime satisfying (Z—)) = —1, (pg,t) = 1, and b > 0, t > 0 are integers. Since
q
pq = —1 (mod 24) either p or ¢ = 1 (mod 4) so by quadratic reciprocity (g) = (g) = -1
) () -(5)-()-
p p p ’
which is a contradiction. Hence N, (m) # 2 (mod 4), and
Ny (m) =0 (mod 4).

O

3.4. The sixth order mock theta function o(¢g). Ramanujan’s sixth order mock theta
function

Z N ( i gD (g1 ),
= (4 ¢*)nt1
was first studied by Andrews and Hickerson | ] By [13| Theorem 1.1] we have
(3.28) o(q) = 6 (@) + aPs(q?),
where
J2J2
(3.29) Py(q) = (—4:0)% (=", =%, ¢*; ¢*)oo = ﬁ

The following lemma follows from Lemma E 3.8| together with equations (3.28) and .
Lemma 3.11. For each integer n > 0, we have
(3.30) Ny(n) = (=1)""H(12n — 1) (mod 4).
Proof. By Lemma and equation we have
N,(2n) =Ny (n) = —H(24n—1) (mod 4),
which implies 1_) for even n.

By (1.9 . ) and - we have

J2J2 J3J2 J J3J
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Hence
N,(2n+1) = H(24n+11) (mod 4),
and (13.30]) holds for odd n. O

Again we note that if (m,6) = 1 then m? = 1 (mod 12). Thus the following theorem
follows easily from Lemma and Theorem [2.5

Theorem 3.12. For n > 0 be an integer,
(1) Ny(n) is odd if and only if 12n — 1 has the form
19n — 1 = p4a+1m27

where p is prime, and m and a are integers satisfying (m,p) =1 and a > 0.
(2) Ny(n) =2 (mod 4) if and only if 12n — 1 has the form

19 — 1 = p411a+1p421b+1m2’

where py and ps are primes such that (&) = —1, (m,pip2) = 1 and a,b > 0 are
b2
integers.

Remark. Wang [42 Theorem 6.4] proved (1) by using a Hecke-Rogers series identity of
Andrews and Hickerson [9].

Theorem 3.13. Let p > 3 be a prime and p # 11 (mod 12). Suppose 126, = 1 (mod p?)

and k,n € Z where (g) =1. Then

Ny (p*n + (pk+1)6,) =0 (mod 4).
Proof. Let p # 11 (mod 12) be a prime > 3, and suppose n, k are nonnegative integers

k
where (—) = 1. Suppose m = p*n + (pk + 1)d,, where 6, = -(11p*> + 1). Since
p

(3.31) 12m —1=pk (mod p?),

we have p||12m — 1. Theorem [3.12{(1) implies that N,(m) is even since p # 23 (mod 24).

Now suppose N,(m) =2 (mod 4). Then Theorem [3.12(2) and (3.31)) imply that

4b+1t2, 4b+1t2 (mod p)’

12m —1=7plq and k=gq
where ¢ is a prime satisfying (B) = —1, (pg,t) = 1, and b > 0, t > 0 are integers. Since
q

pq = —1 (mod 12) either p or ¢ = 1 (mod 4) so by quadratic reciprocity ( ) = (73) = -1

q
p q
() -(5)-()-
p p p ’
which is a contradiction. Hence N,(m) # 2 (mod 4), and
Ny(m) =0 (mod 4).

However
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4. MoOD 4 CONJECTURES FOR UNIMODAL SEQUENCES AND THE ANDREWS
SPT-FUNCTION

In Section [3| we derived mod 4 congruences for four mock theta functions that are closely
associated with the Hurwitz class number. In this section we prove the corrected version of
Kim, Lim and Lovejoy’s mod 4 conjectures for odd-balanced unimodal sequences, the second
author’s mod 4 conjectures for the Andrews’s spt-function and Bryson, Ono, Pitman, and
Rhoades’s mod 4 conjectures for strongly unimodal sequences. The proofs depend on some
of the mod 4 congruences for certain mock theta functions in the previous section, as well
as some new Hecke-Rogers identities.

4.1. Number of partitions in odd-balanced unimodal sequences. Recall from Section
0 that

(4.1) V(zig) = v(mn)zmg" =3 (—24:9)n(—%"'G )"

=0 (¢ 6*)nt1

m,n

is the two-parameter generating function for odd-balanced unimodal sequences of size 2n + 2
and rank m.
By [36], p.258] we have

1
4.9 1 - n P n 242n+(2n4+-1)r+r(r+1)/2
12 (+Z)v<z,q> (z z)

n,r>0 n,r<0

q q 00 Z Z + zfrfl>qn2+2n+(2n+1)r+r(r+1)/2

n,r>0

:(_(]; Q)oo (_1)n(zr + zfrfl>q(n+r)2+2(n+r)*7‘(r+1)/2
<Q7q>oo n,r>0

oo Z Z n-i—r Z 42 )qn2+2n—r(r+1)/2‘

n r=0

See also [31], Eq (1.12)]. Hence lettlng z = 1 we find that

(4.3 > vl = Vit 0) = LD 50§ gyt
n=0

n=0 r=0

Where v( ) is the number of odd-balanced unimodal sequences of size 2n + 2. Letting z = ¢

in and ( . we have

A(q , qqoo nrrr n2+2n—r(r
(4.4) T> =V(i,q) = Z Z trr(rb1)/2gn® +2n-r(r+1)/2.

n=0 r=0
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by (L.7), after some simplification. The form of the series in equations (4.3) and (£.4) is
quite similar. It is easy see that

v(n) = Na(n+1) (mod 2).

As expected Theorem [3.2)(1) confirms the equivalent [31, Theorem 1.1]. We now consider
v(n) mod 4. In this section we prove

Theorem 4.1. Letp # +1 (mod 8) be an odd prime, suppose 85, =1 (mod p?) and k,n € Z

where (S) =1. Then

v(p®n+ (pk —7)8,) =0 (mod 4).
Remark. We have corrected Kim, Lim and Lovejoy’s original Conjecture [1.2]

We define

— io:dv( — io: iqm +2m—r(r+1)/
n=0 m=0

r=0
Lemma 4.2. If p = 3,5 (mod 8) is prime and p||8n + 7 then d,(n) = 0.

Proof. Suppose that p = 3,5 (mod 8) is prime and p||8n+7. Suppose by way of contradiction
that d,(n) # 0. Then

Sn+7=8m*+2m—r(r+1)/2)+7=8m+1)* - (2r +1)%
for some integers m > 0 and 0 < r < m. Since p | 8n + 7 this implies
8(m+1)*>=(2r +1)*> (mod p).
Since p = 3,5 (mod 8), (§) =—land (m+1)=(2r+1) =0 (mod p). But this implies
p* | 8n + 7, which Contradﬁzts p||8n + 7. We conclude that d,(n) = 0. O
Proof of Theorem[{.1]. Let
Alg) _ ¢

Do(q) :=V(1,q) — R > (v(n) = Na(n+1))q".
n=0
By (4.3) and (4.4) we have
(_Q7q<>0 — n+r r(r n?+2n—r(r
Dafa) = (0 57 S (1 = -y e
P H/%0 =0 r=0

—4q;4) G n4r n24+2n—r(r
= 2QZ (=1)""e(r)g" 2 (r+1)/2

Y
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where €(r) = 1if r = 1,2 (mod 4) and €(r) = 0 otherwise. We recall (1.9) and note that

% = i—i =1+ 2;(—1)%]"2 =1 (mod 2).
Therefore we have
(4.5) Dy(q) = Qi Y (—1)”+T6(7“)q"2+2”_r(r+1)/2 (mod 4).
n=0 r=0
Let - -
Z d(n)q" — Z (_1)n+r€<r)qn2+2nfr(r+l)/2.
n=0 n=0 r=0

k
Now assume p # +1 (mod 8) is an odd prime, and let n, k be integers where (—) = 1.
p

Suppose m = p*n + (pk — 7)d,, where §, = %(7}02 +1). Then
8m +7=pk (mod p?),

which implies that p||8m + 7. Since p = 3,5 (mod 8), Lemma implies d,(m) = 0. But
d,(m) = 0 implies d(m) = 0 and

Niy(m+1)=v(m) (mod 4),
by (4.5)). Now

m+ 1= (pk+1)5, — 85, + 1 = (pk+1)5, (mod p?).

So Na(m + 1) =0 (mod 4) by Theorem [3.3| and hence v(m) =0 (mod 4). O

4.2. The Andrews’ spt(n) function. By equation (1.6)) and [8, Theorem 1.3] we have the
following theorem.

Theorem 4.3. For each n > 0, Ny(n) is odd if and only if
24n — 1 = platim?,
for some prime p, and some integers a, m satisfying (m,p) =1 and a > 0.

Berndt and Chan [13| p.776] found a Hecke-Rogers identity for the sixth order mock theta
function ¢_(q).

2 o n
(4.6) osla) =D D (eI g,

n=1m=1-n

We need a similar Hecke-Rogers identity for ¢(q).

Andrews [5, Eq. (1.10)], Mortenson [35, Eq. (2.5)], Chen and Wang [21, Eq. (4.37)] have
found Hecke-Rogers series for ¢(¢). The second author [25] has shown how to express each
of Ramanujan’s third order mock theta functions in terms of Hecke-Rogers series. We need
a new additional Hecke-Rogers series for ¢(q).
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Using Jacobi’s triple product identity ((1.10)) we find that

[e.o]

(4.7) Z (_1)nqn(n+1)/2+bn —0

n=—oo

for any integer b. Similarly for any integer b we have

ad (=1)Pg "D (g) &, ifb=0 (mod 3),
(4.8) > (=1)rgr@mniEe — L, ifb=1 (mod 3),
S (—1)P1g D2 (g) . ifb=2 (mod 3).
See [12], p.99].
Lemma 4.4. We have
(4.9) i_lz (q) = i 3 (_1>m—1qn(3n—1)—2m2+m(1 — ).

Remark. We note that this Hecke-Rogers series for ¢)(¢) may be deduced from a general
theorem of Bradley-Thrush [19]. In fact a two-parameter generalization may be obtained
from letting k = 2, p = ¢% and x = ¢~2 in [I9, Theorem 7.3]. Our proof is different. This
method will be used to obtain a new Hecke-Rogers series for U(q), the generating function
for strongly unimodal sequences. See Lemma below.

Proof. From [21], Eq. (4.37)] we have

(4.10) Tla) = 3 D (1R ),

n=1 r=1

We note that (4.10)) also follows from [31, Eq(1.3),Eq(1.5)]. We define

o n

n— nzfnf r— r—K— n
A= Y031 Rk gy,

n=1 r=1

so that A9 = J1¥(q). Using (4.8)) we derive a recurrence relation for Ag.
Ap+ Ay — (Ap—r + Ary)

_ Z Z(_l)n—l(q2n2—n—(r—k)(r—k—1)/2 + q2n2—n—(7‘+k)(r+k—1)/2)(1 . q2n)
n=1 r=1

_ Z Z(_1)7171(q2n27n7(r7k+1)(rfk)/2 4 q2n27nf(r+k71)(r+k72)/2)(1 o q2n)
n=1 r=1

_ (_1)71(q2n2—n—(n—k)(n—k+1)/2 i q2n2—n—(n+k)(n+k—1)/2)(1 . q2n)
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_ Z (_1)nqn(3n+1)/2+n(1—k)—kz(kz—1)/2 . Z (_1)nqn(3n+1)/2+nk’—k(k—1)/2
= _Jlak’a

where

ag, = (—1)"q %",

A3r41 = (—1)T_1q_6r2_r

A3y i0 1= (_1)r—1(q—6r2—5r—1 + q—6r2—7r—2>‘

?

Therefore for k > 0 we have

k
(4.11) A+ A, =24, — ], Z a.

r=1

By (4.7) we find that

(4.12)
Z n 1 2n —n—r(r— 1)/2(1 q2n> Z (_1)qu(k71)/2+rk —0.
k=—00 n=1 r=1 k=—00
By (4.11)
o) J2 ook
2 2
(4.13) > (—1)F AT = 1A0 — lez 1)*¢" a,.
k=—o00 =1 r=1

By (4.12)) and (4.13]) we have
J12 S k k2
(4.14) B = h2 2 0 e

Let G(r, k) == (—1)*¢**a, and F(m,n) := sg(n)(—1)""1q"Gr=D=2m+m where §g(n) = 1 for
n >0, sg(0) =0 and sg(n) = —1 for n < 0. It is easy to check that

F(3s —k,2s — k), ift =0,
G(3s+t k)= F(k—3s,k—2s), ift=1,
FBs+2—hk—2s— 1)+ F(k—3s—1,2s—k+1) ift=2,

assuming 0 < 3s +t < k. We find that

0

(4.15) >N GBs k) =) > F@Bs—k2s—k) = i > F(m,n

k=1 0<3s<k k=1 0<3s<k n=—ocom=14n
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Similarly we find that

(4.16)

k=1 0<3s+1<k
and
(4.17) > GBs+2,k

k=1 0<3s+2<k

Hence by (E-14) - (17

(4.18)

RONG CHEN AND F. G. GARVAN

YD GBs+1,k)=)_> F(m,n),

n=1 m=1

[n

Z Z F(m,n)

n=—00 m=1—|n|

m—1_n(3n—1)—2m2+m

q (1—¢*").

—dq

We define the following three series

(4.19) Do(q) 3:Zdo(”)q
Dig) = da(n)g

Dafg) = dan)g

no._ i Z qn(3n—1)—m(2m—1),

n=—00 1-n|<m<|n]

n._ io: Z (1 o e(m’n))qn(?m—l)—m@m—l)’

n=—00 1-n|<m<|n]

n._ i Z 6(7,’7/7 n)qn(Sn—l)—m(Qm—l)’

n=—00 1-|n|<m<|n]

where €(m,n) = 1 if m = n (mod 2) and €¢(m,n) = 0 otherwise. Clearly Dy(q) = D1(q) +

Dy(q).
Lemma 4.5. We have
¢_(q) —(q) =2D:1(q) (mod 4).
Proof. By and
Jo o= 2
o_(q) — ¥(q) —J—i > (=)t = (=1)mhgrBr=h=2mitm (g — g2
1 =1 m=1-n
EQZ Z (_1)71—1 ; (_1>m_1qn(3n—1)—2m2+m(1 + q2n)
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n=—00 1-|n|<m<|n|

=2D;(q) (mod 4).
O

We note that Lemma implies that Ny (n) and Ny(n) have the same parity. This is
confirmed by Theorem [3.9[1) and Theorem [4.3] The following two lemmas are related to
solutions of the Pell equation

(4.20) u? — 60 = m,

where u, v, m are integers. Following [7] we say two solutions (u,v) and (u',v") are equiva-
lent if

(4.21) U +v'V6 = +(5+ 2v6)" (u + vV6),

for some integer r. By [, Lemma 3|, if m > 0, then each equivalence class of solutions of
(4.20]) contains a unique (u,v) with v > 0 and

1 1
(4.22) —su<v < 3u

We define H 5(m) to be the number of inequivalent solutions to (4.20)). By (4.22)) we have

o o
(4.23) S Hpgm)ygm=> > ¢
m=1 u=1 1 1
—§u<v§§u

Lovejoy [32] has calculated H g5(m). Wang [42, Lemma 2.7] extended this to negative m.
Lemma 4.6 (Lovejoy [32 Theorem 1.3]). Let m have prime factorization

y4 t
=29 [ Lo [/ T[ ¢
=1

j=1 k=1

where the p; = £7,+11 (mod 24), the ¢; = 1,19 (mod 24), and the r, = 5,23 (mod 24).
Then

0, if some e; is odd or a+ Y gy is odd,
H;L:1(fj +1) szl(gk +1), otherwise.

Corollary 4.7. Let 24n — 1 have the prime factorization

k l
24n —1=[[p I ¢
i=1 j=1

H 5(m) = {
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where p; = 1,5,19,23 (mod 24) and ¢; = 7,11,13,17 (mod 24). If some b; is odd then
do(n)=0, otherwise we have

k
[ +1).

i=1

Proof. We note u? —6v? = —2 (mod 48) if and only if u = +2 (mod 12) and v is odd. Thus
by we find that

(4.25) ZH\/(—),(48n —2) = Z ( Z q(12n—2)2_6(2m—1)2 I Z q(12n+2)2_6(2m—1)2>
n=1

(4.24) do(n) =

N | —

n=1 \—2n<m<2n —2n<m<2n
n—2)2_6(4m—1)2 n 2_6(4m—1)2
— 22 ( Z q(12 2)=—6(4 1) + Z q(12 +2)*—6(4 1) )
n=1 —n<m<n —n<m<n

—9 Z do(n)q48"_2.
n=1

If some b; is odd then by Lemma 4.6/ H 5(48n —2) = 0 and dy(n) = 0. We assume all the
b; are even and note that p> = 1 (mod 24) for (p,6) = 1. Next we show that the number
of primes congruent to 5 or 23 (counted with multiplicity) in the factorization of 48n — 2
is odd. If it is even then the product of these primes is either 1 or 5-23 = 19 (mod 24).
But this would imply that 24n — 1 is either 1 or 19 (mod 24), which is a contradiction. The

result follows from (4.25)) and Lemma [4.6] O

We also need Andrews, Dyson and Hickerson’s [7] results for
“(n)g" = - (1)
ZS 5
— (4:9°)n
Lemma 4.8. Forn > 1 let s(n) := di(n) — ds(n) and
k

24n—1—Hp Hq]

be the prime factorization of 24n—1, where the p; = :I:l (mod 24), and the g; = £5,£7, £11
(mod 24). If some b; =1 (mod 2) then s(n) =0, otherwise we have

Y
—~

3
-

I
| —
=

(CLZ' + 1)

Proof. By [7, Eq.(5.2)] we find that

oo 2n—1

ZS* q _ Z Z n n(3n 1)— (j+1)/2(1 _l_an)

n=1 j=0
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nl

- - n n(3n 1)—m(2m—1) 1 2n n n3n 1)—m (2m—1).
S REED I o

=—n+1 n=—00 m=—|n|+1
After replacing ¢ by —q we have

Z( )n+ls* Z Z m+n+1 n(Sn 1)—m(2m—1) __ Zs(n)qn‘
n=1 n=—00 m=—|n|+1 n=1
Hence
|s(n)] = 15%(n)|.

By [, Theorem 5] we have
S*(n) = 1T(1 — 24n),
where T'(m) is the excess of the number of solutions of (4.20]) satisfying u+3v = +1 (mod 12)

over the number satisfying v+ 3v = £5 (mod 12). The result then follows from [7, Theorem

3] which gives a formula for T(m) in terms of the prime factorisation of m when m = 1
(mod 6). O

We can determine the difference D;(q) by Lemma and Lemma First we consider
the case when is square-free.

Lemma 4.9. Let n be an integer such that Ny(n) is even and 24n — 1 is square-free. Then
dy(n) is odd if and only if

24n — 1 = pips,
where py; and py are primes for which {p1,pa} = {5,19} (mod 24).

Proof. Suppose Ny(n) is even where 24n — 1 is a square-free positive integer. Let

k
24n — 1 = Hpi
=1

be the prime factorization of 24n — 1. If k = 1 then Theorem {.3| implies that Ny(n) is odd
which is a contradiction. Hence either k = 2 or & > 2. If k£ > 2 then Lemmas [£.7 and (4.8
imply that dy(n) = s(n) =0 (mod 4) and

2di(n) = do(n) +s(n) =0 (mod 4) and di(n) =0 (mod 2).

Now suppose k = 2, so that 24n — 1 is a product of two primes p; and p,. We note that
p1 = —p2 (mod 24). There are three cases.

Case 1: {p1,p2} = {1,23} (mod 24). Lemmas [.7] and 4.8 imply that
2d;(n) =do(n) +s(n)=2£2=0 (mod 4), and di =0 (mod 2).
Case 2: {p1,p2} = {5,19} (mod 24). Lemmas |4.7| and 4.8 imply that
2di(n) = do(n) +s(n) =240 =2, and  d; =1
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Case 3: {p1,p2} = {7,17} (mod 24). Lemmas |4.7| and 4.8 imply that
2di(n) = do(n) +s(n) =04+0=0, and  d; =0.
Case 4: {p1,p2} = {11,13} (mod 24). Lemmas [4.7| and [4.8 imply that
2di(n) = do(n) +s(n) =04+0=0, and  d; =0.
Hence we see that di(n) is odd if and only if {py, po} = {5,19} (mod 24). O

To extend Lemma to the case when 24n — 1 is not square-free we need an analog of
Lemma 2.4] Fortunately we have the following result.

Theorem 4.10 ([24], Theorem 1.3(i)]). If £ > 5 is prime then
(4.26)

1—24
spt(£*n — s4) + (%) < 7 n) spt(n) + ¢spt (n ;Sé> = (%) (14 ¢)spt(n) (mod 72),
where sp = 57 (0> — 1).
By (|1.6) we have the following corollary.

Corollary 4.11. If ¢ > 5 s prime then
o (3\ [(1—24n n-+s
(427) N¢(€2n — Sg) + (—1) ¢ (Z) ( f ) Nw(n) + gNw ( 62 2)

(—1)* (%) (1+¢)Ny(n) (mod 4).

Following [11, p.353] we use the standard practice of rewriting an arithmetic function in
terms of 24n — 1. We write

~ Ny(n), ifm=24n—1,
N¢(m)={ +()

0, ifm<23ormz —1 (mod 24) or m is non-integral.

We rewrite Corollary [4.11{in terms ]\7¢ and derive some congruence properties.

Lemma 4.12. Let ¢ > 5 be prime. Then
(i)
(4.28) Ny(0%n) + (—

—_

)t < ;’") No(m)+ 0Ny () = (<) (%) (1+6) Ny(n) (mod 4).

(ii) If (¢, 72) 1 and ]%(n) is even then
()J\i(n)E w(n) (mod 4),
- (b) Ny(f*n) =0 (mod 4).
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Proof. (i). The congruence ({4.28]) follows immediately from (4.27]).
(ii). Suppose (n,¢) = 1 and Ny(n) is even. Since ¢ is odd we have (1 4+ ¢)Ny(n) = 0
(mod 4), and ]\Afd,(n/és) = 0 since (n,¢) = 1. The congruence (4.28) implies that
Ny(£2n) = Ny(n) (mod 4).
Replacing n by ¢n in (4.28) gives

ﬁw(ﬁgn) = (—1)* (%) (1+2) ]\Zp(ﬁn) (mod 4).

Either ]\7¢(€n) is even or ]\7¢(€n) is odd and ¢ = —1 (mod 24). In both cases we have
(1+2) ]\E(En) =0 (mod 4) and

]\7¢(€3n) =0 (mod 4).

(iii). Replacing n by ¢*n in ([4.27) we have
3

(4.29) Ny(t*n) = —tNy(n) + (—1)* (Z) (14 6) Ny(£2n) (mod 4).

There are three cases.
Case 1: /=3 (mod 4). From (4.29) we have

]\7¢(€4n) = ]\E(n) (mod 4),

since —¢ =1 (mod 4) and (1 +/¢) =0 (mod 4).
Case 2: { =1 (mod 4) and Ny(¢*n) is odd. Since £ # 23 (mod 24) Theorem [4.3|implies
that ]\7¢(n) is also odd, and from 4.29| we have

Ny(£*n) = Ny(n) — (1 +0) (J%(n) — (=1)* @ ﬁw(z%)) (mod 4)
= Ny(n) (mod 4).

Case 3: /=1 (mod 4) and ]\71/,(6271) is even. Again since ¢ # 23 (mod 24) Theorem

implies that ]\N@ (n) is also even and from |4.29 we see that

]\7¢(€4n) = ]\wa(n) (mod 4).
This completes the proof of (iii) in all cases. O

Theorem 4.13. Forn > 0 be an integer, Ny(n) =2 (mod 4) if and only if 24n — 1 has the
form

24n o 1 — p411a+1p421b+1m2’
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where p1 and py are primes such that (&) = —&(pq) for e(p) = —1 if p = £5 (mod 24)
D2
and e(p) = 1 otherwise, (m,pi1p2) = 1 and a,b > 0 are integers.

Proof. Suppose n > 0. First we prove the result when 24n — 1 is square-free. By Lemma [4.5
(4.30) Ny (n) — Ny(n) =2di(n) (mod 4).

We assume 24n — 1 is square-free and Ny(n) = 2 (mod 4). The congruence implies
that Ny (n) =0 or 2 (mod 4).

Case 1: Ny_(n) =0 (mod 4). Therefore dy(n) is odd and Lemma [4.9[implies that 24n—1 =
p1pe for primes py, pe satisfying {p1,p2} = {5,19} (mod 24). Theorem implies that
(ﬁ_;) =1=—¢e(p2).

Case 2: Ny (n) =2 (mod 4). By Theorem there are primes pi, ps satisfying (g—;) =-1
and 24n — 1 = pips. By di(n) is even and Lemma implies that p;, po Z £5
(mod 24), so that (i—;) = —e(p2).

Similarly we can show the converse that if 24n — 1 = p;p, where p; and py are primes
satisfying (z—;) = —&(p2), then Ny(n) = 2 (mod 4). This completes the proof of the result
when 24n — 1 is square-free.

We now consider the general case. For this part we first assume that Ny(n) =2 (mod 4).

We let M = 24n — 1 so that Ny (M) = Ny(n) and Ny(M) =2 (mod 4). We write the prime
factorization of M as

k

_ Aa;+1;

M =[] pi“t,
i=1

where the a;, r; are integers satisfying 0 < r; < 3. Then by Lemma M(iii) we have

Ny(M) = ]\N%(M’) =2 (mod 4),

where

i —

k
M = Hp” =—1 (mod 24).
i=1

Lemma [4.12(ii)(b) implies that none of the r; are equal to 3. Lemma [4.12{ii)(a) implies that

~ ~

Ny(M) = Ny(M")=2 (mod 4),

where
M" = le- =—1 (mod 24),
jeJ
and J is the set of j for which r; = 1. Here M" is square-free. Therefore J is a set of two
primes. Without loss of generality we may assume these two primes are p; and p, where

(2) = —&(p2). Hence

p2
24n — 1 =M = pila1+1p421a2+1m2

)l
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where (m, p1ps) = 1 and 24n — 1 has the desired form.
Finally we assume

M — 2477/ o 1 — p411a+1p421b+1m2’

where p; and py are primes such that (&> = —&(p2). Arguing as before and using Lemma

[.12{ii),(iii) we have e
Ny(n) = Ny(M) = Ny(prip2) ~ (mod 4),
where M = pips = —1 (mod 24). Since p;p, is square-free, satisfies (g—;) = —&(py) and we
have proved the square-free case Ny(p1p2) =2 (mod 4), the result
Ny(n) =2 (mod 4)

follows. O

We are now ready to complete the proof of Conjecture [I.3] and related congruences for
¥(q).
Theorem 4.14. Let p > 3 be a prime where p # 23 (mod 24). Suppose 245, =1 (mod p?),
k.,n € Z and <E> = ¢(p) where e(p) = —1 if p = £5 (mod 24) and e(p) = 1 otherwise.
Then g
(4.31) Ny(p*n + (pk+1)5,) =0 (mod 4),
(4.32) spt(p*n + (pk +1)0,) =0 (mod 4).

Remark. We have rewritten the statement of Conjecture [L.3]in an equivalent form. The
equivalence follows from the observations that (g) =1for p=1,£5 (mod 24) and (g) =—1
for p = £7,4+11 (mod 24). We note that a weak version of the mod 4 congruences for Ny (n)
were conjectured by Bryson, Ono Pitman and Rhoades [I8, Eq.(1.7), Conjecture 1.6]. We
discuss this further in Section [4.3]

Proof. Assume p > 3 is prime, p # 23 (mod 24), 245, = 1 (mod p?), k,n € Z and (E> =
p
e(p). We let m = p?n + (pk + 1)4,, so that

(4.33) 24m — 1 =pk (mod p?).

By Theorem [4.3| we sce that Ny (m) is even since 24m—1 and p # 23 (mod 24). Now suppose
that Ny(m) =2 (mod 4). By Theorem Ny(m) =2 (mod 4) if and only if 24m — 1 has
the form

2Um — 1 = p1q4b+1t2,
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where ¢ is a prime satisfying <E> = —¢(q) (pq,t) =1, and b, t > 0 are integers. Either p or
q
g =1 (mod 4) so by quadratic reciprocity (}%) = (2) = —&(g). From (4.33) we have

q
k=q""  (mod p).

9-()-w

which is a contradiction. Hence N, (m) # 2 (mod 4) and
Ny(m) =0 (mod 4),
which is (4.31]). Finally the result (4.32]) holds by ({1.6)). O

4.3. Strongly unimodal sequences. In this section we prove Bryson, Ono, Pitman and
Rhoades’s Conjecture 1.1l This conjecture has three parts. In this section we will prove the
first part, congruence . The third part, congruence , follows from Theorem m
The second part, congruence , will follow from the first and third parts. As noted in
Section [I] we have

But this implies that

(4.34) U(tisq) =(g) = Y Ny(n)g" = (q.q;)n-
See [I8, p.16064]. Also define U(q) by
(4.35) Ulg) :=U(1;q) = Y _uln)q"

Letting z =i in ((1.1)) we have

(4.36) uw(0,4;n) —u(2,4,n) = Ny(n), and wu(l,4;n)=u(3,4;n).
Hence

(4.37) u(n) = u(0,4;n) + 2u(1,4;n) + u(2,4;n),

and

(4.38) u(n) + Ny(n) = 2(u(0,4;n) + u(1,4;n)).

From (4.36) it is clear that ([1.4]) follows from Theorem Equations (4.36])—(4.38) together
with Theorem show how (|1.3)) follows from (1.2) and (l.4). Here we assume that

k
¢=17,11,13,17 (mod 24) is prime and <Z) = -1
We point out that there is a stronger result for Bryson, Ono, Pitman’s Conjecture ((1.4)
that includes primes ¢ = 1,45 (mod 24). This follows easily from (4.31)) and (4.36). We

state this as a separate theorem.
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Theorem 4.15. Suppose { > is prime and ¢ #Z 23 (mod 24). Then for n > 0 we have
(4.39) u(0,4; *n 4kl — s5(0)) = u(2,4;n +kl — s(£)) (mod 4),

provided (%) =Z2(0) and s() = 57 (£* = 1).

Remark. Here £(¢) is defined in the statement of Conjecture [L3} i.e. £(6) = 1if £ = 1
(mod 24) and —1 otherwise. For example let ¢/ = 457 = 1 (mod 24), and k = 21. Then
(%) = (%) =1=2((), s(¢) = 8702, and kl — s(¢) = 895. We have
u(0, 4;895) = 256203223294825619203431487908 = 0 (mod 4)
u(1,4;895) = u(3,4,895) = 256203223294825426775345978961 =1  (mod 4)
u(2,4;895) = 256203223294825234347260470016 = 0 (mod 4)
u(895) = 1024812893179301707101383915846 = 2 (mod 4).

Hikami and Lovejoy [28, Theorem 4.1] found a Hecke-Rogers identity for the generating
function U(z; q);

(44()) (1 + Z)Z/[( ( Z Z ) (3n+5)/2+2nr+r(r+3)/

r,n>0 r,n<0

See also [31, Eq.(1.3)]. Considering Lemma and that ¢(q) = U(i;q) it is reasonable to
suspect that U(1; ) has a similar Hecke-Rogers identity.

Lemma 4.16. We have

(44]_) ZZ 7" 1 2n —n—r(r— 1)/2(1+q2n)

n=1 r=1

Proof. We define
Q(n,r) :==nBn+5)/2+2nr +r(r+3)/2+1,

Flzq) =Y > (=127,
r=0 n=0
Thus (4.40) can be rewritten as

(4.42) (14+2)U(z;q) =

and

1
(¢ @)o

(F(z9) + 2F (2 5 q),

since
Q(n,r)=Q(—n—1,—r —1).
We observe that
Qn—1,r—2n+1)=r(r+1)/2—n(n—1)/2,
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so that
Z Z n+1 2n r— 1qr(r+1)/2 n(n— 1)/2
n=1r=2n—1
Letting z = 1 in (4.42)) we find that
JlU(Q) _ Jlu(l Z Z n+1 r(7"+1)/2 n(n—1)/2
n=1r=2n—1
oo [(r+1)/2]
_ Z Z n+1 rr+1)/2 n(n—1)/2
_ Z Z n+1 2r+1) n(n—1)/2 + qr(27‘—1)—n(n—1)/2) :
r=1 n=1
by replacing r by 2r and 2r — 1 in the previous sum. The result (4.41]) follows easily by
interchanging r and n. 0

The proof of the next lemma, which contains our new Hecke-Rogers identity for U(q), is
analogous to that of Lemma [4.4]

Lemma 4.17. We have

n

‘] - —1)—2m2+4m n
(4.43) lU :Z Z sg(m ) 1qn(3n 1)—2m?+ (1+q2 ),

n=1 m=1-n

where sg(m) =1 if m > 0 and sg(m) = —1 otherwise.

Proof. We define

Ak _ ZZ r—l—k 1 2n —n—(r—k)(r—k— 1)/2(1+q2n)

n=1 r=1

so that Ag = J1U(q) by Lemma |4.16, Using ({1.10]) and (4.8) we derive a recurrence relation
for Ay:

Ap+ Ay — (Ap—r + Aiy)

_ ZZ r+k: 1 2n —n—(r—k)(r—k—1)/2 + q2n2—n—(r+k)(r+k—1)/2)(1 + q2n)

n=1 r=1

_ZZ r+k 2n —n—(r—k+1)(r— k)/2_|_q2n —n—(r+k—1)(r+k— 2)/2)<1+q2n)

n=1 r=1
00

_ (_1)k Z(q2n2—n—k(k—1)/2 + q2n2—n—k(k—1)/2)(1 + an)

n=1
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o (_1)kz Z(_1)n(q2n2—n—(n—k)(n—k+1)/2 + q2n2—n—(n+k)(n+k—1)/2)(1 + q2n)

n=1
_ (_1)k (2 Z q2n27n7k(k71)/2 . Z (_1)nqn(3n+1)/2+n(1fk)fk(kf1)/2
. Z n n3n+1)/2+nk k(k—1)/2 )
J?2 _
:2f41ﬁqﬂkn — Jay.
1
where
azy ‘= q—6r2+r
Ugri1 1= _q—6r2—r’
Ugrio 1= q—ﬁr —5r—1 q—6r2—7r 2
Therefore for k > 0 we have
J2 &
4.44 Ap+ A =240+ 222 (=1)q "2 _ 1Y g,
(4.44) 2 : o+ 27 ;( ) 1 Z
We calculate the following sum two ways. By using (|1 we have
(445) Z ( kA q Z ZZ r 1 2n —n+k2—(r—k)(r—k— 1)/2(1+q2n)
k=—00 k=—o0o n=1 r=1

Z ZZ )t 2n —nt(k+r) (k+r—1)/2—r(r— 1)(1+q2n)

k=—o00o n=1 r=1

_ Z q k(k— 1)/222 r 1 2n —n—r(r— 1)(1+q2n)

k=—o00 n=1 r=1
J22 — r—1 _2n2—n—r(r—1) 2n
:IZZH)Q (1+4¢™)
n=1 r=1

This time we let
Q(n,r) =2n* —n—r(r—1),
and observe that

Qk —jk—2j) =k -2 —3j, QG —kk—2j+1) =k —25>+
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It follows that

Z li r 1 2n —n—r(r—1) _ i - (_1)1"71(]2112*7171“@*1) + _Zl _Zn(_1>r1q2n2nr(rl)
n=—o0o0 r=1 n=1 r=1 n=—o00 r=1
= i i (— 1)k+1 k?—25? 734_22 k k2 252+
J=0 k=2j+1 j=1 k=2j

— i i(_l)m+qu2 m(m—1)/2 __ ii ]+k k27j (j— 1)/27

and from (4.45)) we have

o

Z (_1)kAkq = Q—iz J+k k2ﬂ3 /2

k=—o00 k=1 j=1

Next we calculate the sum on the left side of E 4.45|) using (4.44)) and find that

00 00 k

2
(446) Z (—1)kAqu2 = —AO —J; Z Z quCLT 72 kz:: Z 7’+k’ kz—r(r 1)/

k=—o00 k=1 r=1

By (4.45)) and (4.46)) we have
J?
(4.47) L AO JIZZ 1) " a,.

k=1 r=1
Next we proceed as in the proof of Lemma and define analogous functions G(r, k) :=
(=1)*¢¥a, and F(m,n) := sg(m)(—1)""1g"Br=1-2m*+m  The analogs of equations (&.15)—
(4.17) hold and we have

(1.48) j_lzmq) =D =336 =S Y Flmn)
k=1 r=1 k=1 r=1 n=—00 m=1—|n|
_ i - Sg<m)(_1>n—1qn(3n—1)—2m2+m(1 + q2n)

We are now ready to complete the proof of Conjecture [1.1}

Proof of congruence (1.2)) in Conjecture . We need a result similar to Lemma . We
define

er(m,n) =

(sg(m)(=1)""" —sg(n)(~=1)""") .

DN | —
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We note that e;(m,n) only takes the values 0, £1. Then by (4.43) and (4.9)) we have
(4.49) Ulg) —¥(q) =2Du(q) (mod 4),

where

Du(Q) = idu(n)q” = i Z € (m’ n)qn(Bn—l)—m(2m—1).
n=1

= n=—oo 1—|n|<m<|n
The proof of is completely analogous t(|) |that|0|f Lemma .
We assume ¢ = 7,11,13,17 (mod 24) is prime and let n, k be integers where (—) =—1.
We suppose that
m = 0*n+kl — s(0),
and recall that s(¢) = 2= (¢ — 1). Then

24
24m — 1 = ((£(24n — 1) + 24k) = 24k¢  (mod ¢?).

Hence £||24m — 1 and do(m) = 0 by Corollary [1.7] since £ = +7,£11 (mod 24). We note
that

kl — s(0) = (24kl +1)5, (mod ¢?).
Therefore
Ny(m) = Ny(’n+kl —s(f)) =0 (mod 4)
by Theorem since £ = £7,4+11 (mod 24) and

()-()() -0

Since do(m) = 0 we have d,(m) = 0 and by (4.49)) we have
u(m) = Ny(m) + 2d,(m) = Ny(m) (mod 4),

and
u(lPn +kl — s(0)) =u(m) =0 (mod 4).

5. CONCLUSION

The main goal of this paper was to prove the mod 4 unimodal sequence conjectures of
Bryson, Ono, Pitman and Rhoades [I§] and Kim, Lim and Lovejoy [31]. We also proved
a related mod 4 conjecture for the Andrews spt-function. The crucial part of the proofs
was the connection with the Hurwitz class number. Along the way we needed to study the
mod 4 behaviour of the coefficients of certain mock theta functions. As mentioned before,
the parity of these was determined very recently by Wang [42]. It would be interesting to
determine whether the methods of this paper can be used to extend Wang’s parity results
to mod 4 results for other mock theta functions.
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In this paper we have found a number new Hecke-Rogers identities (4.9)), (4.43) and
1) Can these identities be proved using the Bailey pair machinery [4, Ch.3]?

What are the missing Bailey pairs?
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